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Strecttottfi; for tfie MnW. 



I. The Binder Ss des:red to observe, that the Vol. consists of dlflerenf 
•efs of signafures. The dm set A, B, C, D, contains the questions, and is 
to be placed at thebegitining of the Vol. to serve as a table of contents to 
the first part* - 

ir. Tlie first and second parts of tlie Vol. must follow in their order* 
The two sets of questions of Vol. 5 (viz. the signatures A and B) which are 
stitched up with the Bumbers forming the fourth Vol. must be preserved 
apart UU the fifth Vol. is completed. 

lU. Camfairidge Problems to be placed after the second pait. 




MATHEMATICAL REPOSITORY, 



MATHEMATICAL QUESTIONS. 

To te answered in Numter XVI. 

I, QUESTION 371, ij (*e R™ Mr. Vf. Wooo. 

OWen (ofindiandf ihe iwocqualions 8J> — j»=«, «n(l j' — j' — Sij* ■= 

U. QUESTIOJX ^e, ty B. A. 

Lelcbelhccirtumfereneeof a dtck, i> ihediimeier, ctliecliardof any»[cb < 



— ic-.-lc-.). '■ 

Bcquired the inTcmgalion? 

III. QUESTION 373, *y Z. 
Find whM eonditioni mun hii» place amoog ihe cu-eHieiennof «J 



'1 P'Ogressi 
IV. QUESTION 37t, iy Ji 
Exponentiil equation* of the fuim »' = d, may 
■■ ' ■ iiig only one real 



I, and fiud iha» 






leul Iha liniit!,*ndialheca*e ottwo n 

.fBaChoihef! 

V QUESTION O-Th, by Mr.CtsnLifim, Rayai Mililar^Ci^Ust. 
equited to find two iiuh ritiDnal frariioiu, Ihal the Cube of either being 



re (if the ulhet, ihall tnalcr the u 



■um ; and (urthttaiire, tl 



VI. QUESTION 376, iy Mr. CujttiFrK. 

Find the eqiutlon of the cuftc whicli i< the locuf of the Inteneclion of Ike dl»<' 

gsaaUof a irapeiium whoteiidci are gixn ia leiigib, and one of the tides giTSn' 

by {lOsitiaD. 

Vll. QUESTION 377, *j Mr. Cunurrt. 



■n of thediameii 



lei, pAiLung rhrough the exlre- 



Whitistherelati .. . „ 

onUinof ihc «id«, and point of inlenectioa of the pcrpendiLular) ^m the aijrlei,^ 
upon the iidet uf a plane EriaDgle. ».^ £ ^ ^t O^^ "^ '^. ' 

VUI. QUESTION 378, iyftfr^KLirrB. 

.o ine rniddle of thabaie,andll)a.^ 



IX. QUESTION 379, iy P*L*i*. 
Glten that the disunce of the centre of gnunty of an area from iti MrWX i« 
Mh pan of the abscida ; to find ihe dslanC'? of the ceiitrt of grant; of the loltd J 
(enented by the nine area tetolving round it* axia. 

X. QUESTION 3B0, ty Pal^ba. 
Find the diaurice from the vertex of ihi caaUC of graiit] ol Ihe. u<k bl \tA U 
MftatU without tlie ud of logailtlmt). 



( ' ) 

XI QUESTION 381, iy PAt 



The equition to (he Jemnu 



eC'*+**}' = '*-i'*i 



laluesofi, OiDill. 

XII. QUESTION 8SS, h Falaiji 









XUl. QUESTION a83, iy Pi L« 
Two cf linden of eqnal diamelen, open a(th<?lc 
of them i) pUMtf upon the other ; ■ small ofi&ce I 
ii ii Tequui:d tu ucetiain tbe time in wbich the Id 
nnptiocl '. 

XIV. QUESTION Sa4, typALOA. 
FiuJ the rquaiion of the curirc of which tbii i> the property ; if from a filed 



arc filled Kith wilei, ind ona 
ig made in the bue of rmh, 
cyUailer will be conpleltlj' 



1 the > 






II Ihe I 



1 Ihe v< 



d lh« 



If the sine of ii 
auj be acturalilj 



I 



XV. QUESTION sas, ^PiiAS*. 
^idence : sine of refraciian : : I : ■, r and r^ the ndii of the tiir- 
kaei>, (he dutance/of the piincipal focus from the focilcrnu* 
lelermined ftum thii eKprauion, 

Requiteil the inTenigalion ! 

XVI. QUESTION 3Wi, I9 P*i.iB.. 

A pmttiatic TCiiel of (lien dimaosiont with it> sidei rerlical ti filled with water; 
there ace IwotiTen and equal arilicei,D:it at thehollom the other biiectini; the alii- 
laJe; required the time oremptyin| the upper half, lUpposine both oiiliees to be 

XVII. QUESTION RS-T, iyPALABA 



to Lhc ungeni of tt 



a»El= . 



XVIII. QUESTION 338, ly Mr. T, S. Evani- 
The mow expedltloun method of deiermining the Uiiiude apport to be, by ob- 
Ktiinga nnmbeioralliludn near (he meiidiaii, with a repealing ciicle; aitdthe fbl- 
loving timple focmula leducei them wiih great ^ilily to the meridian allltuds; 



I = yemn r x - 



XIX. QUESTION 388, ig G V. 
t: of a circle of which Ihe ladiui it unity, thi 



XX, PRIZE QUESTION 390, igt/l.G 1. 

Three cirdai being given On the nine plane; if two tangeou be diawn from en« 
of Ihem lo each of the uiber two, ihe line joiiiing Ihe intenectloDt of the ehoids 
of contact odi meet the fiiit circle in iwo |iaiiiti which ate Ibe poiniiof contact of 
thu circle with Iwo other ciiCle<,one of which UucbM the threa given circles exter- 
nally, and the other internally. Requirrd ihedemonitialion ? 
JhMhatt* Hmk <»ii—li<miiimtl «am lolia'^{fiialpaid)k-, thtfirit iafnf Aag- 1916. 



MATHEMATICAL REPOSITORY. 



MATHEMATICAL QUESTIONS. 
To be answered in Humber XVII. 

I QUESTION 391. bfMr. louf Baihm, Junr. 

To find two nlional fnclioiis either of which bring adde t lo ihe iquan of (he 
■ther •hall m&ke the same sum, and alsu tba( Iheii diffeiente shall bu i biquiilrate 
number 

II. QDESTION 392, iy tfit Ret. Mr. L. Eta hi, JZd^ Milium/ Aeadtmj, 

The ordnioce clock ai ihi> Intlitul'ian, being placed in iny obteiTilor)', for (he 
int»n< ol ralHig it, pnor to iu cEmuval to Sculhnd, for bo experimental purjiose of 
uceitaiai' g iIk true iigarp of ihe eaiih ; 1 adjiiiiedihi: length of iN [leRdultiin pre- 
ci«cljF to beat lecondi, sidereal time. 1 would n'lW reqiieai lo know, huw maaf 
*e«)i di|ii-r day, will ihe clock gain or loie, in the laiiiudeof 57*5 nortli, beinf; 
thai of Aberdeen, ujon ihe hvpii hni-of Newlon't coosideralion of ihi^ eiiuitoriai 
dlanetei being to ihs poUr u SaO loSS'J. 

lU. QULSTIUN 393, ij It*hcdi. 
Todetcribethree ciicletin aliiaifBle, each of which maj (ouch llie other two, 
and ako twosideiof ihe trUngle. 

IV. QUESTION 394, iy G. V. 

Pro*e,thal if from theeKlrcpniiic!"/ the.klK of a peotagon Liiittibnd In a circle, 

ight linet be drawn to (ho middle of the arc, anbieiid.^ hy ihe adj^icenl side, 

r difference is equal in tho ladiui ; ihe lum of their squares is ihrre timei the 

•quareoflhe [idiuii and ihe rectangle conlaioedbj themb equal to Iheiquaicof 

lAe radtiu. 

V QUESTION S9a. »y Math Pem*. Cakt*!. 
An ollipie and a circle have the same ccntie, the axis major of the rilipie n. 
1 X diaroeicr i.fiheeiicle: lo detnmine Ihe points of iWersection of the (wo 
GUrtci, supposing the foci (o cut the di lance benreen Ihe exlremiliei of ilie dia- 
niMer and anis in a given ratio ; and 10 determine thai ratio when Ihe eliipse and 
«irele just touch eich olhcr. 

VI QUESTION 396, 4y G. V. 

A boiizonial dial coiistrijcted fui a giieii latilude, ii let up in ■ latitude a liHle 

ASereut, what willbr iheeiior inihenmeiiiheiis,aiagiYenhoiironaEiTendair' 

VII. QUESTION 397, If GalLicui, 

Having giten Ihepumtion of any number of luwni whatever, in the lame plane, 
reconnect (hem by a lystcro of canaU, of which, the total length shall be the lease 

VIII. QUESTION 59\ ij ViciNtil. 

The rxtrCTnitiei of a siriight line on (he ground are marked by two upright 
BOlMbcynnduhich there » nuaccet. to any piiial in ihe line :thcw how a peiion 
\j plantiag |iule^ in the ground (but without using any other intirDmeni) may 
Jett i mine any number ofucnnii in the line between i(s cxiremiliea. 

IX. QUESTION 399, 4y GAtiicua. 

Suppose that A a point in a line nf ihekecond oideriBgiTcn i a point P ma* 
be found such that if any chord BC be drawn through it, the lines AB, AC 
vhall contain a right anjle 

X. QUESTION 400,,ijiFiRco*tvAToa. 

I«( there be a lysiem uf fuur points, ac'cessib e ( and cither visible or inrisible 
ftom tme anoiUet) Lcl there be a ajatera of four other poinls, inatce.aiUle, bat 
«ach of them visible from al< the four points of Ihe hrst system. The angles are 
«l>seiied under which ihe distances of all the four poinis of the >erDnd system are 
•een frum each poiuE ol Ihe fiiK kjiUm ; required the poeitioni of these eieht 
foinU in mpeci of one another! 

XI. QL ESTIUN «I, Sj Mr. W. Watiaca, R. M C. 

Abeam ioUppoitecl b) reccing on a prop, and with one end on a curre loifaea; 
Find the nature of the curve, ao that the beam may be In eqiii ibrio in any posi- 
fion whateret. Also supposing iIm oatuie of ihe cune giran, hnd ibe pusituuL qt 
Uitt keam when it W in equilibtio. 



XII. QUESTION 40a, ig Mr. Cunii»»i, R, M. C. 
Atlfae time or l:hE equinox, in Jalituije 60°, suppcue b person sets outat noan, 
•na clear day, and travel till tun set, in ihe direcLion of his shaduvr, at the uni- 
form rale of b miles an hour -, hov fir will he then be from the place from shetice 
he set out, supposing Che journey (Kiformed upon an horiionlal plane : and what 
will be the area of the space included between the traiellei'i path and a right llns 
connectiog the two extremities thereof. 

XIII. QUESTION M3, *y Amicuj. 
If from a point without a conic section two tangenls be drawn to the curte,and 
also any other aCraight line to meet it in Iwo poinu, the lines, joining tbse points 
and one of the pomtn of contact shall cut off equal segments from the chotd 
which {lasses through the other point of contact parallel to the Iingenl. 
XIV, aUESTlON 404, ij «f. CUNLirtE, R. M. C. 
In a giien hollow cone, it is required to place a solid, the axu of which shall 
coincide with the axis of the cone ; and the property of tbe solid shall be such, 
that the area of any ellipse, formed b* ■ plane touching the lolid, and cutting 
the cone, shall be of the <ame given magnitude : Required (he equation of tbc 
curve bf whose levolulion the solid will be generated. 

XV QUESTION 405. bg Mr, W. Wallace, R. M. C. 
Let a be an arc of a circle, and c in chord, alio let c-, c'-, d", c'v, Ac. b« 
the chords nf its half, its fourth, its eighth, its liiteenlh, Jtc. Prove tb«t 
sin a = e — e «• e" + e «■ c" c" e" — c c' c'' t" e"' r* c" + 4e, 
cos a = t — e c- + e e' c' c"' — c c" e" c" e"" c' + 4c. 
both leries being continued ad h^finUmn. 

XVI. QUESTION 406, by Mr. Rerscbei,. 
AC, CB are the major and minor semiixes of a cunic section, C;i any temt- 
diameter. Draw APO parallel to C/i meeting CB, produced if necessary, in O. 
It is requited to prove that OA, AP >^ 2 Cp<. 

XVIl. QUESTION 407, SjitfrHaascuEL. 
The wind blows a spider's web hanging freely upon two [iiiints (and supposed 
destitute of relaiive giavily) into a curvilinear form. Requited the Biiure of th« 
curve and the law of leiiEnon. 

XVIU. QUESTION 408, i, Jtfr. HtMCKEi. 

I M, and tangent \N 
M, P» again ereclingasecondoid'nalePiM, 
■nd drawing a second latigentM, P^ if this 
be repeated n times, the last tangent (M P 
in the fipurc,) shall invariably meet the ants 



QUESTION 409. *j Wr. H 




tangents bein — 



XIX 

To determine the t! _ . _. ...,, ..,, 

drawn ai in the precedingqucsiion, the subtangents FP, 

the tame series shall be all equal, however they may dWer in di'ffbrenl series 

finating; from a dil&rent position of I'M. 

XX. PRIZE QUESTION 410, 6j Mr. Lowht, R, M. C. 

R«r|uired a geomeiriL-al demonstration of the - 

following method of con it rutting a t^ular polygon 
otieVKnteensidesinaiircle; Draw the radius CO 
■irigh. angles to <he di.,me.er AB ; on OC and 
OB, take t»Q equal to the half, and OD equal tu 
•neighihpartufihdradiui; make DK and DFeach 



oEQ« 



oDQ, a 



I EC al 



I FH r 



FQi take OK 

and OQ,anrl through K. draw 
in OG in M ; draw MN paialli 
■■— '— enteenlh part of " 




^.,i^„ *« ,„,i.„ ..„ ,....., ,. ,..j f^,„ ^jj ,^ „,^^„ ^ ^ 



MATHEMATICAL REPOSITORY, 



MATHEMATICAL QUESTIONS. ^ 

To he answered in liumber XVIII. ^'fi^.J^T^^ 
I. QUESTION 411, iy THEODOStUf. 
Hning giten the i! 
lenot of tbcH lides, tl 
dittmce of their centtet, 

]]. QUESTION 413, ty Geohitkicus. 
In 1 given polygon to iaicribe nnaihei of the nme nuRibcr of sidn, hiring ill 
aBgt« rnpcctiielf equal to fiTen ■tigles, and eitlier its fietimetei vr aiea a giren 
nagnitude, 

lit. QUESTION 413 £y A»AtTTiCBi. 
- Two ynticV capable of contgiaing a and b gallons aie fitted «itli miatura of 
vine and walei, in gi>cii pro)H>rIions foi eacli leticl ; two equal meaiuni, c gal- 
lons eicti, aje filled at the same lime, namely one ffom eaih leucl, and then 
emptied into the othec. Suppoting lliit operaiiDn lu be repeated » tiiuei, Kbit 
woold ihen be the ptoporiion of wine and water in each veuet ? 

IV. QUESTION 414, iy G»ii.ictn. 
Find the position of a plane «" thsl if a giien triangle be projecied ofihogia- 

pfcicaltjr upOD it, the pnMectton naf be a triangle limdar la a giieli tiiangle. 

V. QUESTION 419, by hUcHAMclri. 
The chord of an ate dcKiitied by llit lower exltemilt of a simple pendulum 

being given in length, it ii required lo detrrinine the length of llw pendulum, 
when its vibialions through this arc ar< perfurmeil in the least time. 

VI. QUESTION 416, *y HECiiatiicui. 
If the point of EUipensinn of a limpte pendnluni, instesd of being fixed, be 

constrained to mo*e along a siraiglil horiionlal line with a fivea uniform *e- 
loritjr, it ia required to aixign the nature of the curie deMribed by iu lawor estic- ' 
mity, aud delcrmine the oilier circumtrances of iu motion. 

VII. QUESTION il7, ^ AaTioiMMicui. 

Knowing the declination of a alar, and ihe time of Its rising or leliing for any 

deierminaie place on Ih* globe, it is leijuired to determine the correclton wtiich 

mutt be made to gire the lime of riling or setting tor any other plKe mar to (he 

Vlll. QUESTION 418, ^EAlBatlKoiHfil. 
An ubetislc of a giten beiglil stands on an inclined ^lane given by position : 
Whu is the facHi at thai point On the plane at which s sIkiud of a giveu height on 
Ibe lop of the obdisk tubiends a given angle ! 
► IX. QUESTION 419, iy Palam. 

The distance of the centre of graiitj of thesuifare ofa certain solid fmin the 
•ertCK r- equal to half ihe abucis^a : determine tile nature of the 0«rv« by ilie 
retolution of which round iXf axJs the sutbc* was generated. 
X. (ttJESTlON <B0, »y PkoTSUI. 
It is required to inscribe a ttiingle in a given circle, such, that the ratio of two 
«f its lidci shall be given, and ihe rectangle of Ihe tegmpnti of the other side, 
made by a perpendicular, from the (ippo^ile angle shall be the greatest ppssible. 
Xf QCESTION 421, iy Scakdikiambs. 
SuppoM two iliaight lines and n point without them to be given by popltlotl { - 
two pDiu;s, given by pmilion, may be found, such, that if any two parallels Ite 
drawn Ihtungh iliem, to meet ihe lines given by puiition, one of the diajonala rf 
the ttapetium thus formed shall pus through the other (tten f<nnl. 




( « ) 

Sn, QUESTION «a, SjfLaj 
~K ii required to draw two right lin< 

Vrmimte in Ihe curTc, lo that ihesi 
■n4 ihall oko include a given ingle. 

XIII. QUESTIOK 423, byC. B. 

In the circle ol tlie nth order whoie equation ii z + y 
C being taken, and the ab.ciiu and ordiiute OF «nd CF being ilnmn, if the i 
aniite OCF is placed in the situalioa 0£B, then the point B shall be tituaied in . 
the curve, and the wm «f the two arci DB and DC shall alwijs be coiutaat. 
XIV. QUESTION *i*, bs Mr. Cumins, R. M. C. 

Oiven the segments of ihebase, made bj a perpendiculir from the nettical angl<, 
«iid the recianKte of Ihe otb«r two sides, to conitiuct the plane triangle br a me- 
(h[>d purely gcometriciJ. 

XV QUESTION 425, by Mr. CuNLtPrE, It M. C. 

Ifclrdciare described upon (he liiles of a plane triangle as diamcMrs ; and 
perpendiculati drawn from the angl« to Ihe iida ; the ftegmPQts of th»e perpen- 
diculars, intercepted hy each ' le, and ihe oireumfeienceaf its respective circle, 
will be equal to each. other : r {uired the demonslralion > 

XVi. QUESTION 4S6, bg Laputiinsis. 

Suppow two flren weights, appendeil at given points, to a flexible line of a 
given length, cnnnidered without weight and fastened at the endi tu two given 
point! ill the same horizontal tine, and imagine a third Kiven weight, appended tu 
the line, between the other two, but at liberty !□ tilde freely theieoii by raeans 
ofaring; itit required to deleimlne the poiition of the ring, and tha points In 
Ihe line, to which the other two weight! are appended, when at trc, ia the \ 

above tneadoned circumitanccs. \\ 

XVII. QUESTION 427, *y C. B. 

Ttove that ' = -!-- — — ^ + — L_ — ie. m 

3 COS a cos Z9 ^ cos 3fl | 

XVIII. QUESTION 428, Sj C. B. 
froTs that the sum of the series 



■ +*c, 



1.3 2ii+i 3.5.,..aii+a 

1 .8 n \J r ~* Ha ~ l.a.s ~ 

XIX. QUESTION 439, by C. B. 
Piove that the lerte* 

1 1.1 



i.2...{— dT •"" \ 3 ;nri» , 

XX. PRIZE QUESTION 430, by Mechabicds, 
If two bodiei, connected liy an inSexible and ineElonilble line, be placed on 
in horiioottl planr, and one of them be constrained lo move in a straight tine 
given b/ position, with a uniform velocity : it is reifuired to deteimine the cir. 
cumstaocca of the motion of the other body, and Ihe nature of the curve 
itdeMiIbei. 



MATHEMATICAL REPOSITORY. 



MATHEMATICAL QUESTIONS. 

To be answered in Number XIX> r'^%'^ , 
I. QUESTION 431, *j P«t*i«. 
A and B travelltd on the ume ruad tnd at the nme riie from H to L. At th« 

SOlli laile itnae from L, A overtook i droTe of gseir, which were proceeding at 
Ihe rate ot ihre^ miles ia t«o boun ; and two houn afterwardi met a stage waggon, 

drOTe of geese at the tbib mile itone and met the lame lUge wuggun exactl;r forlf 
Biinuta belbrs be came to the 3t)t mile atone. Wbere wis B vheii A 
niched t>? 



n. QUESTION 43S, Jy P*t«».. 

•.am AVR and semicirde AFB hare the 
.iLisi3, the ordinate MV c= la.i | arc AP : 
hat the uea AAIV <= twice the legment 



in. QUESTION 433, »y Pai.«m, 
A panboln teTolyrf round ili axis, whith is vertical, in a giien tiroa, and the 
anguUr moiion will just prneni a body at anj- point of theciuie from docending : 
icqaired the parameter 0/ the paiaboU ? 

IV, QUESTION 434, ty pAt*B«. 
Ti> divide a given arc (A), leu tbeti a quadrant, iolo two luch putt (ji) and (;) 
Ihal tan " y X "0 " ! may = max. 

V. QUESTION *3S, tj G. V. 

A normal at anirpointofan equilateral hyperbola U equal 10 the ditUoce of thai 
pbiol from the centre. Required the dcmonilration. 

VI. QUESTION 436, ij G. V. 

C i» the centre of an ellipie and F either focui, PH a tangent at Pi draw tlie 
- nu ... u I. ... ^j yjj ^ ^^ lraii»vei»« di^ 




diaroeler PCp and iiF nieetbg PH ill H. Proi 

VII. QUESTION 437, ty G. V. 

P itiny point In the diameter of» circle and PBaperprndicolat to the diameter: 

draw any chord P.\, and d tangent AB meeting PB in B, and draw BD and CG 

(C the centre) perpendicula: to PA j then PE = DA. Required a demon- 

VIII. QUESTION «8, iyP«oT«ui. 

Within > given (riingle mppme another iciangle to be inscribed, by joining 
■he middle poinli of iu tidei ; and again, within this triangle, luppose another 
liiangle to be iiL'Wribed, by joining the middle poino of lis sides, and 10 on ad 
infiniium : Wbal will be the limit of the iigregate, of the sum of the iquarei of 
the tides of all the triangles so formed* 

IX. QUESTION 4S9, *y Afr. Ct.lii.t.»». 

I^t any fight line be drawn through the focus of a given conic leclion, ter. 
minating in thv curve ; then a fuurtli proportional to the whole line and the two 
«egnienU thereof, made by tli« focus, will Alwij* be of IllB time cooilMtt Vn^fCSik 
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potlioiul tu the ab^issa, tha ordinate, and a given straight Uiic. 

Xll. QUESTION 44S, £y Pal***. 

To determine the nature of the curve such that Iho pe'pendicular from a given 
point upon the tangent ihall be a mean propoitional between a given line and tha 
•egemeut of the axii intercepted between the tangent aud this same given toint. 
Xm. QUESTION 443, jy Palaia. 

To dBlmmine the equation to the curve whose undent is a meui proportional 
between the tegment of the ixis intercepted betweeu il and ■ given point, and 
t^t tune segment augmauted by a given line. 

XIV. QUESTION 444, iyPALABA. 

A bodf , urged by a force per|iendiGolar to the hoiiion, describes the quvtnnt 
of a circle. Required the law of force which will make il ivcede unifbrmlji from 
the hoiiiontal radius, ai'd the lime elajised and the telocltf acquired at angr point 

XV. QUESTION 44S, ij , 

The chsiictetistic properljf of ihacircle iii, that all the chordi which psuihroogh 
■ certain determinate point in its plane are equal i but (here exists an indefinite 
cumber of curves which possess this propeilj. li ii required to find the most 
gcaeral equation to curves of this nature. 

XVI. QUESTION 44G, ig Mr. Cunlifte. 
A given rod or beam, has one end suspended by a cord of a given length, Rxed 
It a given point above an inclined plane of a given inclination} it ii lequited te 
determine the position of the beam, weight lusiained by the chord, and pressure 
against the inclined plane, when tha beam b in equilibria. 
XVII, QUESTION 441, t) G- V. 
Find the reclilicatlon and quadrature of the magnetic curve, which is such, that 
If lints be drawn (rom the poles to any point in the curve and pand -ir be the an- 
gles they make with (he line joiuing lliem, cos f + cot i). = c, a constant 
quantity. 

Will. QUESTION 44B, A; EaAToiTUSNEi. 

Required a numtier consisting of six digits n A c if e/ such that. Its multiples by 

Ij S) 5, if i, Q tnij contiiu amorig^it them the following ariangemeuta ; 

n i c J . / 

* e rf . y o 

t d t f a i 

a « / o 6 c 

t f a I, c i 

f a t c <t I. 

XIX. QUESTION 449, *> E»*TOBTH«Jfls.' 

It is welMcnown that the formula t^ + i + 4\ eonuins a great number of 

^mes: prove that when a is of either of the two fullowlng forms it caimol be & 

prime, c s S3 + S and I ^ S7 a — 8. 

XX. PRIZE QUESTION 450, Sj Mecuanico.. 
IF the beam In queilion 401 instead of resting upon the curve, be at liberty 
IP slide freely over the prap and descend by the force of gravity, it ii required tg 
detenniQe the mutloo of its centre of gravity. 



4 mil ciflM It kmti (putfmij tg tkt/rtt day if 



MATHEMATICAL REPOSITORY, 



VOL. IV. PART I. 



MATHEMATICAL QUESTIONS. 



ARTICLE L 
Sclulions lo Questions proposed in Numier XII. 

I. QUESTION 331, by Mr. John Hynes, Dublin. 

To find any number of squares whoac sum and product are 
I equal. 

Solution, hj Mr. Cunliffe. It. M.Collegc. 

In order to make the solution quite ca^v, I tliall begin with 
L finding two squares whose sum and product ihall be equal to 
each other; and afterwards proceed gradually to finding three. 
Tour, and five squares, who>,e sum and continual product shall 
be equal to each other, till the way o( extending the aolutJOD to 
any number o) squares, is sufficiently clear and evident. 

t. To find two square numbers whose sum and product ihal) 
Ibeequal to each other. 

Let x' and y' denote the two squares ; then, by the question, 
nCjr* ^ *• + y*t whence *» = -, 1= a square ; therefore 

■ ♦"•^i must be a square. Now t/* — 1 will evidently be a square 
B^hen y = {"t" -+" «') -7- amn where m and n may be taken 

1 pleaiure. For then j* — ~^ =: -. — r ni • V' 

Urn' -¥ n^ 



d 



( fi ) 

Take « = a and n = l, then «• zr ^and >• = -|. 

9 -^ 16 

s. To find three rational squares whose sum shall be equal to 
their continus^ product. 
I^et tht squares be denoted by x', y* and z' : Then, by the 

V* 4- «' 
question, x^y*z* zzx*-{- y* + 2*, hence x* = — t-i : whence 

it appears that y* + s' and y V — * 1 must be both squares. Put 
/ + 2« = (y + « — «/• whence z r= ^/^ ~ ^x » and hence 

^ - 4(>-«)* 4(y-«)* 

1= a square ; therefore y* (2ny — #1*)* — 4 (^ — »;■ = 4«V 
— 4«y + ny — 4y' + Sny — 4«* — a square. Assume 2«y* 

— »'y tor it« root ; that is, put 4ny— 4»iy+n*j^* — 4^* + 

Sny — 4n« = (a«y* — n«^ — ^) = 4»*y' — 4'?>' +.«*»* — 
4y* + 2»y + -4 : whence 6ny z= j^n* + ~i = ^^-5 — ^ and 
y = — -- Y — where n may be taken at pleasure. 

Take n =1, then 7 = f , « ;= -^ ^ ~ ^. = — 2, a?" = 

6 2(y — n) • 

4-t 2:= -^ i Therefore the three squares are -2-^, -^ 

j^«z« — 1 64 ^ 64 • 36 

and 4. 

Take « =: 2, then jr = -|, a 2= ?^! ^ = ^ Si -gt 

^ 48 a(y~») 3t* 

= T^l^^f ' and therefore the three squares in this case arc 

(1634)' 

(^S9»y I65I* ,(34)* 

u6i?r- (18? ""^ (^r 

3. To find four squares, such, that their sum and continual 
product may be equal to each other. 

Let I/*, x\ y* and s* denote the four squares : Then^ by the 
question, r^x'/z* = t;* -H *» + >' + «* ; hence v* zz («* + y* 
-4- s*) -J- x^i/z* — 1. The last expression will manifestly be a 
square when x*4-y--t-s* and X7 V — 1 are both squares. 
Put 3* -i- t/ 4-2' =: (X -f y — 2)* =: x* + 2jry + y* — 
2- (-^^ + y) I- -"^ ; whence z = xy -J- (x + y ), and ;r'y V — i 



( 3 ) 



a nquare ; therefore a?y — (* + y)* =: ;t*y* — ap* — 2xy — : y* 
= a square : Am ame x*jf* — — ^ for the root, that iS| pot x*^ 

^y 

— «» — ajry — y» = (*»y« — jpj = **y* - *' + l^* ^ 
whence :r = — ^^ ■ ^ >^ where y may be taken at pleasure. 

Take y = i, then * = — 4» ^ = — ^ and i/* rr 49 ; and 

therefore 49, ^, a» and — are four squares thit will answer. 

Or thus : 
Since x* + y* + z* and jc*y'z« — 1 are both to be squares : put 
J?* + y« + 2» = (X + y — «)* = jf» 4- 2*y + y« — sm (x^- 

y) + m^i then x =: ^^y 7" ^ ~ ^ , and jrSV — 1 = 
y'z»(2t>ty-H^~i»^r _ _ yV(2my4-s*^ m^)" — 4( y — m)« 

= a square : therefore y*z* (2my + £* — 1»')* — 4 (y -* «)* 

;=4«*2V + 4»»«y («• — »»*) + y '«"(«•— »»')' — 4y' + 

8«iy — 4»i* zz a square. Assume 2fnzy^ -\- zy («* — «*j — -^ 
for its root ; that is, put 4»i*2V + \mzhf (2^ — n^) 4. y*z'(c* 

— m*r — 4y* + Smy — 4W1* zz (awzy* + zy (z* — m*) — g)* 
rz 4»i*zV + 4»iz*y* (z* — w?) + ^V (2* — m*j* — 4g'mzy« 

— 2^zy (z* — m«) + g". Put 4ffmz =: 4, or^ =: -J-, in or- 

der to take away all the terms in which any power of y above 
the first is concerned ; and from the equality of the remaining 
terms, viz. %my — 4»i* = — agzy (z* — 1»*) + ^, y = 

4m* 4- g* _ 4m* 4- 1 -r- m'z' 

%m 4- 2^z(^' — «') "" 8m f 2(z* — m*) ^ m 

4«iV 4- 1 4'»V +1 • ^ J , 

^^-r— -; = — i- — r-T — =T , where m and z may be 

Sm^z^ 4- 2mz* 2mz*(3m* 4- a*) ' 

taken at pleasure. 

Take z and m each =: 1, then y = |,;c =: — ^, and i;' = 

^ 3 

49; therefore 49f if t^ and — are four squares that will 
answer. 
Take zzz I andm = -, then y = ^, x = i- and r* =2 

Ad 



(hat will answer. 

4. To find five squares whose sum and continual product shall 
be equal to each other. 

Let I he squares be denoted hy u', v', I', y^, and z". By the 
question u't/ .c'y'i* = u' -\- v* + x' t- y' + 2* : whence a* = 

"' X*'^— i"*"' ' put !'• + *' + 5*+:' = (x 1-y — w)' 
— X* •^- axy -\- s' — ««(«-*- s) -4- m* : whence x = 



wr 



i{y—m] 



and hence u**'y'i* 



I iquarc, and' 



4 (y — w)' 

f'yVlawy 1^ p' +t' — mM'— 4 (y — m)' 

4 (y — m/ 

thetciore o'y's:' (amy + ti' + 2' — m')' — 4 (y — m)' = 

— ^y' ^- 8my — 4w' = a square = l^mvzy* + vzt/{v* -\- 
s'— «*) — ^1'= 4m'u'sV + 4'"'''«'y' (f* + 2' — "»')+ 
i,»i«y« (u* + 2* — «')* — 45WlP=y' — a^^fzy (d* -t- s' — «') 

+ 4*. Put 4g>iii't = ^,oTg — — ; t in order to take ayiiy. 

all the powen oF y above the first ; and the remaining termi of 
(he expiession will be 8iny — 4J71' = — H^^y [v* + =* — 






4«* 4- 1 



4w* p'j' -f 1 



4w*f*z' + 1 4BiVz* + 1 



m, IT, and :: inay be taken at pleasure- 
Take fft z=: i.v z:a, and z — -, then y = — , and x = ^~ 
2 " tg' 

^; and hence a^ = ii^\ Thertfore 4. i. ^i^, 
,^~ii. an<l ,^ — ^cii ■'■'^ ''■"= *<iu««s that will aniwer. 

(lj9p (1206)' ^ 

ir the process and rcsuhs of the two preceding cases are atten- 
tively consideicd, there will be no difticulty in extending (he 
solution to as many squares as we please, without any further 



ilculation. For Ut a', «*, v*. x', >' and z* denote six squares 
ihote continual product is equal to their sum ; thca we shall 

4«' " 



ive y - 



- and w — r-j- 



xi \- y 



*(> — ") ~" u'v'xyz'- 

II also appears from what ha* been done, that all the square* 
:cefKing three, may be assumed at pleasure : and the roots of 

three other squares are to be found by means of the precrd- 

Formula:. 

II. QUESTION 33B. by Mr. John Hvnes. 

To find two fractions, such, that the sum and (iiin of their 

auaces shall both be rauonal squnrcs ; and either of them being 
(led to the square of the other shall make the laine square. 



Solution, by Mr. CuNLirrs. 



Let the two fractions be denoted by and — =— 

ibe sum of these is obviously i, and is therefore a square 
. The sum of their squares is i- 



for 
,, which will cvident- 



{X \- yf 
\y be a square when X* ^-yis a square. Again cither of the frac- 

tioos being added to the square of the other is — . ^ ^"^ , . - 

which will also evidently be a square when «' + xy +^*isa 
sfjnan. 

The miestioo is therefore reduced to finding such rational 
values ol * and y m wilt make x* -\-y* and x* -^ xy ■\- y* both 
■quarcs. 

Put *~ *B* — n'andjf = 2mn, then x' -i- ^* — [»»' — n^f + 
4iii'(l' = «•-*• 2m*n' + n* = (m' + «')' - a square: Also, 
jc" + jry + y = w* + sm'« 4- sm'n' — awn '-+-»* is lo be a 
square. Assume m' 1- mn + n' for the root of the preceding 
aquarcj then m' + ani'n + awi'n' — amn'-l- n* = {m* + 

«i«4-«')'=m*+am'ff h gm'n' + fiinfe '-!-«* ; whence— — -~^~, 

Wherefore we may take « = 4 and u = — 1 ; but these valuct 
of M and n would tnanifessly give the value of y negative. ■ lu 
oriier therefore to obuin a pusiiive value of y, take (R = ^ abi 
n =: < - I ; then x — nC' — n' = i j -f 2/ — j', and y=: »nm 
= 8 (J — 1), and from hence *' + xy + >* = 169 + 36J -(- 
6«j* — 121' ( j' which is to be a square. Assume 13 ( 6; — 



i' for its rooi, ihat is, put 169 + 361 + 621' — la*' + s 
(13 + 6j — j'J* = 169 + 156J + loj' — I Ej' + i* ; wlicnc^ 



169 ' 



'3 '3 

-= — ^ — , and rejecting the common denominator, we may lake 
s = 24 igf and > = 1 76S. and hence the required fractioDi wilt 

x + y 4I83 x^y 4183 " 

III. QUESTION 333, h^ Junius. 
Required thcgeneral value of r in the equation j:' — z^y'^i T 
Solution, iy JWr. Cunliffe. 

The given equation by transposition becomes 1 + a^y' ~ x\ . 
Whcnuic coefhcieni of y' i» within two of being a square num- 
ber, the integer value ol y, which will make i + 23^*3 square, 
may be readily found, as appears from what follows. 

Put j' — 2 for ihe cocHicieni of y' in the given equation, that 
i*, let the given equation be i \- y* {</* — a) — a?'. Assums 
X - yi/ — I, ilien 1 -1- y' (?*— 2) - {qy — ip = 7'y'— r 
iq\f 4- ii whence y ~ 7, and X ~ qy — 1 = 1;' — 1: and 
comparing the foregoing expression wiin the proposed example 
wc have 7' — 3 =: 23, j' =65, 9 = 5; thertlorcy — 5, and 
jt rr ./'— 1 = 24. 

At page 383, art. 180, Barlow's Theory of Numbers, we 
have the folloMing general fonnulae, expressing the values oE 
araud y, viz. 

a- = fE ±?^«3r K P-y/a3r. and 

_ [P + ^V«3)" — f ^ — fj/asr . 

in which p and q denote particular values of x and y that will 
auKwer, and m is any integer number. 

In the present case ^ - 24, ^ = 5, and lake m — s; then J! 
= 1151 and y = 140. 

But the most general and comprehensive method of proceeding 
for finding; the values of p and q, is by potting the square root 
ofihc coefficient of y' into a continued fraction, and from thence 
lurming a scries of conVL-rging fractions, the terms of one of 
wliith will be the values of /Sand rf. The method of doing this 
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Lm very fully explained anJ exemplified in Mr. Barlow's Theary 
ttf Numbers. 



I 



IV. QUESTION ;;__ :allow. 

There are two luch quantities thai the sum of their iquares ex- 
ceeds tlicir lum by a ; and lliat the sum of their fourth powers to- 
gether with their turn exceeds twice the sum of their cubes by ^ ; 
tt (t required to 6nd tltem without resolvitig any equation htgbcr 
than a quadratic ? 

First Solution, 6y Afr. Callow, iht Propoier. 



Put X and y for the required quantities ; then, by the questtan, 
«»-»- y' — tJr + y) = rt. and x* -\- y*+ (ar + y) — a (a:'+y') 
^ t; adding these two equations, we have 

f* -( y* — a(j' + yij _|_ X* -J-y' = i -+■ a. 
Pot now x' — X — in, and i/' — y — n, then our first and last 
equationE become m-^-n — a, and wn 1- «* = A |- n; manda 
arc ihercfore the two roots of the quadratic, a' — an + ■i[a' — 
t — «) — O, and since *' — x :=: m and )/' — y — n, x and 
y are alto known. 

For an example, let u =8, and i = ^t, then the q^uadratic for 
determining w and « becomes n' — 8ji + J2 = o, ot which the 
two roots are 2 and 6 : lake m = 3, and n = 6, then our quadra- 
Itci for determining x and y become X* — J = a and t/' — y = 
6 ■.whence l = h 2 or — i,and y — -+- 3or — a : therefore :, 
and 4; or — i.and — a ; or + a, and — a ; or + 3, and — i, 
are four different sci5 of numbers which answer the conditions ol 
abe quBstion. 

Second Solution, by Mr.CvuLitif.. 

Let z denote half the sum and v half the difference of t!jc 
' quantities ; then z -\- v will denote the greater, and : — w the 
le*s ; a (z* + v'] tlie sum of the squares, 22' + bzv the sum of 
»hc cubes, and 2;* + 122*1)- + av* the sum of the biqujdiateK 
or fourth powers. From whence and by the question, 
z'-t- I'' — = ^ ia, and 
.■* + 6iV + i'" + z — ar' — 6zu' — \K 
The latter equation being subtracted irom the square ot i!ic 
former, leaves 
I 4-"' — 42V -1- z* — z - i {«*— ^l>) : 

I but, from the first equation, i/' = la -+- ; — s*, by means of 
I which cxtermindting u from the preceding equation it beconits 



I 



I 
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which expression, when expanded it 42* — 9t* — f / (sn — ■ 

5) + z / (2a — 1 ) = i (fl' — ai) ; dividing by 4, 3'— a«' — - 
itai — 5) i* + tC*"— ')* = tV'.i' — 2/') ; completing the 
square by adding E\(!irf — 1 j*(o each side, k* — ez' — 3 {^a — 
5jj'+ i(afl — 1)2 4- A (2"— ')' = SI [8"'— 4a+ I — 
8&), laluDg the square roou 

2'— 2—^^(0(1 — 1) = 1^(8"' — 4« + » -**)i' 

Fromwhcnce z=^+iv'(!('>a + O+Wl^a'— 40+ 1— WJK, 
Again, from the equation, s' + r* — : ::^ -ja, 
11= = la — ^s*— s]=|a — i{aa — ij_iy/(8a' — 41) + I — 86) 
=:t(Ba + ij— iVlBji' — 40 4 > — 8i) i whence 

V = j/H{" + ') — i/ca-^ _ 4a + 1 — e*}j. 

V. QUESTION 33j, ty Mr. Callow. 

Having given y* •+■ ^.'/'-f-*"> i- s — o, »nd y — (jc +«n) = o> 
It is require') to assign such a v^lue to m, as will enable us 19 
determine x and ^, and thus to rcsulve a general biquadratic^ 
supposing ihc soluiion of a geneial cubic to be known ? 

First Solution, bij Mr. Callow, Mf Prcf^ser. 

Frcm ihe second equation we gct^ = ;c + w, which substl> 
tilted in the firsi, it becomes ;f* + (41' + ^xm^ + fl^i' +• T)m 
+ (6x* + f + m'J m^ + yj* + rx -|- J = o : feign 4:^' + 4;rjn' 

+ ftyx 4 r = o. whence m* := — (;f' + 1? + — ). and our 

last equation therefore becomes [by substituting this value for 
w'). after reduciions,** + ^-.jx* -f (.yo' — J j)*^ — Jj-r' - o: 
from which x is known by resolving this equation ai a cubic, 
then X and m arc also known, as also y the root ol the general 
biquadratic : That is y, ihc root of the general biquadratic y* + 
^* + ry ^ t - o, ii - {X + m z::) X ± V — (^' + z1 + 

— 1, where »• i» a root of ** + iqx* + (tj?' — i*)*'-~ 

For an example, let y* — a^y' + Soy — g6 1: o, be propos- 
ed : here 5 = — , • ' — ^^' ^""^ •* — — 3,^' tlisreforc out 

equation for finding jt' becomes i* — ■ — ** 1 ^-? a* — 
' " a lo 

^^ — o, vhciicc a' = 4. or ^. or '-^; take »' — 4, ihen 



**= + «,«"— 2i wd y ■= t ± /— (4 _ 15 + *J\ 

=i.±i.ory= — •±•-(4-^ + M.J=_fl+^. 

Thetefore + i, + 3> -^«.Mld — 6, are Ihefour required root*. 

StcodD SoLUTlbfi, itf W. 

It is here propotect to deiennine the value of y from (be two 

equations ^' + y^' + ry i- s — o 

Insen the latter value of^ in the equation and divide by x*. the 
Tcsolt will be 



»* + = 



+ 4« X(j + 



jjm' + 8gM + 1- 



4-6«'+v 



Nowasnisan undetermined quantity weareat liberty to asiume 



' + q7»* -\- rm + s, which by reduc- 



tton givei tlie following cubic c<)uation, from which the value of 
•I may be calculated, 

Hrm* + [i6s — 4J*)»i 

Then if we assume : to represent x 



- 4qrm — r* = o, 

4m* 4- *^ i 



we shall &[«1 jc' + 



-'+r\^ 



, and from the value of x 



wc deduce that of x by the resolution of the quadratic 



Thismathod of resolving the biquadratic is applicable to 
n >•+ /f.v + jy* + ry + s — o. It occur 



(he 
occurred 



cotnplete equation ^ ,„ 

to me more than twelve years ago ; and, 1 think, speaking from 
recollcciion, the same or nearly similar results will be found in 
Dr. Waring's Mtdttationes Algebraica, although the Dr. derives 
iheni fromaprocessallogetheraifferint. 

VI. QUESTION 336, hy AiEvoYO. 

Demonstrate the following theorem*. 

1. If three circles be situated any how in a plane, and through 
the centres of every two a circle he described to toucbthe remain' 
ii^ one ; the lines joining the centre of each of the circles with 
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ihcpoiai in which the circles passing through it meet each otheri 
iiiterse<:t in the same point. ' 

a. If three circles touch one another, the one of which is a 
mean proportional between the other two, and if tangents be^ 
drawn to every two of these meeiing their diameters cxiernally s- 
then it is known that the three poihts of section are in the same 
straight line ; and it is required to prove that the square of this 
line lias 9 given ratio to M' + N'hMNjM and n representing 
the radii of the firnt and second tcrmi of the proportion. 

Solution, hy . 

1. Let the points A, B, c be the centres of the given circlei, 
ania,6,c the intersections ofihe 
circlespassingthroughthepointi 
A, 8, c resueciively ; then the 
lines Ad, nh, and Cc meet in the 
same point. For if the poinis 
C, P, c are not in a straight line, 
let CP meet the circle Aca in n 
and the circle Bci in m j then 
(Euc. 35- III.) AP ■< pa — BP 
X pi = CP X pwi, also Ai' X 
r« = CP >; PB ; therefore cp X 
pm = CP X P«, or pm = pa, 
which is impossible; therefore 

the points c, m, n coalesce, and consequently the points c, p, c are 
in a straight line, and Au, ib, cc meet in the same point, 

a. Let A, B and c be the centres of the given circlei, and Df 
the line in which the tangents intersect, 
then if w be the radius of the circle 
whose centre is A, n the rad. of that whose 
centre is B, and M the radius of the other ; 
WC have, by similar triangles, h — n : 
W I- N : : N : be. and N — M : N + 
ij : : N : ED. But, since m x w = 

N', w — N = 




M 



(N — m] and w + 
(N + m), therefore w — n 



w 



= N 




: N — M 

and, consequently, be : 

^ inr^ ■ '''^=*<''« ^t* = I»B' + EB. — BOB X EB Sf! 
1 DBB = DB'(fl — aCOSOW) = DB'C« + 8 ^01 ABC), Bu'^ 




AB X BC (N + Hi' 

-- — ;--- ^- — '; therefore de' 

+ m"), or DE* : N* + NM + M 



; (n'+ NM 



(N — Ml' 
BN' : (n — My. 
1 am not certain however that this ii the propowr's meuiiiig, 
as the proposition is raihcr indistinctly enunciated. 



VII. QUESTIOV 337, 6j/«r. John Cavill, Baghton. 



From two given poinis, equally distant from the ccRtre of a 
eiven circle, to draw two right Itnei to a point in the circum- 
feroncc, so that iheir sum or difference may be equal to i given 
_l)Be ? 



Solution, bj/ Aliquis. 



I Let A and B be the given poinis, and ecf ihe given circle ; 
Then the tame construction being made as 
io the second solution tu quettion 30S, ol 
ihe Repository, we have AC =: aAO X 
FD, and BC' = 2AO A RE; ihereforc if 
K be put for the mean proportional bc- 
^twcen PD and be, aC ± itAC X «B 4 

^UC* = (AC ± CB)' = BAO (PD + Re)± 

^bAO X R, therefore when the sum or dif- 
BlcTenceof AC, and CB is given, pd + re 

± 9r 18 given ; but pd + re is = aRN, 

iherefore rn ± r is given ; let ihii = d ; 

then ± R is ~D — RN,or r"=d' — an x B» + RN'; but r* ts = 

^I>XRE = RN' — ne'z:rn' — EG' + Gn'; thercf. d' — 9DX RN = 

-IC*. CN' + 8D X RN = D'+EG». BuL BN is =KO-|-ON, 

tod the angle N oo being given, on has to c N a given ratio, sup- 
nscn ion; theref. rn = RO + - x gn and CN» ^ x. 

JH = D> + EC* D X BO, therefore cn may be 

wnd by Prob. 18. V. nf Simpson's Geometry, and the method 
1 construction will be manifest. 





1« ) 



VIII. QUESTION 338, ty L. G. 

Prove that the siercographjc projection of any section of a 
splieroid upon the plane ol its equator is a circle. 

SoLtiTioN.iy Mr. W. Wallace, R. M. ColUgt. 

Thii elegant theorem may be readily demonHrated by the fot. 
lowing lemma. 




Let PQ be either axii of an ellipse, and hk a chord perpendicu-l 
laf to pa. Draw anv other chord ab cutting HK in d, and joiajl 
PA, PB, meeting Hit m C and e: Then shall C» Xdi!= hdXOK. J 

For conceive ihe ellipse to be the orthographic projection o£-l 
a circle, whose diameter iipq — pq; and the lines hk, AB, . 
PC, PB, 10 be the orthographic projection of ihe lines hi, ai, 
pc.pi/ rcspeciively : then by a well known property of this pro- 
jection, CD has to cd, HD to hd, az to de, and dk. to diHie 
same ratio, viz. that of the conjugate to the transverse axis. 

In the circle draw the chord am parallel to hi and join pm. 
The angle Cin = p/na — pam = pci, that is the angle tba — eca, 
therefore the point* e, b, e, a are in the circumference of a cir- 
cle, and consequently cd X dt = ad X. d& := hd x dk. But it. ' 
has been shewn that I 

CD : c^ : : hd : kd. I 

and nt : de : : OY^ \ dk, 
therefore cdxde:ci// de :: hd x nv. : hd a dH i 
Hcncq CD X OK = HO X DK as was to be demonstrated* 

Now to apply this k-mma 10 the question, let avb be the line 
in which any plane meets the aurface of the spheroid, and let of 
V h' be the stcreographic projection of this line upon any plane 
perpendicular to the axit. Conceive a plane PAf^B to pats along 



uii, and meet the planes avb, «' v h' in AB, a' h' ; Tilce v 
any point tn avb, aod let a plane perpendicular to the axis pau 
through V. and meet the piano paqb in the chord hk, and ibc 
sorface of ihc spheroid in the line HVK, which wjH be a circle. 
Onw a line trom D to v, which being ihe common section of 
the planei avb, MVK, will be perpendicular to the plane Pab, 
aoci ihereforc perpendicular to the fine hk, tliQ diameter of the 
circle hvk. Draw lines from p to the points a, 3, o, v meet- 
log the projecting plane in «' h' d, u the projeciioni of tbete 

Eoinis ; let PA, F& meet h k in c and e, and join d v. Then, 
ecause of the parallel planet hvk, a' vb', ihe triangles pdc. 
•tda' are similar: so also arc the triangles pdv, ?dv, and the 
triangles pde, rdb' : Hence 

CD : a'd [:: pD : rd] : : dv ; dv, 
and DE : di' ( : : rn : fd) ; : DV : dv i 
therefore, co X ds : a'd X df : : dv* : rfw*. 
But, by thclemma, CDxne — iia x dk, and agsin because 
HVK is a semicircle, and VD perpendicular to hkj hd /, dk 
ov*; therefore cd x de = uV and consequently a'd x 
dy = dv'. Now dvii perpendicular 10 a'li', because the angle* 
CDv, a'dviTc equal, and the former of these it a right angle; 
therefore v is in the circumference of a circle of which a' i' is 
the diameter, and as this is true of the projection of every point 
in the line avb ; the stereographic projection of that line is a 
citcle. 

IX. QUESTION 339, ty Mr. Noble, R.M.CoUfge. 

Given the base, the diiTerence of the angles at the bate, and 
,the rectangle ol the sides, 10 construct the plane triangle. 

FiasT SoLtiTtoN, fty Mr. S. Jones, Liverpgot. 

Upon any right line h f as a diameicr 
'describe a circle, in which draw the 
chord FC malting the angle HfC — 
half the given difference of the angles 
at the base, demit CS perpendicular to 
ur, and in the diameter determine the a. 
point £ (Leslies Analysis B. s. Prop. 
18.) iucb, that iiF x de : he x ef : : given rectangle : 
(t base)*; through E draw bep parallel to cd, meeting the 
circle in R and p, in which take R q = given base; join c, K ; 
C, i>; and from q draw qa parallel to Ck to meet cr- in a, and 
AD parallel 10 qr to meet CR in i<, and ACB is tile iciiiiiiid 
TUn^lc 




B is also bisected 
: CB : : PE : At ; 
but CP X CR : 




By parallelt the base ab = qr =r the given length, and the 
angle abc — bac = prc — rpc = 2 Bfc = the given mag. 
niiude, by the construction. Through E draw CEi to meet the 
base AB in I ; then since pr is bisected '- " " " "'- >-:-—-» 
in E ; and by similar triangles cp : ca 
therefore ca x cB : ci' x cr : ; ai' 
HF / DE, and PE':=itE X EF ; wherefore by alternation. 
AC X CB : At' : : HP y DE : HE X EF : ; given rectangle : 
(I base)*; but ai = ^basc, therefore ac / cb = the given 
rectangle. 

Second Solution, by Mr. Noble, the Proposer. 

Suppose it done. Bisect the vertical 
angle by a line CF meeting the base in f. 
Bisect the base in c and tnakc the angle 
DBA = the given difference of ihe angles 
at the base. Then by siinilai triangles 
AC CP , _ ,- AC 

ACF, ECB, = .butEuC. f).6, — = 

flC CE " CB 

, therefore = Nowby Prop. B. Simson's Euc. 6 

IB CE FB / r 

lib, acxcb=apx Fa + Fc«3fl. Again the triangle efb is isos- 
celes i. e. eb = FB because ^Ceb i; afc, therefore as Z.BBF 
ii given the niio of ef to fb is given. Let ef — m . fb, and 
EC = CF— m. FB, Hence the following solution ; Af : FB : : 
cf : CE =: CF — m. fb, subtracting the consequents from the 

, , ^ m'.AF'.PB* 

antecedents AF:aFC::cF:M. fb therefore Cf = z— ■ 

4 fC 

Now AFX FB = Cb' — CF', so finally wc get, since AF X fb 

+ cr'=a, by putting of =: x, gb=^, t' — x'+ — ^ — ^ = 

4 * 
e : this equation determines the point f, therefore make ^ 
abd = the given one : make be = Ef ;join ef, then make 
FB : act :: fe : fc. Q. E. /. 

Third Solution, hy Mr, W. Wallace, R. M. College. 

Let a, h, c be the sides of the triangle, li being the given 
bue; and a, b, C the opposite angles. By trigonometry, 

« sin A e sin c ,, , an sin a sin c „ l 

— = .-—,-)-=: , thcreiore -,-, = - - : ■- ; . But by 

f sin B i sin L 0' sm b 



e arithmetic of lines, tin a sin c = | cos (A — c] — | coi 
ft A + c), therefore, observing thai sin b = iin(A + c), we 

f a ae cos (a — c) — cos (a + c ) _ cos [a — c) — co»(a + c) 
r^~' sinMA+c) 1— COJ-(A + C) 

: A — c = a, and let fi be such an angle, that cos — 

ip-, to that s and ^ are, by the question, both given; then, 

from the preceding equation, we have 

COS[A + C) J 1 — C0SgcOS(A + Cj J = COS « COS 3, 

or, since coi s — cot r: a sin f (g + ojiin { (0 — a), 
W»[A + Cjj 1— cos/3cos(A l-c)J- rzasin|(g4-«)5iliJ(jS— «}. 

Assume now COS (a + c) = a~* *^'* ^^ equation may be 

expressed thus 

4 cos* 4 p sin' -T ?> = 8 cos ^ sin-l- (5 4- a) sin ^[jl — a). 
But a cot -if sin T 7 = sin 9, theicloic 

tin' 9 = 8 cos ^ sini-((i + «) sin ^ (g — a}, 
and tin $ = a v/ j s cos 5 sin 4- {;3 -*- a) sin | (g — a)l. 
Hence p is known, and consequently a -|- c, from the equation 

, . , cos' -i ffl 

COS [a + C) = i^^. 

■How A — c Is given, therefore all the angles may be found, and 
one of the sides being alsu given the others may be found. 

X- QUESTION 340, it/ Afr. John Dawes, Birmingham. 

Given the base and vertical angle of a plane triangle to con- 
struct it, when the segment of one side, next the angle at the 
base, made by a line drawn parallel to the other side from the 
point in the base where the perpendicular from the veitical angle 
cuts it, is equal to a given line. 

First Solution, iy Mr. Dawes, the Proposer. 



Let ACfl be the triangle ; ab the bategiven, 
ACB the given vertical angle; and ap the 
given segment ; join kp and draw ah at right 
angles to it, then will ah be given : draw 
SH perpendicular to as ; then as : ak : : 
rad. : lin ask, and ak : ah ; : rad- : tin 
ASK [ak,hJ, therefore AS : ah;: rad-': r", ask 




= — ^- — = **. ANS = j\ SNB, i.e. ft. = l) V — = '• SN» 

AS ' ^ ' * AS 

= *.{Kl> + N86)=(ky a known theorem) s. irsii X cos. NiJ» 

+ cos NSB X /. NBS = •/ . 

' AS 

SB. AH, 



Bul AB 

ihercforci. ksb >c •/[ 



A8B ; : AS : 5. abs = r. NBS 

i'.ASB.As' 



-)+c 



N SB X - 



Put A« = a, AB = h, S. ASB ^ cos. KSB = </, J. NSB =: ^, 
A9 =r :r; i. abs = J. KB3 = -r-; cos nbs = i/{\ — ~Tr*J! 

theng^fi Tt-l4--^ = \/ "■ from which the unknown 

quantity x or as may be found. 

Obs. It :s evident that it cannot be constructed peomefrical- 
ly, as it produces an equation of these dimensions x*ii — Kx* + 
B«* I Cx' — DJ + E — o, unless it be when the vertical angle 
hecomw a right angle, then sin NsB z: g vanJshec, and rf*= i : 
Then the equation becomes simply 



which is kncrwn to be ime. 



p- 



.on* — ah'. 



Second Solution, by J. H. F, 



Let ACQ be the trian(;Ie required 
h, the given base; At. — a, the given segment 
and c =. the cosine of the gi 
its equal aed; x = ad, y - 

tniiar triangles x : jr : : h: bo = -^, and x\ 



m 

en segment ; rfv^ 

igle ACB or /f ^v 
Then by si- ^J N. 



(I : : i: AC 
£C' ; that is, 



ifl 



but Euc. 13, z, AB*+AC*=: e ab. ad + 



: a liX 



r fii' 1- ij' — iy'= ai'. 



Again by trigonometry ae*+de' — a ae. »e /c = ad*, thai 
is, ■ + y* — 1 «jc = «', or «' + J* — j' = s oj/c : multipfjr. 



thaL 



■ ( <7 ) 

Ing tbit equation by b, and adding the product to the pirccdinf 

equauon, we have • ba* = 9 a:' 4- fl bayc, or y =. r ■» 

and substituting thit va'uc for y in cither of the equationi , we 
pt, after proper reduction, ** — (8o*ic' ■+• aa'fr) X* + 4«' 
*€***+ 4d'ic' — fi'a' =: o, an equation of the sixth power, 10 
that th« problem cannot be constructed geometrically. Wheii 
ACB is a right angle, or e = o, the equation becomes j* — oa' 
i**— ^'a*=:o, and the root it f ^ i^ (ia*J. 

XI. QUESTION 341, tyANALYTlCUS. 

Required the fluent of ■ ,," ■ ■■' , ? 1 

^ (3— ii)V(i — 3*') J 

Solution Ay Mr. Cuklijfe. 'I 

Pmi-8*. = U-iy=i-H+ 3^-^. which 

— t)= ^ (» -+•»*) — Jt, squaring bothtides, 

(-2') — 3z»: 3— *• = 8 + 3«'— 3«{i + *•) = 
Again(i— i;)(i — f 1 = 1— «— -+x'=i — -(j+s']+3«3 
:i + «*)— 3='= »— 32'+ j(t +»'}(3z'— i) = (3«'— 
f <l+«'>-i^; .-.[3 — «■)'•(! -3'')= [3 -**){! —f) 
3(1 +i'l(3=* — ») 5fti +3')— 1^; and hence 



---J^l.-3^)-(3_^j„_*_y 
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«^^ 



18 i 

Again from [he above found value of j, 

i=lix l'+3-''l/'--'-tg''-»)-fa''+4J 



-r) 



T* = — X 



I (1+J')-1 =;(■+«■)•- J (H.-')v'|=*ha='-i)-i 
= } (l+6r-+ 3^) — 4 (, + :'V(='+«'— i) ; 
and therefore — =: 



3«*— 3 (■+=')>'(=' <-»='-il '•(='+■=' 
otli t 
ing expression by 



Ji + 6iH-3«*- _. 

multiplying botli the numerator and denominator of the preced- 
ing expression by ( +6:'-t- 3?* l-3(i+j') */(;• f ft;' — ^1, to 



■ iig i:Apicssiun uy i -f- o; -t- 3* ^3^l-^iJv^i |-ai — T'. to 
take away the surd from the first factor of the denominator, then 
the denominator becomes 4 v/(t*-f-a ~' — i), and the numerator 
becomes ai (i — z')v'(a;*-+-ai' — ii — ftsiK'-f-y); and thereforxi 
_ i (■—»■) ,/(»' + ftg'— } I — (i- 1- ^)i 

ev'li'+az*-!) V(32'+62-— ij 



--(1+2-)— I 



= }(•- 

and hence - 



(i + 2'l(3«' — ')if (' +' 



_i(i— 2-)i_ . 



(3''+'li 



f«-H')(8»'->l '/S' (i+2')(3« — 'l/tS'* + 62'— >) 
Now put « z = v'(3 1*+ 6 a' — i). » = ^ ; theii 

._ _i3AL"I' and '3''+t)' —j'ialso 

ay(3''+'2'— tl' /(3e'+62'— 1) 

(l-*-j*)(32*— 0= 32*4-8 2*— I =: 0*2' — 4 2' = 2'[i;»— 4): 

. , (32' + i)4 i 

1''"='°" U+2-)(32--.)^(32-+62'-.)=l?=^- 



(.+»•) (3'" 



, wherefore the ex- 



the flkienis of which are 
'\^3 — ' . 



..^^±^?-jA 



the length of a circular arc to radius i and tangent z. 



XIL QUESTION 342, iyAfr.CcNLiFFE. 
Find the sum of a terms of the progreuion 



Solution, ly Mr, S. Joses, Liverpool. 

It ii manifest that the tilk lerni of the scries is (a n — l)*+^n*: 
put therefore 1'. 2'+ 3*. 4*+ 5'. 6'+ 7*. b' &c. . . |- (2 n — i)*. 
^ n*:^ A n' 4- B n* + C n^ 4- 1) "• + En; and writing n + t 
iorw it becomes i'. b'+ 3*. 4 + 5'- 6'-^-7^ 8'&c. . ,[2n — 1)'. 
4»»+ (an + i)'. 4|» + i)»=a(« + 1/ -(- B (n + 1)' + c 
fii+ O'-t- D (n + 1]' I- E(n +- 1). Subtracting the former ex- 
pression from tlie latter gives (2 n+ l)*. 4 (1+ 1)'= a [(n+ij* 
— n'H-B((n+0'— n') + c((B+i)'~nM + D((n+l)'— n») 
I + E. which, by expanding the terms and arranging them ac- 
I cordingto ihe powers ot », gives i6n' + tiSn'~t-^2n' + s^n+4 = 
SA«'+(iOA+4Bjn' + (iOA4 6b t-3c)n'i-(5A4-4B+ 3c + 00) 
B + A + B + c + D-fE. Equaling ihehomologous terms we have. 
: ijt B=4> c=— ■}, D—a.,Ez:.-i\: Hence 1*. 2*+ 3*. 4*4. 

^ff. 6'+7'- 8' &c (2fi— ij' X^n' =~^+4b' ~ — 211'+ 

ba iSn'+finVBOn'— 3on'+«»_«n , , 

r-=a — ^- ^ =-7X{24n'4-3on'— 10«»- 

\in+t). 

c 2 



XIII. aUESTlON 343, by AMCunliffe. 

A greyhound spied a hare at the distance of half a mile, whic. 
he immediately pursued ; now the hare fled away in a right lin 
and the greyhound made directly towards her : how far did tlf 
hare run before she was overtaken by the greyhound, supposim, 
the greyhound's speed to that of the haie as t, to ^, aikl tbefl 
shortest diitancc from the greyhound to the line of the hare'fl 
course, a quarter of a mile f 



Solution, hyMr.CusLiTtt, tit Proposer. 

Let the poind C' and h represent 
contemporary places of the giey. c 
hound and hare during the cliaie; 
and let the curve cc'p represent 
the track of the greyhound, and the 
right line RHP the track of the hare ; 
the point P denoting the place where 
the greyhound overtakes the hare ; 

draw CR, g'k' perpendicular to RHf ; alio draw the right line 
c'h. 

Put »G = «, RR'=x, R.'G'-:tf, tangent of } z.r'hc'=/, 
tadhii I ; also put curve cc'zrz, and let the velocity of th« 
^filial a' be to that of the point h. as i to n =l ^. 

By a known theorem —~r = tan. i r.'hc', and therefore 

til i. K'o'a — "TT"' ■"'' '" **"" ^ ^""T' By thenalur* 
ot the ptobkfn o'h t« a tangent to the curve at c', and hence 
wcjhallpretty obviously have — } : i::t ; — ~ whence s =: 

^^A ^-7- *'Wc!i is proportional to the velocity of the point c 
ill 111* ^'»«"'""*^ ^'^'^ ^""^ ''**■ Again it is pretty obvioui 
that r'g' : b'b : : » : V* ' *''^"" *"' = *'«' H ^. = y 
y 1:^, and hence BH = Rii'+r'h= * + y x I^-Land the 



fiuxion of RH is i +^x — » . ^ — ^ . 

jponional to the velocity of the point h in the direction oF the 
light line rk. 

1 1 Agtia — } : i :: I : — — , whence » = -^ y )t ■ ■ , by 






; which, asjuiteb- 

■erved, is proportional to ihc velocity of [he point H in the di- 
rection of the right line bh. 

Then by the question and the nature of fluxions £ =r — / 

X -. — yi X — -— ::!:«. whence-^ = — -.andtai- 

ing the flucntJ h. 1. {y") = h. I {t) : but when y^a, t = n, 

, .*. the correct equation of the fluents is h. I. -^~ = h. I,—, and .*. 



— =^, or (= -5— , where « denotes the tangent of half 

the complement of the angle which the tangent at o 
makes with the ordinate ck. By means of what bai just 

fcecD deduced — — = -^ , hence » = —y X -^ — 



_ tl-^^^JL, taking the fluents i = ^-^—^ V 

; when y-fl 



tmy 
■^ ; and tupposine the abscissa to 

^le correct equation of the curve will be a = oBrfi — k> "~ 



a ma 

ron becomes — -,- ^ • 77~. — i - 

Again, by means of the equation I 

a* , . 1+'* 
i heacc s = — y X — —: 



_^" ^, and when y — o the cxptes- 



. "y i+i' _»> 



^ ^-^-, and 



taking llie 



fluents z — — - 
= o, iherefore t 



— ^ the length 



, ma 

y=0 the expression becomes --j— j+ — ^_^^ 

of the curve GG'p. the whole distance run by the greyhound be- 
fore he overtook ihe hare- 
Adapting the last expression lo the example in the question, we 
ihall have a := i, n = j and m =: 2 — y" 3 z: the tangent of ' 

,5'. radius 1 : then . X {;~-i- ,-~^„)) = " ^ 

5 ohaov'3 __^ ^ 9-4045573 = 2.351 1 393 miles = 3 miles 

snd 6 18 yards, the distance run by the greyhound, and the dis. 
tance run by the hare is ^ X 2-351 1393 := 1881 1 15 miles =s 
1 mile and 1550-7624 yards. 

The distance riin by the hare expressed in general terras is an x 

(^J^ — - ( ; -\, because the ratio of the distance run 

Vb(i + «) a"'(> — "1/ 

by the greyhound, is to that run by the hare as i to it. 

The curve go'v, has the following remarkable property^ 
namely ; The nth power of any ordinate a» g'r', is directly pro- 
portional to ihc tangent of half the complement of the angle 

r'c'h; this is manifest from the expression —^ — , deduced 

in the foregoing solution. 

XIV. QUESTION 344, iy Afr. Rob. J. Di&uNEACH, 
Trinity Co/Uge, Cambridge. 

If the base of a Cycloid revolve on the circumference of a 
circle, whose radius is equal to the radius of the generating 
circle. Determine the nature of the curve traced out by the 
extremity *>f the ordinate of the cycloid belonging to the point of 
contact, anil find the area (exterior to the circle when every 
part of the base has btcii in contact with the circle. 



First Solution, 



Mr, Rob. J. Dishkeach, lie 
Proposer. 




Let the cycloid touch the circle in n, 
and every point of na' having been in 
coniBCiwiih NA, AN = a'n. But there- 
fore a'nm is a tangent to tlic circle at N'. / 1 
and CN and pn therefore both perpendi- [\ _ 
cular lo it, they are in the same Ktraight /-''' -• 

line ; therefore p traces out a spiral about "^p-Jc 
ihe circle; and after a whole revolution \ 

U evidently coincides wifh a, therefore "" — 

a'm = circumference of the circle. 

Now by the nature of the cycloid a'w = a'm — nm :=z arc 
PM — PR ^ arc versed sine y — y' (any— y'}. 

Now Jet cp^ radius of spirals a ^.', y + a, .'.y^u — 
a, and an ::^ angle described :^ /; 
iheTcfore(=:arc versed sine (u — a) — v'(a(i(ti— a] — {«— a)'); 

_^ au— l u~a)u 

■ V(aaU— a) — (a— »)■) v'(tala-fl)— (M-a)') 



iherclbre t = - 



1 _ f«-a)« 
therefore (he area of the spiral for half a revolution 
f. c^'. 



now (Area)' of the spiral := , 

,; — ; i rj;-, bctweeo thc values of u~a 

and u = 3a; or if y ~ u — a, area for 4 a revolution =: 

/' ylu ^- a)'' i 
— ^T7 ^^-J7- between the valtiei of y ^ o ana y = ea = 
L?^ — ^ J! ^II between the same valuei. 
caV(aa>' — /j 

Now f^-fZ— _ _yV(aay — y') _5^ r /^ 

»y v'(2ay— J/') 3 3yv'(i»«y^y) 

I md the first vanishes when y r: o and when y = aa; therefore 

J VCaay— y') 3 7 /(aiy— y'J ' 

In the same way f ^'^ ,^ = ^[--M^^ and 
VV(aa^— VJ ay y(aa>— >) 

/: y> fl /"^ y - _ /:_-£> — = cir. 

y^/(2tfy— /)— y/[eay— y") "7 v'Caay-y') 
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cular arc radiui a and versed sine = y = arc pm = for ^are- 
volution = semi-circumfcrcace bpu. 

Therefore f ''^ - -^ . ?^ . bpm = 5?' . bpm. 

ta/ ^-^ =: SJ . — . SPM = ga' . »PM. 

and a' 1——^ "r = *•' • bpm. 

y v'(fl'»y— > J 

(^ +3a' + ii')BP.M 
Therefore the area !or f a revolutioas:: = 

~— X BPM = 3i«XBPM = 3l X area of the generating circle. 

Therefore the area for a complete revolution = 6|X area of the 
generating circle. Therefore the exterior part =5iX area of the 
generating circle. 



Second Solution, ly Mr. S. Jones, Liverpool, 

Let QpER be the cycloid, F ihe middle of iti base; X.1, th« 
diameter of its generating circle — 2AC, 
the radius of the circle about which it re- 
volve* ; CBP an ordinate through the point 
of contact b, and afsa the locus of p ; 
draw PH parallel to qr cutting the circle in 

I, and put EF — 2AC = 83, HF ^ X, 

cp — y, and the arc ab = qb — i ; then 
y = d + X, and, by the property of the 
cycloid, QB ^ arc Fl — hi, therefore j — 

fl.» ai — xi si 

>/(t<ix — JT") ■^{zax — jc") -/{iax — x- 

fluxion forihearcaCAPC=: Jli - f " i l f i v — 
\axx _ zx'i 




j, and tbs 



—^— ^^fi^ax~x'), and bjr 



= circular sector cabc 



v'{9i« — I') v'laajr 

laking the fluenti we have / „ ^ 

— i flv'faa* — '^'J-y^Tf^aVIT-?) = 6 X circular sccior 
CABC — C3a+i)^(aflJ— I'), and 



( *5 ) 

/XX ,f «x T . . SflJ* X^ - 

— X V(2/i*— ^ ) = i segment fihf 7 x \/[2ax 

— x*} ; whence the area c apc =i sum of the first and second, mi- 
nus the third = 7 X sector cabc — -} circular segment fihf — 

gi X */[^ax — xt) ; wherefore the area apb a 

= 6 X sector cabc — \ segment fihf — -^ — -I— x 

V^(2jx — ;r*) ; but when p comes to s, then i coincides with 
Zj and the segment vanishes ; therefore, the area of the semicurve 
APSLBA = 5} times the semicircle alba, consequently the area 
of the whole curve, exterior of the circle^ is ^\ times its gene- 
rating circle. 

Because the cycloid is given z: 3 times its generating circle, 
we may obtain the same result rather more concisely : For, ab 
= QB, and cp" = (CB -|- bp)* zz cb' + 4CB x bp — (2Cb x 
BP — BP*} = CB*-t- 4CB X BP — Hi% the fluxion forthearea 

CP* X (abV t w / \ 1 f \ HI* 

— \ U. zz ICB X (ab)- + 2BP X (AB)' X 

2CB * ^ 2CB 

^(if)* — (Hi)*? = iCB X (ab)* + 2BP X ((JB)' — ^HI X 

HI* 

(hfJ*-| X (hi)*: the fluents of which give the area apc a 

2CB 

= circular sector abc + 2 cycloidal segment qbp — \ segment 
FHi 4- HI* -7- 6cb ; and the whole area, exterior of the circle, 
= 2 X cycloid minus its generating semicircle z= ^\ times ihe 
generating circle, which was required. 

XV. QUESTION 345, hy Amicus. 

Divide a given oblique cone into two equal parts, so that the 
area of the section made by the cutting plane may be a mi- 
nimum ? 

Solution, by Amicvs^ the Proposer. 

Let ACB be the given cone, and aeih the required section. 
Conceive a plane to pass through the longest 
and shortest sides of the cone, and meet the 
base in the diameter AB, and the section in 
the line ab. Then it is obvious that the ter- 
minations of the greater axis of the elliptic 
section will be in the lines ac and CB, or 
that ab will be the transverse axis of the 
ellipse. Let co be drawn to bisect the 
angle acb, meeting the base of the cone in o, 
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and the cutting plane in o, then because the content of the part 
ACh, cut off, is 3 constant quantity, namely half the given cone, 
and the area of the base aehh a minimum, the perpendicular 
from C upon ihc plane aclh must be a maximum, and this will 
evidently be the case, when the cutting plane is perpendicular to 
Co; for it is obvious that the perpendicular drawn from c to any 
other section of equal area with aelh must bi; less than the per. 
pendicular co. Let a plane pass through Co and cut the base 
AEBH and the plane aeM in tii and ^A, perpendicular to ab and 
ab, and put x — aC, e = aco half the angle of the cone, d = 
AB the diameter of the base, m — eo — on, n = oc, k = the 
perpendicular Irom c upon the base AEBH, and p — "7854 ; 
ihcn ao — X sin c, and co =. x cos c, and by similar triangles, 

CO : OB :: CO : oe — — * cos c ; therefore the area of the 

ellipse aebh is = i—px* sin e cos c, and the content of the cone 

acb = ~- Px^ tim c coi* c \ but the content of the whole cone 

ACB is ;^ zhpd', therefore *— px' tin c cos* c — \hpd*, and 

consequently x' — -, — — ■ — ^, or if a and 6 be put fcr llic 

^ ' 8fft sm c cos c '^ 

slant sides ac and bc respectively, we have (because AO ; oa 
; ; AC : CB and ac X ca = ao X OB + oc') 

\ = \/^^^^^^^-^^^ iherefore 

X- = /({« + *)• _ d') y ^^^^—^- • There. 

fore if ca and ci bc taken each equal to the cube root of this 
quantity, the points a and I. which are the extremities of the 
transverse axis, will be determined. 



XVI. QUESTION 346, by Mr. P. Barlow, Royai 

Mililary Academy. 

Admitting the masses, distances, and densities, of the pla- 
nets to be accurately known, it is required lo shew a true 
method of ascertaining whether any law has place between the 
powers or roots ot those quantities, similar to that which obtains 
fvith respect to ibcir distances and limes of periodic revoluituii } 
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Solution, by' Mr. P. Barlow, /A« Proposer. 

Let M, My m, fji represent the masses of any four planets, 
R, jR, r, p their mean distances, and 
D, D, d, i their computed densities. 

Let also the required law be 

R^D*" : m'' : : /i"2)'» : M^ 
r'd"* : M^ : : r''d'" : m^ 
r'dw : mP :: ^T : fJ" 
Then 

r"d'"A1'' =: uPff'D'^ 

r"d",^'' = mV^ 

making now, for the sake of abbreviation, each of these quanti-* 
ties to represent their respective logarithms, we have 

TiR -h mD + pM = /M 4- ni? + mD 
nK + mD + pm zz pu 4 nr + md 
iiR + WD + /)/x =: f M + >!/) + m^ 
or. 



R 

"ft 


+ 


D 










R 

r 


+ 


D 

"J = 










R 


+ 


D 

mj = 










Whence, again. 














R M , D 


M 

m 


R 

zn n- . 

r 


M 

1^ + 


m 


D 




R. M , D 
12- . 1- «!-} . 

r fA a 


M 


R 

zz n- • 


7» 


m 


n 


M 

m 



Or, transposing 

rR M R MJ_JD M D MI 

^CR M R M7_^^D M D U} 

cr H* p m ^ ^ m a i*. ^ 

D 2 
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we have this equality. 



'^• 



t. ^l 



i-d'M^' 



Which must necessarily obtain if ahy such law as that wc have 
(Ujiposed have place beiween those quantities ; and this equality, 
it IS also obvious, is totally independent of the law itself ; and 
since we are at liberty to assume the mass, distance, and density 
of any panicular planet equal to unity, the logatithm of 
which is o, wc may simplify the above by " ' ' ' 

each equal lo iiniiy, or their logarithms — o 
becomes simply 

-rM\ X Urn — d/i. 



iking M, R and ft 
for then the above 



i» 



i" 



pm] ^ JrfA/— i)»i^ 



Obs(;rvii 



I only, that these aymbols arc the tepresentalivesorilif 
sot the quantities they were first taken to denote ; that « 
A/ , m , (* the logarithm of the masses, 
R , r , p the logarithm of the distances, 
D , d , S the logarithm of the densities. 
In order now to submit this equality to a proper trial, let us take 
lour planets of which those quantities arc supposed to he the beit 
known, wliich are Venus, the Karth, Jupiter, and Saturn, assum- 
the mass, distance, and density of the earth as unity. 



Then adopting La Place's results. 


«c .hall have 


1 383'37 


log. = — -06537 = M. 


"- jj"p-= S'^ 


log. = + 2-48983 = 1».- 


(Sa,„m = •'"■^3° 
^ 33M-40 
fVcni.1 = 7=333! 

Distances T Jupiter =5-202792 
^Saiuri) =9.540724 
,Ve„u. =fo2,; 

Dciisuies JJupiier =0-20093; 
(Saturn =^0 10349; 


log. = -H -99177 = 1^. 

log. = — -14066 = K. 
log. = -1- -71624 = r. 
log- = + WSjS = f. 

log. = -^ -0103 = n. 

log. = — -69696 = d. 
log. = — -98410 = !. 
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Novr applying these numbers to the preceding formula, it 
will be found, that the required equality does not obtain ; whence 
we may conclude with certainty, that no such law as that we 
have supposed, has place with regard to the powers, or roots, of 
the masses, distances, and densities of the plan^ary bodies, at 
least if their present computed masses and densities be accurate- 
ly determined. 

XVU- QUESTION S4% h ^^- S. H. Christie, RoyiU 

Military Academy* 

m 

Let p = cos- a x sm' -j, 

p' = cos-a X cos -^a Y. n sm' —a, 

p" = cos - a X cos — a X cos —.a X n* sm' -^ a^ 
p'"= &c. 

1 . s I 

Q = COS - a X sin' - a. 

.1 1 . , 1 

o' = cos - fl X COS -a a X n sm' --j, 
^ n IT «* 

o = COS -a X cos — .tf X cos -- a x n* sin' -a, 

Q^^'= &c. 

R = cos - a Ys sm^ - it, 

r' =r cos - a X cos -. a X « sm^ -r tf » &c. 
Shew that 



sin a 
a = • 



+!Kj±iv+^+ &,)- "^"^^^,^;'7;''\ q+q--i-q--*-^c.)+»c. 



11 1 1 1 . 

€08->a . coi -r a . cos -r-o . cos — ^a . cos -- a . &c. 
n »» ni «^ iiS 

when n is an even number ; and that when n is an odd number, 
tf=sina+ *W 8in^'tf+nsin^ -stf^-w* sin'-,d4-&c.) 

_ .li^ LLi zl (sin' - fl + » sm'-5-« + ** "» ~i «^ 

a • 3 • 4 • 5 ^ « * w* «' 

+ &c.) 4- &c. 



s 
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Solution, ly Mr. Christie, the Proposer. 

XI X 1= ^ , A = » CCC. 

3 a.3 b fi -3 -4-5 



— 5 i<, A = ' — — • ■ 9 ^^» 

2.3 "•3*4 -5 



3 
A 

3 



» 1 • 1 1 

p rr cos -a. F =r cos - a x cos -5. j. 



' 1 1 1 

p = cos - a X cos -j a X cos — 3 tf , &c. 



8 

= COS - 

Then 

a =: sin a -t A (sin' - a + n sin^ -^ a + «* sin' -rtf + &c.) 
s It A n 

— A (sin' -a + nsin' --tf 4- n' sin' ■^a+ &c.) 
& ^ n n «* 

+ &c. 

when 72 is an odd number : and when n is an even number 

8 1. J 9 , 

sin a + A(P sin' -a + pnsin' -ra+Scc.) 

J 1 * * 1 * 1 

'• C — A(psin' -a + Pifsin'—j a + &c.) + &c. 



\ 



n n' 



m 

P 

which are equivalent to the forms given in the question. 

When n is an odd number, 
sin nx =: n sin ^ — A sin' x + a sin' x — &c. 

Let X = -tf, then 
n 

sin a = n sin ^a — A sin' -a + A sin' -a — &c. 

n 3 » 5 n 

or u sin - a — sin a =: a sin' - a ^— a sin' - a + &c. 

Substitute -a for j, and we shall have 
n 

fC sin — , rt — w sin ' /2 = « (a sin' --- a — A sin? --xa \- SccV 
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In the same maiuiery 

«' sin — r a — n* sin -r a — ns ( a. sin'— r-tf — A sin* -, a 4- &c.) 

&c. &c, 

fi sm — a — 71 sin jazin (a sin'— a — Asm' — a-f&c.) 

Adding these values, we have 



« sm — a— sintf=A(sin'-fl + nsm'~a... + n sin'— a) 

1 1 **— I 1 

— Afsin* -a f n sin'-» j . . ; + » sin* —a) 
»^ » n ^' 

If now ffi be indefinitely increased^ the limit of sin — a is 



fT 



— a : and therefore n sin — a = a. Consequently 

a = sin a -h A (sin' ^a + n sin' -r a + &c.) 

s n » * ' 

— A (sin*- a -{- n sin' -^ a + &c.). 
5 n n 

When n is an even number, 

S ft ^ 

sin nx = cos ;c (« sin a: — A sin' x \- a sin' j? — &c*) 

orifx =: -a 
n 

sin a z= p (n sin -a — a sin' a + A sin' -u + &c.] 

theref, pn sin - a — sin a =z p( a siji' - a — a sin' - a + &c.) 
Consequently, 

?;i*lin -j a — pw sin-^ — p/i.(a sin* -ja— A sin' -^a + &c.) 



X 3» ) 



«^ « n « 



M'fim-,tf — p»*8in— ii=P»'(Asin'-3fl — A8in' -jfl + &c.) 
— * « n *• 

&c. &c. 



rfi*"8in ~ tf— p n rin ^^^a = 
n n 

m j^_- 3 J 6 1 

ra (A sin'-^ j— A sin' — tf + &c) 

Therefore^ adding as before^ ?«** sin ^ « — *in a zz 

n 

=: Afp sin' - tf 4- P'* sin'-; a . . .+?n sm' — a) 



— a(p sin' - a +,?n sin'~a . .. + p» sin* — a) 



» 1 1 9 

Consequenttyt reasoning as before* we have 

« I 1 « I 

sin a + a(p sin' --a -)- pn sin' la+Scc.) 



+ Ajp sm- --a -f- PS sin' "itf+ecc.; j 

5 1 J 9 J > 

— A(Psin'-a+ P«sin' —j + ftc.) + &c.3 



In particular cases where n is small, some of these values of a 
are very simple : thus, if n = 2 ^ 



sma 
a zz — 



1 1 1 

cos ^a . cos —M • cos -«a 

2 2* 2 



vrlirch is Euler's expression. We may however obtain a dif* ^ 
fcrcnt value of a, when n =z 2 : thus, 

sin a = 2 sin- tf . cos - a • = 2 sin -. a (i -— 2 sin* -^fl) 

2 2 2 ^ 2 

thcrcf. 2 sin — a— sin a zz 2'sin*— ,a . sin - a 

2 2' 2 

2* sin -tf — 2 sin -«= 2'sin*— ,a . sin-. a, 
2* 2 2' 2* 

&c. &c« 



( S8 ) 
I Sin j^, J— a sm ^^i a = a fin« ^+, asm - a. 



m 1 



And adding as before, s sin — a — sin a z= 

1 I 1 1 •■+^ 1 . 1 

«• sm* -I asin -a+ 2'sin*ri a sin -"itf ...asin ";n:i a$m~M, 

8 z 8 8 8 2 

and in the same manner as before, *^ 

« = tin tf + a* sin* - a sin - « + 2' sin* -• a sin — a ■{■ &c. 

2* 2 2' 2* 

a =: sin tf + 4 (sin' - a + 3 sin* -, a + 3* sin' — 3 « + &c.) 

,3 3 3 

which is remarkably simple. 

If II :;; 4, 

sin a + 8 (cos - a sin* - tf + cos - a cos ^ , a 4 sin' -a+^c 
szz 4 4 4 4' ^ 4- 

111 

cos - a • cos —. a • cos -, a. . • . . 

4 4 4 

If « =r 5, 

a = sin rt + 20 (sin' -^a + 5 sin' — , tf + &c.) 

— 16 (sin* -a + 5 sin' «-« + &c.) 
3 5 

«d so on for other values of n. 



IX. QUESTION 34«, *y Mr. Lowky, R. M. College. 

Let CD be a diameter of an ellipse or hyperbola given by posi- 
tion» two points may be found such, that straight lines being 
dnwn from them to any point in the curve, to meet CD in c and 
r ; the segment ef shall be a mean proportional between c£ 
and Df. 

Solution, ty Mr. Lowrt, ike Proposer. 

On the tangents to the curve at the extremities of the diameter 
CD, take CA and db each equal to the diameter which is conju* 
gate to Cd, then are a and b the points required. 
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For, join ab anil draw IIP parallel to ca meeiing cr in l| 
and AB in p. Then, because CA is parallel m 
iiB and also iohi, AC:c£:i hi :ei, and 
BD = AC : DF ;: Hi : ir, tliercfoie AC* : 
CB X DF :: ui' : Ei >« if. Again, because 
AC is parallel and equal to db, ab is parallel 
vid equal lo CD, ap — ci and bp = Dl ; there- 
fore AB : AT :: Ef : EI, and ab : BP : : 
EF : IE; therefore ab' ^= CD* : AP 'f pb 
= ci X ID :: EF* : EI y IF ; but, by the property of the 
curve, CD* ; ci x ID t: AC* ( r: square of the conjugate) : 
HP J therefore ac" : HI* :: ef' : Ei X IF, but it wai 
proved above that ac' : ce x DF :; HI* : ei X if; there- 
fore AC* : CE X DF :: ac' : ef*, and consequently CE x 
DF = ef", as was to be demonitraied. 

It may be shewn in a similar manner, that if AC* or DB*be 
taken to the square of the diameter which is conjugate to cD aa 
«i to n, then ce X Df : ef' : : n ; m ; therefore if AC = 
twice the square of the conjiigjlc, aCE X DF is = EF*. In 
this c;:sc Cf' + de' is equal to the square nf the diameter CD, ' 
which is also a curious enough theorfm, and is analagous to a* 
porism relating to the circle discovcied long ago by Fertnat. 

XIX. QUF,STION 349, bg Mr. Lowav. 

In what curve must a body he constrained to move upon the 
surface of an upright cylinder, so that when urged by the force 
of gravity, it may descend tiom one given point toanothcr in ih^i. 
shortcit lime possible ? 

Solution, iy Mr. Lowry, the Proposer. 

Since gravity is the only force tliat has any effect in accelerat- 
ing the motion of the body, it is evident that the velocity at any 
instant, and the lime requisite fur describing any particular 
■pace, will be precisely the same as if the surface of the cylinder 
were extended on a vertical plane, and the body were to de- 
scend Irom one ol the given points to the other on that plane. 
The cu:ve ol quickest descent is, in this case, a cycloid, as is 
well known, and all that is necessary for resolving the present 
question is, lo trace that curve on the suHacc of the cylinder, 
which tasy be done hy first desciihiiig the cvcloid on a plane and 
then triiitfering it to the cylinder, by drawing ordinates of the 
proper length perpendicular to the circumference of the base. 

XX. PRIZE QUESTION 350, by G. V. 

Suppose a conical mountain of a given fi^uic to be situated in 



I plane. Find the lengih of ilic shorle« road between two given 
■, on the plane, on oppo&iie sides of the mountain ? 

Solution-, by Mr. W. Wallace. R. M. College. 

Let o be the centre of the base o( tlie mountain, a and a' the 
gtvcit pojnii on the plane, and arhb'a' the shortest road from 
A lo a', ihe curve bhb' represcnii.ig that part of it which passei 
over ihe surface of the 
cone, and terminates 
in iis base at b,b', and 
thesiiaight lines ab, 
A'a' the two remain- 
ing parts. Let us sup- 
pose the portion ol the 




:al 



irface 



tained by the arc en', and lines drawn from b, b' to the vertex, 
to be developed inio a plane surface, which will be a sector of a 
circle VEfl', V being the centre ; then, as the line BHB'tnustbe 
the shortest possible that can be drawn on the cone from b to b', 
it will manifestly be bhb' the chord of bb' the arc of the 
•ecior. 
Join OB. on', and let the following notation be adopted, 
bc ihe radius of base = c, 

BV the slant side of cone = ~, 
ft 
AO = a, a'o :=: a', ab — p. a'b' = p' , 

iAOi' = a. ^AOB IZ $, a'ob' = $', ABOfl' = 9. 

' Because, by the nature of the figure, bb' the arc of the sector 
Ob', is equal to bb' the arc of the sector bvb', we have 

b^] : OB (e) :: /:BOB'(fl} : Z.bvb' = b9. 

^Hence, the chord bhb' = ~ sin [- Sj, and the analytical 

tiion for the whole path abhb'a' is 



p ^ sin 



9+/, 



fbich b^ the nature of the question must be a minimuni* 
* Let this expression be denoted by u, then u is a function of 
Be two independent variable quantities^, 9*; therefore, by the 
Paeory of Maxima and Minima, we must have, 

tiu da 



[ To compute these quantities, we have 



I 36 I 

Jl* = fl* + £* 2flC COi $, 

p* = a" + e' — aaV cos ^, 
6 r= a — (p + $'), and iherefure 



««"«• ^ 



ac sin ^ dp' af s i n y ' 



m 




, putting A anil a' for the angles o, 
a sin y _ 



and oa'b', we have 



sin (a 
lin (a' 



(a 4- f], and 
, - =: lin (a' + $'), thcefore, 
■ p) = CC.1 ^ 9. A -I 



-9 = 00", 
2 ^ 

' 9 = go% 



»in A = cos ( 



a' H- P' + 

+ ?] 

sin a' := cos f-9 -I- ?' 1- 

But iin A = - sin (A -1- <f) and sin a' = ', sin [a' + ;).' 
Therefore the equations of the problem arc 

i «»? = "'(j«+?) .• • 

' " » /" * . ^\ 

— , COS - 9 = cos ( - fl + © I a. I 

a' a V« / 

a — 9 = (p + ip'.... 3. 

By these it would be easy to eliminate the angles f , f', and ibe 
result would be an equation involving the single angle 9, which 
being found, the angles $, f)' would evidently be known : but 
it will be easier to determine 9, and thence f and f>' by ItiaU, 
by giving to 9 successive values and finding that which renders 
a — 9 = <p -\-p'. The values of $ and 9' corresponding to any 
assumed value of 9 may be easily determined, either by calcula. 
lion, or an obvious geometrical construction. 
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NOTICES. 

NEW BOOKS. 

fiie Philosophical Tramsactions of the RovAti'" 

Society of London, for i%ii. 
"he Mdihemaiical Papers coniained in ihis volume ar^, i. On 
cgroonrfs of ihe method which LaPiacehas given in ihc second 
' cfaaplf r of the cliiril bookofhisMecaniqueCclesie, for compniing 
tbeatinciionsof spheroids ot every description, byjamei Ivory, 
A. M. — a. On the Al tract ion t clan exicnsive class ofiiphcroidc, 
by James Ivory, A. M. — 3. Observaiions of a Comei, with Re- 
■narka on the construction of its diRerent parts, by Williain 
Herichcil. LL.D. F.R.S.-^. Observationsof a second Comet, 
with Remarks on its construction, by William Herschell, LL. D. 
y.R.S. — 5, Of the Altractions of such Solids as arc terminated 
by Planet; and of Solids of greatest Attraction, by Thomas 
Knighl, Esq. — 6yOt the Penetration ot a Hemisphere, by an 
mdefiime number of equal and similar cylinders, by Thomas 
Knighi, Esq, — 7. Observations on the Measurement ot three 
Degrees of the Meridian conducted in England, by Lieui.Co). 
WiUtam Mudge, by Don Joseph Rodriguez. 
The Philosophical Transactions op the Royal 
Society or London, fob 1813. 
The Mathematical Papers contained in this volume are, 1. On 
a Tcmarkable application of Cotes's Theorem, by L F, W. Hers- 
c bell, Esq. — 2. Observations on the Summer Solstice, i8ia, at 
tbc Royal Observatory, by John Pond, Esq. Astronomer Royal, 
F. R. a.— 3. A Catalogue of North Polar Distances of some of 
ihe principal fixed Stars, by John Pond, Esq. Astronomer Royal, 
F. R. S.— 4. Observations of the Winter Solstice, of 181 a. with 
the Mural Circle at Greenwich, by John Pond, Esq. Astrono- 
ner Royal, F. K. S. — ^. Catalogue of North Polar Diitancei of 
dgtity-four principal 6xed Stars, deduced from observations 
nude with the Mural Circle at the Royal Observatory, by John 
Pond, Esq. Astronomer Royal, F. R. S. — 6. Observations ot 
the Summer Solstice, 1813, with the Mural Circle at the Royal 
Observatory, byJoUn Pond, Esq.Astrouomer Royal, F.R.S. 
The Philosophical Transactions of the Royal 
Society of London, for 1314. 
TheMathematicalPapersconLaiiiedinthisvolumeare, i. Me* 
thodsot clearing Etiuatlons of Quadratic, Cubic, Quad ratO'Cubic, 
and higlicr Surds, by William Allman, M. D. — a. A new me- 
thod ol deducing a first Approximation to the orbit of a Cutnet, 
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from three Geocentiic Observations, by James Ivory, A. M.— • 
3. Astronomical Observations relating to the siderial parts at 
ihc Heavens, and its connexion with the nebulous pan ; arranged 
for ihe purpose of a critical examination, by William Herschell, 
LL,D. F.R.S, — 4. On a new principle of consiriicting his Ma- 
jesty's ships ot war, by Robert Seppings, Esq. one of the Sur- 
veyors ot his Majesty's Navy. — ,5. Remarks on the employment 
of oblique riders, and on other aUeraiions in the construction of 
ships, being the substance ol a Report presented to the Board of 
Admiralty, with additional demonstrations and illustrations, by 
T. Young, M. D. For. Sec.R.S. — 6. Some furtherObservaiions 
on Atmospherical Refiaction, by Stephen Groombridge, Esq. 
F.R.S, — 7. Propositiona containing some prnperties of Tan- 
gents to Circles ; and oi Trapeziums inscribed in Circles, and 
non-inscribed : together with Propositions on the Elliptic Re- 
presentations of Circles, upon a plane surface, by perspective, by 
Richard Hay, LL.D,— 8. An improved method of dividing 
Astronomical Circles and other Instruments, by C*piain Henry 
Kater- — 9. Consideration of various points of Analysis, by 
John F. W. Herschcil. 

Dr. HUITQN's DlCTI0t4ARY. 

The Editor has the pleasure to announce to his friends, that 
the long-expected new edition of Dr. Hmton's excellent Dic- 
tionary has at length issued from ilie press, in a very highly im- 
proved state, so niiich so indeed, that it may be esteemed, in a 
manner, 3 new work, the additions and alterations being so nu- 
merous and extensive. The Editor, T. L. will be happy to for- 
ward to Dr. Hution the communications of such friciidt as wish 
to possess this valuable work. The like communications may 
also be made for the new edition of his Recreationi, in 4 vols, 
8vo. much improved; and for his Original Tracts, in 3 voli* 
tjvo. both recently published. 

Astronomical computations, comprising new tables of the sun's 
longitude, right ascension, and declination. For 1812. By Dr. 
Kelly. Bvo. 

An Elementary Treatise on the Gcomcttical and Algebraical 
Investigation ol Maxima and Minima. By W.Cresswell, 8vo. 

AlgeOraicfll Problems, prodncing simple and quadratic equa- 
tions, with their sglutions. By R, Bland, 8vo. 

Geomeiria Legitima, or an Elementary System of Theoreti- 
cal Geomcir\-. in eight books. By Francis Reynard, 8vo. 

A TransUtion ot the Treatise upon Analytical Mechanics, 
which forms the introduction to the Mcchaniquc Celeste of 
P. S. La Place, with Notci and Additions. By the Rev. J. 
Toplis, a. D. 
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New MalhcmaticaT Tables, coniaining the faclori, iquares, 
cubes, square roots, cube roots, reciprocals, and hyperbolic loga- 
riitims of all numbers from i to 10,000; tables of powers and 
tuime nurnbers; an extensive table ot fonniila;, or general synop- 

of ihc most important particulars relaiing to the Doctrines of 

Illations, Series, Fluxions, Fluents. &c. By Peter Barlow, of 
Royal Military Academy, Woolwich, 8vo, 

A Treatise oti the motion ol Rockets ; By William Moore, 

llie Royal Military Academy, Woolwich, 8vo. 

'J'hc Elements of Genmctry. By Thomas Keith, 8vo. 

A Treatise un Algebra, in practice and theory. By John 
Bonny castle, Profeisor ol Mathematics, in the Royal Mifitary 
Academy, Woolwich, 2 vols. 8vo, 

A Treatise on Mechanics, intended as an introduction to 
the study of Natural Philosophy. By the Rev. B. Bridge, 
B.D. F.R.S. 

Memoir respecting a new Theory of Numbers, part the Erst, 
By Cha. Broughton, Esq. 410, 

Bija Ganita, or the Algebra of the Hindus. By Edward 
Sirachey, Esq. of the East India Company's Bengal Civil Service. 

Dissertations and Letters, by Don Joseph Rodriguez, the 
Chevalier Oclambre, Baron de Zach, Dr. I'homas 7'liomson, Dr. 
Olinihus Gregory, and others; tending either to impugn or to 
defend the Trigonometrical Survey of England, carried on by 
..CoJ.MudgeandCapt.Colby. By Olinihus Gregory. LL.D.Svo. 

A new Matbemaiical and Philosophical Dictionary. By Peler 
■low.ofthe Royal Military Academy, Woolwich, 8vo. 

Memoiri of the Analytical Society, for the year iljig. 

A new edition (being the 6th.) of Adams' Astronomical and 
Geographical Essays. By W. Jones, 8vo. 

A Treatise on Mechanics, Theoretical, Practical, and Descrip- 
live. By Olinihus Gregory, LL.D. of the Royal Military Aca- 
demy. Woolwich, 3d edit. 3 vols. Svo. 

A Treatise on Practical Perspective, shewing the methods of 
representing aliji:cC« without the use of vanishing points, being 
an application ut the cenlrolincad to perspective, withthe general 
drtcnptionut the instrument, 8 vo. By Peter Nicholson. 

Account of the Life and Writings of Robert Simson. M. D. 
late Professor of Mathematics in the University of Glasgow. 
By the Rev. William Trail, LL.D. F.R.S. Ediu.' ^to. 

An easy Introduction to Mathematics; in which the history, 
theory and practice of the leading branches are familiarly laid 
down: with numerous explanations and notes, memoirs of mathe- 
tical authors and their wotks, S:c. By Cha. Butler, 2 vols. Svo. 
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jBfliF. — i. On (he Conicti ol 17t2 tnA 1*84, \tj the tame. — 6. Second Memoir M 
(fco Meosuiement of Heiihls by Ihe Biromeler, by M, Rimonil, — ; 
Koiinmir^l Obierratiiint, by M. Messier. — 6. Od the toUl Lcii^c of Uie leih ofj 
June 1S06, bj Jeromi 4e Li Lande. 

Vol Vm. connint, 1. Obietrslioni and Figvn of the great Kebula 
prfHa of Andcomedo, the Gr>i that ms ditcoiered -, and the two small Nebula:, t%- 
tiiated the one aboie ibc other below the great Nebula, by M Uenicr. — s. Oft 
the eonstmction of new lablei of Jupiter and Saturn, cilGulaleil acconl'ing lo tbe 
ncwdiiislonor lbedar,andlh«circumferenceorthccircle, byM. A. BounnJ — 
8. Various Obserralions on tte altciitions of the Sibots ■ in the dliehar{« of 
cannon: an tbe<licniauiUiDand mppreaiion of Uie Windage; on Ihe Pben'<m«M 
arising out of such diminution in mqitar.praclice; on the influoiia) of ditTerentlr 
(fainni i««der, in diffetcm Bro arms; atidon Itiearlvantageof bulleuofa pecuiiv 
fjtm, called Boulett i Bagtie de Plomb, b]r M. Gu;ton. 

Vol. IX. coDlwns, 1. On the Theory of rhe Tarialioni of the r 
Flaneu, and in pariirular onth* Taiialion of the major-axes of their orbits, by J. L. 
Jj Grange — 2. Third Memoir on the Measurement of Heights by tbe Barometer, 
by M. Itamond. — 9, Memoir on the geneiat theor; ofihe taiiationoriheaibilrirj 
I'luMant quantities ill all DiachaniL-al problems, by J. L. La Grange — 4. Supple- 
menl to ibe preceding Memoir, by the tame. — 5. General Formulcfbr ihe higher 
onlersof tha Plantiary Fertutbations, by J. C. Burrkhaidt.^^, Memoir on Tariow 
■neaBi proper for perfecting Lunar Tables, by the tame. 

Vol. X. cootaini, 1. Rciearthrs on the extiaordinaiy reffaclions which aresk- 
*er<ed very near the boiiion, by M- Biot. — ?, Memoir on Ihe motion of Light h 
IKapluiioua Mediums, by M. La Place. — 9. Second Memoir on the Theory c^the 
variation o4 (he arbiirarr contta ill quint it let in all prabiems in mechanics, b]t J. L. 
1,1 Grange. — 1. Memoir on the approumitioni oflhose foimulx which are fune- 
tiwisof «ry great numben, and tbe application loihe Dociiiiie of Probibililjet, 
I7 M. La Place with a siippiemeni — 5. Investigaiiom ralattng 10 Tarious <lc6niljva 
iiiiesiali by M. Le Gendre. — S, Fourth Memoir on Ihe Mcaiureme 
hy meani of ihe Barom'^ler, by M. RamoiHl — 7. Examination of Ihe diflereni 
ihods employed for deierininmg the azimulht of iheildei of t'iangles in geod 
opetiiions, by F. C. Eurckhirdi. 
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The Mathematical PapcR contained in this Yulume are, 1 On the Iniolutoidi 
of plane Cuire* and Curves of double Curvature, bv M. A. Linctet.— 2. On tbe 
Fropaipiion of Sound, by J, H- Hasienfrati. — 3. Obtrrraiicni of the oceultatkm 
nf the Pleudei by the Moon, at Geneva, October SI, 180S, by M. A. Plitet,— 
4. A Treatise on Optic., by M. Malui— S. On tile Messure of the refiangiWe 
Pawen of Opaque Bodies, by the same. — fi. On Polygons and Folyhedinu, by L. 
Pointsot. 



■ SaiMi are cylindrical piece* «r heart of oak, aiuchcd loaciitnon ball in some 
arldlerj expei'uucilts, ia onki 10 piticnt ihc lolling of the ball in the bore of ilie 



- Solutions to Questions propoted in Numkr X\l\. 



^"L QUESTION 351, hy Mr. John BAiNES,>n. Reading. 

Todivideagiven number into two parts. such that the <umof 
[ iidr H)uai«, and the difference of their cubes may be squares? 

SOLOTIOM, by Mr. J.Baines. the proposer. 

Tint, to find two numbers such that the sum of their iquans 
and the difference of their cubes may be squares. 
Lei X denote the greater, and y the less ; 
assume a- ^ (r* — s*) w and ^ = irsv. 
Itbet) *■ + y* will be a square = (r* + s^)W 
and *» —7' = J (r* — s*)' — 8rV' J »» ; 
therefore J (r' — j*)' — 8rV? v 

Vnutt be a square, which it evidently will be when v is taken = 
* — j')' — 8r'j'; therefore 

« = (r»-j»)X {(r'-j')* — Br'i'l 

■hcR rand s nay be any numbers taken at pleasure. 
I To resolve the question it is therefore only necessary to make 
f+^or (r* — J' +ari) / j (r* — i»J'— 8rV J 

iqtial to the given number n, but this cannot be done generally 
IT any value ot n, but only for particular values which depend 
hitircly on the assumed values ol r and s. 
When X and y are numbers found as above, it is evident ihtf 
llM* and yu' (w' being any square number at pleasure) will also 
tisfy the second and third conditions : let these quantities, 
ereforc be assumed for the parts required, 

I VOLi IV. ?ART I> F 



then .^ li* + yu' z 



s' + ttrs] X J(r*-s')' — Sr'i'S' 



Therefore the quesiion can always be resolved when the given 
number divided hy the assumed denominator produces a iquiire 
number. 

If r betaken — 2 and s — i, then a- ^ 3 X — 37 and,y = 
4 X — 37. or changing the signs, « = 1 1 1 and y = >48 • 
rticrefore, in this case, if h beofliieforra (* -+- j} X B*or 85911', 
14811* and 1 1 lu* are the parts required. 

II. QUESTION 35a, fy Redinteqrator. 

Given ihc three right lines biseciing the angles and terminating 
in ihc opposite sides 10 determine the triangle. 

SoLOTiotJ, ty the Proposer. 

Let ACS represent the required triangle with the line* CO, 
AE. BF, bisfaiiig the an;rle» and terminating in the opposite 
sidex, inierieciing each other in o. 

Put CD = a, /i.E = 6, iiF = c, AB = J', AC = ^, and BC ~Mv' 
By Prop. 3, Euc. VI. ac 1- bc : ab :: 



AC : AD = 

Ac + Bc : 1 



Jty 



AC V I 

B : : BC : B D : 



AB X 8C 

AC+ HC 




r + z 

And by another known property, 
Ac X BC — AD X BD = cd\ that is v: — T^^r, ■= a*, 

y X S(( + 2)'— I'} = »• X (} + «)•. 

In like manner, 

xz K J(« + ')' — y'\ = J" X (I + if Si 
'V f- J (": + J)' - 2' I = t' X (« + yj". 
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from (he first oFihete et^uations, 

i X (X + y + z) z 

and from the second, r x [x ^ v + x) = i^-- — '' . ■ 

,,„d therefore ^^-^ f-V + ')' &'x (. + .)■ 

Put y = vx, and z = ur, by means of which, the last equation 
will become 



' X (P 4- uY __ 6' / ri -f ti )' 



Again, from the second of ihe foregoing equ; 



..(.). 



tn (« + > + ")£=7 



• {■< 



I' 

■2) 
> (' I- V)' 



and from the third, 



I X (^ + J -4- 1) = 'l^JUjl' ,„j ihcrefore. 



a X (I + s — V) y / (* + y 
This Utter equation by making tlie same Eub) 
I as bciorc, becomes 

!•• X (1 + «)• . 
«/(! + «-!;) 
And from etjuaiion* (i ) and (a) r 



2) 



for;" and 



X (1 



;rri;) '■'• 

lust be deiermiiieil, 
which will give the ratio of the sides ot tlie ttian^ic, after which 
"the determination of the sides themselves will be very easy. 

m. QUESTION 353. iy Mr. James Adams. 

To determine that point in the curve of a given ellipse, wliicli is 
at the greatest distance from the exticmiiy of ihc conjugate axis ? 

First Solution, by Mr. James Adams, the Proposer. 

Let BV and az represent the two 
principal axes, and ah the nqutred 
chord; draw HD perpendicular to 
AZ.aiid join AanH thejocus f. 

It is evident that the shortest line 
thai can be drawn liom any given 

Joint to the ellipse must be peipen- 
icular to the curve; therefore ab 
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must beperpeDdiCBlar tothe curve at H. By EmerRon'i Conic^ 
Prop. II. of the ellipse, we have 

»A : DF :: ?V' : pa*j 
by division, da — dp : da :: pv> — pa* : pv'; 
that is, AP : DA :: pv* — pa' : pv* ; 
therefore, ap X PV' = da X {PV* — pa'J. and 

AP X PV* , ,. ^ , 

DA = ri T = cosec fap x ap [raaiaiiu 

(PV + paJ (pv — pa) » /• 

It must be remarked that ad muit be greater than ap, and leu 
than bap, or az. 

e PV* X PA 
Suppose AD = — I J = 




from which equation PV = PAy'l i 
or PA ; PV :: 1 : Va; therefore 
PV must be taken greater than pa^9 
to answer the conditions of the problem. 

,, , -ipv X pv' , 

If PV = 2AP = AZ ; then ad = - — , --j = Jpv=tAS, 

Second Solution, by Mr. John BAiNES.yun, 

Let BV, AZ be the transverse and conjugate diameters of ihs 
given elhpse, and ii the required point in the curve. Draw HO, 
HD parallel lo zp, vp. and join Aii. Put sv =^ a(, az == aCj 
and GP = no — x; then vc = / — X, and BC = /+*, 
By the property of the ellipse, 

BV* ; Az' ;: VG X BC :ch', thatig 
4^' : ic* : : {/ - a;) (/ + *) : i (<• _*») = ca* ; 

hence gh = -*/('' — ■*')! 
but AP + PD(= ch) = AD =f + - V(^ — 3;')t and 

AD» + DH» =ah' =c*+ ^v'C — a;') + ^(''-^') + a*, 
which must be a maximum, by the question, 

or —-•{/' — x') ji- + 1* = a maximum. 



ing divided by 2xi and reduced, gives x — - ■ ■ ■ /((* -^ Bf ■}, 

limitation. When ac* is greater than (', ihe value of x wilt ■ 
be imaginary, which >hews that the question does not admit \ 
of a maximum in that caic, but tbe line ah will coincid 
with AZ, 



Third Solution, h^ Ruiticoi^A. 

Let BZVA be the given elljpie, sv the tranjvcrje and ak the 
conjugate axii, p the centre, ah the line required, and dnw 
HD perpendicular to AZ. Put Pa = PV = a, tK — n =i, . 
PD =y and dh = x. A 

Then ad =: i + y, ah' = ad* + dh' = (4 -\- yY -k- x*%^ 

and by the property of the ellipse x* zn r» ^ t^* — ■^'^' 

wherefore An'= (i + y)'+a*=:(i'4-i' + nfty — j' **""*• — 

which II to be a maximum by the queniion ; therefore pultia 
> the duxion of the expression = o, we (hall have 



yhcDce y 



aty — ayy X 

'■ a- — b' 






PD : and ad = ap + pd ; 
I* X ja^ — al') 



ad" + dh' = - 



' — 6' pb' — pa** 
reforc pb' — pa* : pb' :: pb» : ah'. 



IV. QUESTION 854. 6y Aliquis. 

Given the two sides, and the sum of the squares of the bat« 
i perpendicular of a plane tiiangle, to construct it ? 

FlRiT Solution, iy Aliquis. the Proposer. 

Let ABC be the triangle required ; draw CD perpendicular to AC 
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meeting BD, i!rawn parallel to the 

base, in D, and join ad ; then cd 

is — the perpendicular of ihc Irian. 

glc.and Ac" + CD*=AD',thcreiore 

AD is given. Draw de and 

JBF parallel to BA and bc, then 

KE is — AB, and df ^ ec, the 

given sidei of the triangle ; also 

AE is = BD — CF, consequenily 

ic is — the difference of ihe scg- 

I sDents AC, CF. Wherefore af 

X ec:3Ad' — df' =7 a given 

■pace; also AC* — C£' = ab' — DE*, or ^ac* — ^Ct^ = ^ad' 
' — 4DE* = a given space. But sac :r af + EC ; therefore 

^AC* — 4 EC = AF» + 3AF/EC — 3EC* = 4 AD*— jDE'and 
'- ad' — 4DE' aAD» + 20F*= DAD* 

4DE' + eoi * a given space ; therefore af X EC and af* — 
' c' are each given spaces. Let a F k be a triangle, right argled 
K., and having the side fk suchihat fk.* = 3l:e'. 'lien af' — 
oEc' = af' — FK.' ^ Ak', therefore AK* is — ihe given space 
SAD* — 4DE" + aoF', and consequently ak — a given ]ine> 
Again, because fk^ = 3ce*, fk, has to ce a given ratio, and 
AF X ECbeing given, af X FK isgiven. Draw FN perpen- 
(licular to af meeting ak produced in n; by similar triangta, 

AK : AF :: fk : fn, or ak x FN = af x fk; 
therefore fn is given, and since fn' = AN x NK, the problem 
isrcduced tothefollowing, viz. 

Toadd KM to ak, so that the rectangle under the whole, aoAi 
the part added may be equal to a given space. 

Second Solution, ty Ruricola, 

Let ACB represent the required triangle, AC and uc being the 
two given sides ; en perpendicular 10 
the base a» and D E perpendicular t( 
AC, and by the question, put 

A»* + do' = /*. 
Then 

AB* + DC* = (AD + DB)' + DC 
= AD* + 2AD X Dfl + on* + DC* 
=: AD* + 8ADX DB + BC*,becauie bc* = DB* + DC". 
Wherefore,AD* + 2AD x db = /* — bc*. 
Now put AC = a, BC = & and AB — x. 
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Then by obvious propertiei, 
ad' = ax, 
DC* = AC' — ad' —a* — ax, 
DB* = ac' — DC' = i' — a' + ax =.ax — {a' — fc*], 

DB = \/\ax — [a* — 6') I i 
and hence, 
AD* + SAD X DB =<ajr + 2'/(ax)V\ax — {a^ — Ij')\ 

= ax + aV^jflV — (a"— i')<iij=/'— *•; 
^viding by a,x + 2^^x^~ i^~-tl xl = ^'~^' ; 

. . fl» — t' . /' — A* 
and putting = m, and = n, 

the preceding expression becomes 

X ^ a/t-*' — ra^J = 1, 
vfhich bcingreduced gives 

am — 1 , 



■}v'(» 



h.'). 



I 

ft 

J 

ft 



V. QUESTION 355. iy Mr. S. Jones, Uverpoot. 

In a given circle lo inscribe a iriangle, such thai the difTerenee I 
oTils sides shall be in a given ratio to ihe difference of the seg- 
menls of the bdse made by a perpendicular from the vertical 
anji;le ; and ihe prism, whose base is the iriangle and attitude tbe 
nid perpendicular a maximum. 

Solution, by Mr. Lowry, R. M. College. 

Suppose that ACB is the triangle re- 
({uiredi DC the given diameter drawn per- 
pendiculartothcbase AH. Let Ecbedrawn 
parallel to the hasetomeet uc in £ ; then 
the square of ball the diff^erence of the 
sides is = re / fg, and tlie square of 
half the difference ol the segments ut the 
base is DE / eg, therefore, because the 
ratio of the difference of the sides lo the 
difference of ibe segments of the base 
is given, the ratio ol DE v fg lo de X 
KG or of Ffi to EG is given ; therefore, 
by division, the ratio of ef to fg is given. '■ 

WbcrefocetlieUianglcACuhas totbctfiaogle aga agivenratio> 




Ramely, the same which the perpendicular £ p hai to F O ; therefor^ 
when the prism EF x ^ACB is a maximitni, (he prism FC X 
&ACB is a maximum, or FC* x fb a maximum. Let a taa. 
gem be drawn to thq circle at B, to meet the diameter, prodaeed, 
in N: then fc* x fb is a maximum when CF isequal to 2FK, 
as is well known ; or, which comes lo the wme thing, when GB 
isequal to^cD. 'J'he construction of the triangle for the max- 
imum priim is ihcrelore obvioua. ■ 

VI. QUESTION 356. iyMr. Cunliffe. 

To find two rational fractions, either of which being added t& 
the fourth power of the other shall make the same sum ? 

FiKST Solution, Ay Jlfr. John Baines.jhu. 

Let and — ■ repreteot the two fractions ; then 

t+J^ + £=»„j '.±1 + lS=J^ „„„ b. equJ. 

trx nx nx ax* * 

or which is the same 

(-^4 y)* + »V (jr — j() = B V (« + >) + (T— y)«; 
C hy transposition, 

I i': + )/)*~{x — y)*= b'*' X {X +^)— nV X (* — y), 
and hy reduction, 8;>^y + 8>^' =: zn^xiy, 
and dividing by ix;/ and transposing, we have 

w'j:' — ^x' - 4/, or a-' X {«' — 4) = 4^' = a square : 
hence we have only to find such a value of n as will make «' — . 
4 — * square ; such a case occurs when n = g, but upon inspec- 
tion it appears that n — ^ gives * — y = a negative quantity, 
which is inadmissible : wherefore, put n =. m + g, and we shall 
have n' — 4 = m' + igni' + 7jin + lai, to be made into a 
square. Assume pm + tt for its root, that is, 
putm' + 15m* f 7jm UBi - (pra+ 11)' =/>'it' fEB^flif 121, 
and in order tu make the third term disappear, take i2p = 75, 
or p = — ; hence 

n' + 15m* = ^-^^, or m i: — ^M, therefore 

■^a 484; * '' '^ 113379904 * 

•1 ^t-^Q " = ay. therefore y = ^ 9 L , ; 
10049 aiB^b 



f 49 ) 



"_+ y gfi/q:^ 



:_y = \57^,^i,.oh^. 



hence --^ *' = ^-^^^^. and 

»' 34j40 "■« , 34540' 

V tions (hat will answer. For 

U4540/ 34540 34540 \34i40/ 

~ -- — ^ ^ ^^^a^L-J — ^ as was required. 

Second Solution, iy Afr. Cunliffe, theProposer. 

Let the two fraciions be drnoteil by t and y ; then, by the 
quesiion, x' -\- y ^ y'' -^^ x ; wlience a* — ;/■" ^ x — y ; 
and dividing by x — y, Jt' + a'l/ + j(^' t- j' = 1 - 

Put ny — X mid the last equation becomes 
•y 4- «*s' 4- ny' 4- j' = y' X (»' 4- w' 4- n 4- i) = t ; 



whence y* = - 



* 4- n» f w 4- 1 
We have, therefore, 10 find such a positive value tor n as will 
make »' -4- n' 4- n + 1 a raliimal cube. 

Put b' 4- n' + n \ I = (n 4- r)' = n' + gnV 4- 3'!'" + '^, 
and take 3«-r — »•, or r r^ -J, in order to lake away the two 
leading terms on each side of the equation ; and (hen from ihe 
equality ol the remaining terms, viz. n + 1 = 3"r' + r', we 
'3 



e want a positive 



87 



1000 
7"9 ' 



ihall have n = — - — -- , 

> — 3'' 9 

' value for n, theiefore put nr:!! — ^; 

I from whence n'4 n'4- i 4- i = t' — — _ — 4 

[,whicb is to be a cub^. 

„ , lou' . iiSo 1000 

Pul t,J 4, — —{sv- 

3 "7 729 

. J lOj'W* I0O.1D lODO 

" ~^~3 ^~»7 7=9 ' 

I and take — = , or * = ~, to take away the two last 

I 27 27 50 

I terms on eachsideof the equation: then the remaining tsrms will 
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, 54S<» 
«6;93' 

•J799 
116793' 



Then from the equation y' 



2 



9/ 



■ V (»' + 1* + n 1- i) 



and ;. = ny = ii^Z??. which 
34540 



10 34540' 

9 
two fractioni that 



Third Solution, iy Mr. Cunliffc. 

Let the two fractions be denoted by vz. and uz ; then, by the 
qucjtion. 
v*z' 4- Kz = «* i* + o; ; or z' x (u* — u*] = v — u, 
and 



u* — u* I/' + f'u + i;a» + a' {v f- «) / (w* + « | 
and therefore [t/ + a) x (d* + u') must be a cube. 

Now ihe cxpretsion (u + uj x (v* + a'l will obviously be 
a cube when each of its factors v + u and v* 4- u" is a cube. 

The question is therefore reduced to thf finding of two num- 
bers, whose sum, and turn of their squares, shall each be k 
cube. 

A solution to this latter problem may be efftcied as follows : 

Put V + u — t, and t/ + a^ — i' : from twice the lecuntJ of 
these equations subtract the square o[ the Brsi, and there will 
icmain 

I-' — 2va + «' = 2&' — I , 
and lakJDg the root* v — u = -^{zb' — i) ; 
therefore ai' — j must be a square. 

Pm t + r = t, then ab' — 1 = 1 + e*- + 6r* + ar* = t 



iquare = {1 + 3 



: 1 + 6r -h gr* ; whence r 



i.uA 
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But the value of h Just found is too great, therefore put 

i= S—s whence sj" _ , = !1! _ Z*L + ijj'— 2i" 
" 4 « 

which is to he a square. Assume — fortherootofthe 

preceding expression, that is, put t^ — (■ i^j* — sr* :r 

^ii — Zi'V = ill _ 
\ B aa/ 4 



|sa)' 



9 K (»«)■ — 968 • ° ° - « ' - 568 • •"'' 

hence V — a — ^/(ii' — 1)= "^^^ ; whence, and from the 

equation i; + . = i. wc get z. = i^Z?3 ^^j „ ^ MZ?9, 
4259* 4>59» 

Again we have the expression a' ^= ■ 

—I T-,becauscii + u:ri ; wherefore j' ^ -r — 



whence 



mdheni 



^. whicH 



1-M 

._ ^,._ i^93^ anj „^ _ '^TPQ 

785' — — 3^5^o' 3-i5-lo' 

art the very fractions found by the other tneihod of solution. 

From what has been done, we shall easily find that j3j86 and 
31598, are two integers, whose sum, aud sum of their squdrciare 
each a rational cube. 



VII. QUESTION 357, iy Quidam. 

Given the greatest and least $lant sides of an oblique cone, 
to determine the diameter o( the base, that its solid conteni may 
be the greatest possible ? 

First Solution, ijr Mr. CvtiLifiE, R.M.ColUgt. 
Let ACB represent a section oF the cone by a plane passing 
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through ils greatest and leasi slant sides CA, cu, Wiib the 
centre c and radii ca, cb describe flic 
circular arcs a'aa. k'b6 and draw tlie 
tangents ap, bp meeting each other in 
p. Draw CD, psperpendicularto ab; 
and draw cp cutting ab in q. It will 
then manifesily appear, from the scho- 
lium to theorem ig of Simpson's 
Maxima and Minima of geometrical 
quantiiieo, that the solid ab' / cD j> 

will be the greaiesi possible when ps — 

2CD, or i'Q — aCQ. The angles cap, cbp are right angles, 
therefore a circle whose diameter is CP, will pass through A 
and B. Then by a known property en x cp = ac X no ; 
and thereh)re pb X pa = PS X PC ^ flCD X Pr := 2aC >: 
BC a given magnitude. Moreover cp'~ pb' + bc^— PA*i-AC* 
whence pb* — pa'^Ac' — flc' a given magniiude. Therefore, 
there is given, the rectangle of the lines pb and pa together with 
the difference of their squares, from whence the lines themselves 
become known, and the problem may thereby be readily coo- 
itructed. 

Second Solution, 6y Mr. Lowry, R. M. College, 

Let a and b be the given sides of the cone acb, (f their in> 
eluded angle, and c the diam«:ter of the 
base. Because the content of the cone 
is proportional to c' x by the altitude, 
that is to c / a ACAB, therefore 

e X fl ACAB must be a inaximum. 

But c = v'(''* + ^' — 2"^ cos p) 
and a ACAB — at sin ip ; therefore al sin ip t/{a* + h* — aah 

cos (p)=:a maximum, or if ——— — be put = d, the expression 

squared, and the constant factor omitted, 

sin* p {1/ — cos p) must be a maximum. 
In fluxions ap sin ip cos p(ii — cos p) + p sin' ip = O, 
or ad cosji — s cos'$ + sin' 9 =: o, 
and putting 1 — co»' p for sin* p, and completing the square, 

COSpTZ THd + tP). 
and restoring the value of J, 



+ gSi^lM'^'i* f - + **), 



refore aah cos p - 



( 53 ) 



I When a = h, coa 9 = ^ — -§■. 



2fl/f 



3- '3 

Third Solution, by Quidam. the Proposer. 

Let the triangle acb (''jw tkt figure to tie fint iolatxon) re- 
present a section of the cone by a pl^tie passing through it> 
greatest and least slant lidcj ca, cb and draw cu perpendicular 
10 the base ab. Put ac r: a, uc = A, a d = x, and bd ■= 
y. By a known property, ad* — ■ B d' := ac' — cb', that ii 
I* — y' =11' — i', and taking fluxions zxx — ayy = o, 01: 

J = —, By the principles of mensuration, the content o( the 



X CD 



X 7854, which will be a 



r>)V{'»' — t'I is so. Putting 
n r= o, 2 X (*+» / (.r +>) 



e if expressed by - 

mum when ab' x cd 
f the fluxion of the last < 

IX v'(fl' — **> = 
1= a» X {* + y). 

ExtenninatiDg y by means of its equal — , the last equation 

(a» _ i'} ■= xi {x + y) ; 

B / (tf* — X*) 



' = {x-l 
expressio 



Iwcomes a x (i + — ) : 
irfaence a / (a' — x^] : 



I hence again i' — y' = x' • 
ich being properly reduced, gi' 



xy, and y 
, 4 X (a' 



I* — i% 



■4'^^^'*+^-*) 



Fourth Solution, hy Mr. J. Ba 



(see the p^ure to the firsi 
and CD its pcrpcndicul 
»C = li, and the diameter ab 



Let 

lique 



hition) represent the ob* 

altitude. Put AC = a, 

then AB : AC + cb :: ac 



( Si 7 



— CB : 

; also v'fAc' — ad') = cd = - ^(2a*x* — »*' 

— a* + flfi'j;' + Bfl'i' — i*), the perpendicular akiiucic: but 

AB* X CB = - Vfea*'* — ar' — tf* f ai'^^f sa'i' — i*) is aii ihe 

lolidily of che cone, and must therefore be a maximum, or its, 
Rquare, sa'a:* — x' — aV h ai-'i' 4- aa'i'i' — 6*j;'= a maxi-* 
mum. Ill fluxions, 

Sb'jt'x — 6x'i — liaVi + 8i".r"* + ^a'i'jri — si'jrx = o. 
aad dividing by 2xx, and reducing gives 

therefore x :. -/ f""' ^ °^' + ^"''+ '4°'^' + ^^> J 
.3 * 

the diamcler of cone's base required. 

When i = a, or wlicn the cone is a right one, the above 
value of :r becomes a \^\ ^=. aa ^y. as it ou^ht. For when [h« 
slant sides are equal, the perpendicular bise^-tl the base; hence 

|/(a' — — ) = the perpendicular, and j'y^(a' — ~J is as the 
■olidity; therefore i'y''fo' — — l.or 4a'i' — x"— a maximum. 

In fluxions i63Vj( — 6t'.« -— o, from which we obtain 
X = aov^fi the s>me as beiore. 

VIII. QUESTION 358. by Quidam. 

Find the sum of the infinite setieg, 

1-11-5+ '_,A^9 _ .■•.5-9-'3 ^ &,. 
3 3-7 3 7- " 3 •7- >» • >5 

Solution, hy Mr. Wm. Wallace, R. M. College. 

To sum the series, let 



3 -A-? 3-7-»' 3-7'»' '^ 

Toke ilie fluxions of both sides, and also divide by x*, and the 
result is 

« 3 3-7 3-7-" 
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Fttkm 
•dt 



A 



now the fluenl! 
: * — i*' + - 



, we Iwve 



'■5-9 . 



. + &c. 
7 37 " 

The series which rurms the second member ol this equation u 
manifestly =l x — ja*, therefore. 



n- 



i hence, taking (lie fluxions. 



I Tfat> equation reduced to a proper form is 
B.T'rf.T _ *Vj7 



rf* + ? 



Multiply both sides by x, some function of x to be presently 
1 determined, and it becomes 






■ I i-x 
e £rst awmber will manifestly be an i 

-dx. 



integral, if we 



the equation then becomes 

xds \ Jifs =£ Jlxs) = -^^ 

/XaVj' , t /"XT**/! 

X 1 f X* 

I ikereFore x* :;: i + *', and x = 4/(1 + X*) ; 

I thut we have s 






[ and putting s' for the sum of the proposed series, that is for the 
f value ot i when a: =: 1 , 






\ the fluent to be taken between *■ = O, and * = I. 

Toejihibit iheccneral valueof this fluent geomelrically, let ha 
[.be an equilateral nyperbola, of which the icmicoiijugaic axis = 



Va, and cx one of its asymptotes; let CE = * and At = y be 

the co-ordinaies of a any point in the 
curve, and CD the abscissa correspond- 
ing to a given point B. Join CA. UB. 
Put CA =1 r, and the hyperbolic arc ba 

— H. 

By the nature of the curve, y : 



dx^[i+x*] 







/. 



- Jh = —r, 1;, and hence 



Now when X — CD, then r = CBandH = 0, therefore the fluent' 
generated bwween x — cD and ar := CE is 

i J CA — (CB — are ba) ?. 
This is true, whatever be the magnitudes of CD andCE. Suppoie 
now CD :r o, and ce = i ; ihen CA is the semi-axis, and cb — 
are a.\ becomes the limit of th« excess of a semidiameter oF the 
hyperbola above the arc iiiierceplcd between that diameter and 
the axis. This is a finite qnanttiy (Simpson's Fluxions, page 
jog, Ed. i7jo}3nd is ewnssible by quadrantal arcs of an ellipse 
and a circle [Landen':i Mathematical Memoirs, vol. (.page 33*). 
Its numerical value is -.^990701 173 X semi-axis, (Landcn's Me- 
moirs, vol. t. Appendix, page a^t)- J 
Hence, the sum of the proposed series : ■ ■ 

= •3004649413. J 

Nole. 'I'he investigation of the general expression for m 
liyperbolic arc in lerms of two elliptic arcs has been given in 
quest. 99 of the new series of the Repoiiiory. 

The Hemoii cunuiViing thii ilNcoierj wu giveo in the fan teriMof ih«* 
\ Hatliemvkal ftuiimitury. mil. X, pagu J. ' 

t S™ »Uiheiu*iM;al lleiiuiitory Jfiist leriei) Tol. 1. pige ITS, 



Second Solution, ty Mr.CutiLirFE, R. M. Colltge. 

At page 1 34, Cor. 3, Prop. 2, Simpson's Dissertations, we 
have the following expression, viz. 

/(« + ta")" K da"" 'a = (o + ta")"''"' X '— X 

,} Ci;')"" IZ +iKl+alc-a -" Iff il.(t+g).r/ + 3lf 'a°' 
I (e+i)o+ (<HJ.(ei-a)«- (t t .l.(e r- !i).(e I 3in" 

+ &c.| : dividing both sides by fo f ra ) x , we get 

.« X (o + c:")^ J 

(e(-l)i "^ ((H).l«l .!)«• (el-i).len).>ei3)a'+°"- 
Taking o and c each^i, and = 4, the last expression becomes 

_jj — 1^— 5+T 'A' + '•!" ".-'■"'; = 

l'4-ila' , (t+i).(i+g|a' »fl).(IH).;n.a)»" . J, 
(-1-1 ^ ((+■).(< +2) (( 1- !).((+ 2).(<+ 3) + °"^- 

tUviditig by 3. ^ "^ , k /u + =*) xa i = 

txf,_(A+lli:+l'til-!y:il£!_!?±iHttiWtla!£lVae i 

*"» en +(< + i).(e + «) (e+i).(eMJ.,e1-3l^'*''-> 

"Nowi- Iji + !*2i:_M:2dJ£l' H- &,. i. „bvio«sly 
37 37-" 37->>-'i ' 

— X i , it-t^., ( ii-t).f^ + 2 ) ,_ KM).Hh.).(ii-.^) 
-^ * jn ^(lHMJi«) «n).(ihai.|t+3) 

2'*+&c. ^ and comparing tliis with the expression just deduced, 

we shall have e = i, i=e + m~i, whence m = — | : and 

-hesice that expression becomes - , . X /^- — — ^= ^ X 
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Taking z = i, the lasl exprcEsion becomes — — x l-j- — j~-ni 
generaled whilst 2 from o becomes 1, 

37 37->> 3-7-"-»5 
At page 149, pan 10, sect, s, Landen's Lucubrqtiont, we hava 
-/a _ r— ■/(^■ — fl/) _ a + ^/(g'-2/) — f _ /• j^A ' 

generated whilst x from o becomes 1, where e — i'9ioo98ti9 is 
i of ihe periphery of an ellipse, whose semi-axei are \f2 and 1 : 
and/"= 1-5707963268 is the quadramal arc of a circle, radius 1, 

Writing z' for x and dividing by 3, wc shall have 
e I- ^(e^~if)~e 

o becomes 1, and consequently —z~ x /— 7 — ; — j-. : 



= f-y- j:, generated whilst z froiq 



« + •(<'— a/)- 



: = •30046l94'3 = i - ri7+ 7^- 



3-7 3 7-i» 



i^ j ^ 9 j 3 _ g^^^ ^j infinitum. 
S7.i»-i5 



IX. QUESTION 359. i>y Mr. R. J. Dishheack. 

If any conic lection revolve upon an equal conic lection, the 

moiion beginning from the vertex, it is required to shew how 
the locus of the vertex ol ilic revolving conic aectiou may be 
determined: and apply it to the case of a parabola. 



Solution, iyAfr. R. J.Dishneaoh, the Proposer, 

Let B be the vertex of the revolving section in any situatioi^ 
then by the nature ofthere- 
votuiiui) the arc Bf ^ arc 
Kv, and, therelore, since ihejr 
Ore equal portions ol equal 
curves, tliey will have a com- 
mon tangent PT, and there- 
fore T is a point in the axis 
of the revolving curve, and * jj — -j^ 




J 
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ihereforc tb is in ihe direction o( the axis and = ta : and also 
the angle btp := ptn. 

Now, let am=:a;,bm=,v.^atp=^, and a^.y' corresponding 
co-ordinates of the original curve. 

,, AM 

— = Ian- ABM = cot BAM = tan ptn, 

therefore | = tan ip =. therefore, — (i) 

Buty=: BM = TM X tanBTM ; 
_ a Ian p 



therefore ^ — -. 



therefore y + ;c' = a* X (tn — an) (a) 

But TN — AN can be determined in terms of j: and y bjr 




TM = TN — AK— AM = TN - 



If of the equation '; 



: — or by it* equivalent ^ = - ! 



u moK convenient. 
Case i. If the 

Then tn = aa: 



rves are parabolas whose equation is ^^ 
therefore tn — an = an :z: x'. But 

from equation (.) ? = ^=*=^4^= 4/!; therefore 
^ y TN zx' y x' 

«' = -t^, therefore, by substitution, in the equatipn y* + ** =: 

S* X (TN — an) = Blx', we have jr* + *' = ex x -X^^i 

— i-, therefore, by reduction, y»= ,*the equation 10 the 

X ' '■' aa — X ^ 

Cissoid oT Diodes, where the diameter of the generating circle 
= tta or half the principal lams rectum of ihe parabola. 

Case s. If the curves were ellipse* or circles, the solution 
is more ledious : but not more difficult. It is easy to perceive 
that when the ellipse transforms into a circle, that ihc curve be- 
comes the Epicycloid, and its equation in this case can be 
/expressed in algebraic terms : which is not the case in any other 
Epicycloid than this in which the radii of the fixed and moveable 
circles are equal. 
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X. QUESTION 360. by the Rev. Mr. L. Evans, of the 
Royal Military Academy, jyoolwich. 

In the annexed figure, which represents a vertical section of a 
pendulum, invenied by Mr. Aiiam Reid, of Woolwich, 
for which he received a premium of the Society of 
Arts. Adelphi,AB is asieel rod, cd is a perforated cylin- 
der of zinc, supporting the bob e at its centre and resting -. ^ 
on the regulating nut F turned by a screw at the lower ^ri n 
end of the rod ab ; so that as the steel rod contracts or | 

cxpanda.ihezinccylinder will do so likewise, keeping the j, |p 
bob always at the same distance from the point of suspen- 
sion. Now, supposing the expansion of slecl-rod to zinc " 
be in the proportion of 1 144-710 2942, and that the pendulum is 
intended to vibrate seconds ; what must be the length of the cylin- 
der of zinc to effect the purpose of compensating for heat and 
cold, not taking into consideration the quantity ot mailer in the 
metal E ? 

Solution, by the Rev. Mr, L. Evans, tke Proposer, 

Ltt / =: 39-3 rhc length of the royal pendulum, 
n — 2943. s ~ ii4ij'7, and 

X = length ot the required cylinder of zinc ; then / -I- * 
will be the whole length ol the steel bar, and by the nature of 

the question n : 1 : : 1+ x ; ar j or n — j :s :: 1 1 x = — re 

11447 ^ 39'a . 



24.966^7 inches the length sought. 



XI. QUESTION 361, fcy G.V. 

Let CAP, CBQbeany two given semi-diamciers of an ellipse; 
from any point V in the curve let VA be drawn [urallel to a line 
given by position, to meet one of them in A ; there is another 
line given by position, to which, if vb be drawn parallel, so as 
to meet the other diameter in u, the line joining a and b shall 
have a given ratio to cd, the semi-diameter parallel to ab. 

Solution, ty Mr. W, Wallace, R. M. College. 

Consider ihc ellipse as the section ofa cylinder, and conceive 



{ «■ ) 

the curve and the lines cp, cq, cd, va, vs. ab lo beorthogra. 
phically projected, on a plane perpendicular to the axis of the 
cylinder, ihe ellipse will be projected into a circle /juj, the semi- 
diameters cp, CQ, CD will be projected into rddii cp, eg, cd, and 




felines va, vn, ar into corresponding lines va,vh,ab. By 
ihe nature of the projection, a line which makes a given angle 
with a given line on a given plane is pr<>jccted into a line which 
makes also a given an^Ie i%'ilh a given line in the plane of projec- 
lion, tberelore, lincc by hypiilhc^is rhc lines, Va, Vb make given 
angleiwilh cy, k\\, i)ie lines 110, vh will also make given angles 
-%hth ept cq.' Moreovei, because the projections of parallel lines 
are parallel and have the same ratio to each other as the lines 
themselves, and by hypothesis, ab and cd are parallel and have a 
given ratio, therefore ab and cJ will also be parallel and havca 

g'ven ratio: thus it appears th^t if the proposition in question 
Fid tnie of the circle, it wilt also hold true of the ellipse. 
Now the proposition will evidently be true in the circle, when 
die angles vac. vbc are the supplements of each other, for then, 
the points V, a, r, h arc in the circumference ol a circle, and if 
vc be drawn, the lines vc, ab will subtend given angles, and 
therefore will have a given ratio; hence, in the circle, correspond- 
ing to any given angle vac, there is always another given angle 
i aucb. that ab has to cd a given ratio, and therefore the same 
It also be trite in the ellipic. 

XII. QUESTION 362, by J. F. W. H. 

To express the ratio (2t) oFthe circumference of a circle to 
s in a formula involving only powers and touts ut s. 

Solution, by the Proposer. 

The known formula (jfcos[-]= a/- ^ — , gives th; 

Eollowing equations 



v'(fl + v^g) 



« _ v'(3 + v/(2 + ■■■. /e)) 



eurring i — » times. Now we know that 



the radical ^ oc* 



'Cl)-"'(a^) •■■■"' (?^.)' 



and consequent!)' 



Let nowi= 00, and sin — = —., taeax — 2 .- •■ — 4&<w 

cos— i cos— J 



'■JlvaJ ' (v'ti! + /a)/ * (i/(2+(/(fl+»'«))/'**^'*' 



Q.E.I, 
XIII. QUESTION 363. 6y J. F. W. H. 

Tf ihe series -. ^ + -^ — &c. be denoted ^Lfi -f- x\ it- 

1 2' 3 \ -' 

is required to shew that the following equation holds, 

Solution. &y ike proposer. 
It is evident, that *l{i -k- x] = f-^ (- — — + &c.) = j 
/ V • '**S C* + *)» ^""^ ^°^ * writing j; — 1, we find 



and we have 



» 



( 63 ) 

•L(jr) = /- J[ — . log X. In this tor x put 

.to» „m is, -MX) + .L(i) = f'^-y,' (. - i) = 
y*M£ = l!£l£i:+c. Now •l(.)=-i.(. +0). Lei lheoi=.. 

and we find c = 8 . 'L(iJ=o,thus,"f[r)+'L(— ) = '—a — —. 

It is remarkable ihai (his, undoubtedly the mosi elegant pro- 
pcny of the second order of lo^anlhmic traoaccn dents, although 
implied in some operations in Spence's work on the subject, ha& 
not been thought deserving of a place in his table of the proper- 
ties ol (he function 'l, an omission the more to be regreiied as 
it is a property of very great use in the numerical evaluation of 
■^ (x) when x is a high number. We should observe that it 
may be derived by a proper combination of the equations {a), 
(b), (cJ, of his " table ol properties, &c." page 12, Log. Transc. 



H If a cylindrical vessel placed vertically and kept full of water, 
^B W bored in innumerable points, the issuing fluid will be boun- 
K^d by the turface of a conical frustum. Required a proof. 



XIV. QUESTION 364, iy J. F. W. H. 



Solution, iy the Proposer. 



ABCD being the vessel and E one of the boles, let eck be the 
parabola described by the 
issuing fluid. Take ef — 
so and erect the ordinate 
ft; which, (by the theory of 
spouting fluids) will be equal 
to fD, and the angle gdf, 
45°- Again, since Fd = 
SEF, OG is a tangent at c. 
In the same way it may be 

•hewn that the line dgh, making an angle 45' with the tide of 
the vesicl, touches 4ny other ui the parabolic jets. Let llie 




whole figure revolve round its axis, and hd will generate tbefl 
fniitum oi a cunic surface, the boundary of the issuing Suid. 




\ 



XV. QUESTION 365, h J. f . W. H. 

Let AM be the axis, MP an ordinalc, and PTthe tangent of ^ 
common catenaria; am, and the tangent of 
MPT will be certain functions ot MP, which 
we will denote by c (mp> and s (mp); then 
supposing the length of the portion ot chain 
equal in weight 10 the tension at a, to be unity, 
the lunctioiu c and s will have the lollowing 
propcniea, 

> C(aV — S(A)' = I 

2 E(A-I-B) = a(A) . C(b) + (CA) i s(b) 

3 C(A+B) = C{Aj, C(B) + 5{AJ.S(B) 

4 C(aA) =2.C(A)'— 1, 

Solution, by ike Proposer. 

The well known differential equation Jx = z.dy, gives bjr 
taking d'y = O, 

%)' 

onsequetitly if log E : 

y —n J 

'•-^ — p ~ J— — tan HPT = s(y) by the definition; 



d*x 



E = P + VCi + P'), 



also X — fdy . s(j/) = 



■ = c(y); the arbitTuy 



constants vanishing. Thus we have for the forms of the fuac>, 
(ions whose characteristics are c and s, 



and It is easy to see by mere substitution that these FuQCtioni a 
possessed ol the properties above proposed. 



XVI. QUESTION 366, by J. F. W, H. 

IF peas be taken at random out of a bag ; there is a greater 
probability of taking an odd than an even number. A proof it 
required. 

Solution, by ike Proposer, 

Let the number in the bag be x; then the number of different 
(travx of taking out 1, 3, j,.. .. and a, 4, 6, .... respectively 
will be 

" *{"— <^— g) T f» — 4) 

1^ i.fi.3 ' 1.8.3.4.5""' 

and ^t^~'> J:(JC— i)(jr— g ] fj — 3) 
>-2 ' i-fl-3-4 

I tbe sum of all amounti to 

' + ilijrUi f &c. = .'-.. 

1 . e 

L He mm of the ways in which an odd number may be extrac- 
\ ted is 



and the probability of an od3 number = . 

a'— 1 
AguD, the sum of the ways of taking an even number, it 

I. a 1...4 

and the probability ~ , which gives an exces* of 

I probability on the side of the odd numbers amounting to -^ — -. 
XVII. QUESTION 367, iy J. F.W.H. 

Let E = 1 4- - + — -+ 1- &c. It is required to 

1 i.B I. a. 3 

thew that the definite integral— fd^ , t between the li- 

, VOL. IV. PAKT 1. I 



J 



mits 



^-■(7) +fe) +(7Xi) +^- 

S o L u T I o N , i^ Me Propoier. 
Lct/{x) = A +A.a: + A.Jr' + &c. For * wriic suc- 



cessively t 



' and i ** ', and theresulls beioRmuliipIicd 



together, it is casv to perceive ihat the result will lake the form 

where S placed before any function of i is used tc denote the 
Beries whoso general term is that function, i having every integer 
value from — ao to + oc. 

Let this equation; multiplied by d^, be integrated from 9 = 

o, to 6 = V, and since Jd^ . s J b (s + s ' ] ( — 

ys JB.. s cosid.^St — o between those limits, we find, 

Let f(x) — E , and .-. A = i, a = — , a r= — &c. 
The equation then becomes, 

i/^...^"''=,.>(l)-H(-^)' + S:c. 

Another Solution. 

Let us consider the more general dcRnite integral -yi/5. g , 

X being any number, positive or negative, integral, fractional or 

imaginary. By putting cos = ;ir, this becomes ~ f ^^-^ ,,. 

the limits of the integral heJng — i and -\- j. Now 
by the expaniioo of t-" this becomes, 

■-/■-^/i-,, ! 1+ ?ii + '-ii^ + &c. ;. No* i, i. 

sufHcicnily well known that. 



C 6r ) 



I, 



-X')- 



l-3-5_ 



ll. 



1.3.j..(a»— 1| 
I.e. 3 n 



\I-- 



8.4.6 (an) 

Substituting these values, we find 



1 ^ 




Thus, the series 1* f ^ + — : — ^ + - ,, 

^ presented by the definite integral —fd^ .e , taken from 

I A = o, to d = «. I^t X — \, BTid the resuh is the proposed 
[ iheormi. It x = — 1 , we have this remarkable result 

[ COB • 9 COS 9 f |/( — I ) . sin s cos d J , now since all the elements 
} i>\ fd% . sin [9 cos S) are real, the whole integral is so, and of 
Course must equal o, thus 

fd^ .sin (2 . cos 9> = o. 



9 . cos (a . cos 9) : 



<i)Hvr:> -*"•!• 



XVIII. QUESTION 368, 3;- J. F.W.H. 



tex is A, axis AM, and laius 
rectum L. Draw any line 
SP and make n aneles P 
(0 ^ CO 

IP , P SP P SP , 

(■2)' (2) (3) («) (I) 
round s, all equal to each 
other. Draw sq so thai the 
Vigle MSQ = n times the an- 
ele MSP . It is required 
•^ (I) ^ 
, to prove that sp . sp 



(n) 



• Sfi. 




J 



( «» ) 

Solution, hy the Propeser. 
Let the angle msp be 6, then by the property of the parabola 

IP =:-,C»iQ-) , and fsince p sp =&c,= ~, where 
(0 4 «' CO CC) n 



*h-\ 



n- 



(S) 4 ^2 nV 

(3) 4 ^ ifl si' 



:i.(mj 



» . (» — >)■ 



(«) 4 
eonsequenlty, multiplying all together, 



-!)" 



Now it is known that the product 

.in (A) . .!„ (A + 1) .in (A + ^i=il?) 



11 represented by 2 



. sin RA, and thus we obtain 



".{..or 

= l" . SQ. Q. E. D. 

XIX- QUESTION 369, by J. F. W. H. 

To find (he form of equilibrium of an arch buiit Iron) onff 
planet to. another, coaceiving each particle animated wiih a forcv 



( H J 

_ lirected towards the sun, and varying inversely as the square of 
ibe diiUnce from its centre. 

Solution, by the Proposer. 

Assuming the sun's cenire ai ihc origin of two rectangular co. 
ordinates, *, y of any element ds of ihe arcli. let us call / the 
thrust exerted by that element, in a tangential direction, at the 
exiremiiy corresponding to the abscissa x, and of course, I -h- dt 
will be the thrust cxer'ed at the corresponding extremity of 
the consecutive element, which therefore will exert by its re- 
daction, a force — {/ + i//) on that extremity of ds which answers 
O the abscissa X + dx, and in the direction of a tangent at thu 
extremity. The forces reduced to the directions of the co-ordi. 
ntei X an<| y, become, respectively 

' Let us, to embrace the question with greater generality, suppose 
# to represent the density of the element ds, and ftv''^' + V*) — 
^Kr), the attractive force on a particle at the distance r, and we 
shall have for the two attractions on ds in the direi 



e . f (r) . - ds, and 9 . $[r) . ^ ds. 

' The total forces then which animate ds, and which, in virtue ot 
^die equilibrium must vanish, are 

e we find the following equations, 
o = 9.f{r}.*.</j-</((^) 

o-&.<f[r)J.ds-d{t'^£^ 

"he elimination of t from these conducts to the equation of the 
■ye soughL To accomplish this, multiply (i) by / . t- and 

Ifs] by t . •-}-, Their su.ii- is 






or, observing ihat xdx 4- j/di/ = rtfr, and dx* + dy' = 
o = tS .ip(r) dr — ^d. t*, whence, 

(3> tzz/9.<p(r).dr. 

Again, muUiply (i) by y and (2) by x, and let the r«ults h^ 
•ubcracted, thus, 

or, supposing d's := o, and reducing 

^l dhjdx~xdy\ 

o —— + _t- . - -^ 

I ydi — xdy 

tfn equation which, integrated with respect to s, gives 

(4) o-ads-^l\vdx — a-rfy J. 

Assume now \1<, so that a; i: r. cos%J/, .•- y=r . simj., ds~^{dr^ 
+r*(/4.'), yi/i — *dv = — rVit. Thus, equation (4) becomes, 

a . ^{dr' + r'dy] = rVJ/ ./9p (r) . </r ; (5). , 

If 9 be any assigned function of r, we find from this, as 0115 
£nat equation, 

^ + c = a.f ^^ 

In the case imnnediately before us, this gives (since ^ [r) z= -^, 
^—i), I ~ — + const, and conit. = o, .*. / = , thus, 

4^ = tan A. log Qj, 

A and a being two arbitrary constants, which is the well knows 
equation of ihe Idgarithmic spiral. In general, the same result 

will be obtained whenever 8 = -r ; : for 

Iral force a -; and d<r r oc J , in all these cases the 

tangential thrust is / ::: , 

If the force a --. and 9 = 1, we get sar = sin (4- + c) the 



equation of a circle passing through ihe two planets and sun ; 
and r = r. 



XX. PRIZE QUESTION 370, hy Mr. Lowry. 

If two given weights be fastened to the ends of a siring, 
which passes over a fixed pulley, and the greater weight di'scend 
by the force of gravity, and draw up the other along a curve, 
which is in the same vf-riical plane as the pulley : liequired the 
luture of the curve when the time of ascent from one given 
^Lpoint to another is the least possible ? 

I ^ 

I horn 



Solution, by Me. Lowry, the Proposer. 




Let ABC be the required curve in which the body B ascend* 
mm C to A in the least lime possible 
when drawn up by the body a which 
descends vertically. 

Let z — the space descended by A 
in the time b has ascended through the 
arc CB. and put X = ad. y ;: db, ds 
■= the fluxion of ihc arc cm, v ^ the 
velocity of B in the curve, a — EC, C z: tt' ' 
I^AC the diMance from A to C, g — gsj- 
Kt the force of gravity. 
Then, Aru V. Part II. Vol. III. Repository, 

■'^'V \ Adz' + ads' \' 

■hetefore ^^=^=V> ^'^'^ + ^l^J^l 
Put p = -V-, then because znc — ab — c — v^(3' + 9*), 



and ds = ~dxy/{t + p*). 
refore substituiing these values in the above expression fur 
, it becomes 



'— /''»V/^2S(Ac_ A v>(x- + ,■) - B (a -/))V-| 

the fluent of 

y (aC- Av'U'-t-/)— B(fl— >)) 

ween the limits of x = o and x = A£ mutt bi 
^- V (AC — Av/tJc'+ »/')~B(a — y)3 *■ 



therefore the fluent of 



Put 

tbco taking fluxionE 

dv = Mdx + ndy-^rdp (aO; 

»nd it has been shewn by Euler and by other writers (see Wood- 
house on Variiiiions), ihat when fsdx is a 
mum, V being any [unction of jr, y and /), 

N — -7- = O. 



dx ' 



Therefore Viiy — d? -j- = pdp; 

and adding ?dp to each side of the equation, 

Nrfy -I- edp — pd? + prfp — d (pp) ; 
whence by substituting d (pp) for hdy + vdp in equation a', 
have 

dv = Mdx + d(pp), 
and by inlcgraiion, 

V =/Mdx-i-pp -I- e' [j'J 

c' being the correction. 

Whence if values of M and p be found by actually taking the 
fluxion of 

V <Ac — A y-Vr'+y) — B(<i— >)) . 

relative to X and p, and be subsiituted for m and p in formula 4*' 

we shall obtain ihc diflcreniial equation of the curve sought : the 

tesult however is complex and the equation not easy lo int^ratcw 

If we suppose the body b to descend tn the curve ac and 



.( 7$ ) 

« 

draw up the body A, we find, in a similar manner, 

and in this case when A = o, the question is the same as the 
common problem of the brachjstochronCi and the expression for 

t ii then ydx t/ ( ^J as it ought to be. 



Also vis then = y/(liL£!^ 



M = o, p r: 



Therefore by formula 1/ 

V = y* + ^. 

dot i. v/f 1±p!) = -— ^^ ^c' 

and multiplying by ^\y{i-k- P*)\ 

where/ = y/^l^^pj 
the differential equation to the cycloid. 



• • 
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NOTICES, 

I. OBITUARY. 

LACBANCE. 

The death of this truly great mathematician ought to havtt 
been noticed at an earlier period in the Repository, for he ctused 
his mortal career as lar back as the loth ol April 1813 in the 
78th year of his age. 

Our readers are well aware how much this illustrious man 
bas contributed 10 the improvement of every branch of both pure 
and mi.ved mathematical science. Many of his discoveriei 
would singly have conferred on him immortal fame ; ahogetbcr 
ihey form a wreath of glory that will for ever encircle his name, 
and render it conspicuous in the history ol Science. 

M. Lagrange was latterly engaged in the publication of atecond! 
edition of his Mecanique Analytique and the exertion ofmtnd!' 
which this labour required Is supposed 10 have brought on ths 
illness which terminated in his death, fie had given the firit vohinle 
to the world, but was cut off while engaged in the second. This 
volume has since been published; the portion that was unfinished 
being supplied from the first edition. 

M. Delambre has written an Eloge on Lagrange, of whicha- 
translaiion into English has been given in Thomson's Annals of 
Philosophy, vol. 3. Also in the loth vol. of the Edinburgh Ency- 
clopedia. His Remains were deposited in the Pantheon, and the' 
following inscription is inicribcd upon his Tomb : 
Joseph Louis Lagrange, 
S^naieur, Comte de L'Empirc, 
Grand Officier de la Legion d'Hoimeur, 
Grand Croix de L'Ordre Imperial de la Reunion. 
Membre de I'lnstiiut, et du Bureau des Longitudet 
Nc a Turin Dcpariemcnt du Po, le XXV Jagvicr jyftS, 

Dec^dda Pans le X Avril 1813. 
A complete list of M. Lagrange's writings is given in the snd , 
volume oi his Mecaniquc Analytique. It is composed of two 
parts, viz. his separate works and memoirs in Academical and 
Other collectioni. The former are as follows : 

Leitrc du 23 juin 1754, adressee a Jules. Charles Fagnano* 
coiuenant unc serie pour les difTereniielles et les integrales d'uD 
ordre quelconquc, correspondante k cdlc de Newton, pour ' 
f uisanccs (printed at Tuna). "" ' 

Additions a I'A'jcbrc d'£ulcr* 



M^canique Analytique; isi edition in 1788; find cdiiioi^ 
lit vo!. in 1 811 : and vol. in 1815. 

Theoricdcs Fonctions Analytiqucs; ist edition in 1797; find 
edition in 1813. 

R^oluiion cleg Equations Nutncrique*; iSt edit, in 1798; 
tndcdit.in 180S. 

Lemons sur Ic Calcul Aet Fonctions. The first edition mad* 
« part of the second edition of the ."^eances de I'Ecole Normale, 
in 1801; this work was .lUo printed in Cahicr XII. du 
Journ^il de I'Ecole Polytechnique in 1804; and in i8a6 ths 
Ulthor published a new editiun in 8vo. with two additional les- 
ions, which have been inseried in Cahier XIV. du Journal d« 
TEcile Polytechniqiic in 1808. 

As his academical memoirs are loo numerous to be particular- 
ly described in this place, we shall only observe that they art 
contained in the followinc; works. 
Misceilanca Taurinetisia. 
Memoires de rAcadcmie de Turin. 

Mcmoires de rAcadcmie de Berlin. ] 

Nouveaiix Mimniri.8 de I'Academie de Berlin. 
Reciieils de I' \ cad^mie des Sciences de Paris. 
Savani Etrangi>rs. 
Instituc rle France. 
^K Journal de i'Ecote Polytechnique. 
^^ Stances des [-'rolesNormaks, 
^B Connaissances des Terns. 1814 — 15. 

^B> Vne collection de divers ouvrages d'Aiithmetique politique* 
^Eyar Lavoisier, Lagrange ci autrcs. 

■ I* 



CO 

i 



The late Afr. William Spence, of Greenock. 



This ingenious mathematician died at Glasgow, on the sfind of 
'May 1815, in the 37th year of his age. His many private virtues 
and amiable qualities had endeared him to his friends, and his 
icientific acquirements and inventive genius had placed him in 
the highest class of mathematicians in Britain. His essay on the 
theory of the various orders ot Logarithmic Transcendents, pub- 
lished in 1809, was much admired by the few who were able to 
appreciate its merit, and it gave hopes that science would have 
derived funher bcnefil Irom his labours. These we have reason 
lo believe will not be altogether frustrated. His manuscripta 
were some time ago submitted to Mr. J. F. W. Herschel, of St, 
John's College, Cambridge, who has selected the most complete 
tor publication. The studenis of pure mathematics will be grati- 
fied to hear that the volume now preparing, and which will be 
published in the course of (he spring by Mr. Underwood, and 
Alesart. Davis and Dickson, London, contaioH besides the ingem* 



out Eiuy on Logariihmic Transcenrlems, unpublished Trat^ 
in the same class of the science, equally new and elegant. A 
biofp-aphical sketch of ihc author by his friend Mr. G-ilt, will be 
prefixed to the volume. 



James Glznie, EUq. F. R. S. London and Ediniurgk. 

This ingenious mathemaiician died at his lodgings, at Ch<-\»a 
in Nov. 1817, in the 67th year of his age. He was the auihoi] 
of amaihemaiicaliheory founded on ihe doctrine o! raiios, whicK 
he called the Aniecedental CalcuKin. Also of some papers pub* 
lished in the Philosophical Transactions of London and Edini 
biirgh ; a small tract on Gunnery, besides vaiioui pamphletl 
not connected with mat hematics. 



II. TBE PHILOiOPHICAV TRANSACTIONB OF THE ROYA^ 

soci&TY OF LOU aon, /or tii^, and i2i6. 



The mathematical papers contained in the volume for 1815 
■re, I. Description ot a new instrumeni for performing mecha- 
nically the involution and evolution of numbers, hy P. M. Roget,, 
M. D. — 3. Three papers containing the depolarization of Light, 
&.C. and two more on the optical propeuies of Light, by L)r. 
Brewster. — 3. A scries of observations oi the saielliies of the 
Georgian Planet, by Dr. Herschel. — 4. On the dispersive powefl 
of the atmosphere, and its effects on asiroriomical ohservaiions, 
by Mr. Lee, — 5. Determination of the North Polar distances 
and proper motion of tliiny fixed stais, by Jolm Pond, Esq.' 
Asrronomei Koyal, F. R. S. — G An Essay towards ibe Calcului 
of Functions, by C. Babbage, Esq. 

' The mathematical papers contained in the volume for i8ifi 
are, t. On ihcdevelopement of exponential Functions: togciher 
with several new theorems relating (o finite differences, by John 
F. W. Herschel, Esq. F. R. S.— a. Direct and expeditions me- 
thod of calcuUting the excemric from ihe mean Anomaly of a 
Planet, by the Rev. Abram Robertson, D. D. F. R. S.— 3. Dc- 
monsiration of the lite Dr. Maskelyne's Formulae, for findii-g 
the longitude oF a celestial object from its right ascension ana 
declin]itii)n ! and tor finding its right ascension and declination 
from iis longitude and latitude, iheobliquity of ihc ecliptic being 
given in both cases, by the same. — 4. An essay towards the Cal- 
culus of Functions, part 11. by C. Babbage, Esq. — 5. A new 
demonsiraiion of the Binomial Theorem, by Thomas Knight, Esq* 
6. On the fluents oi Irrational Functions, by E. f, BromheailA 
Es<i. M. A. 



Volumes XI. XII, ■Kin. 

The ma^hematicnl papers in vol. XI are, t. On definite inte- 
jpals, and [heir application to probabihtcs, by M. La Place. — a. 
On certain new optical phenomena, by M. MJus. — 3 On the 
»xis ol refraction of crystals ami organic substances, by the 
larne. — 4. On ihe nieihod ol least sqjates, by M. Le^endre. — 
5'. On the atiraciion of homogeneous ellipsoids, by llie same. 

The maihematical papers contained in vol. XH are, 1. On 
lliedisiributioaof elcctriciryat the surlacc ol conrluciitigbodiei; 
Bnt and second memoir, by M. I'ois'ioti. — a. On a remaikable 
modification experienced by the rays of light, in their pas^aga 
through certain diaplianou'i bodies; and some other new optical 
pltenomena, by M. Arrago — 3. On ilie new relations which 
exi*( between tiie reflecti'jn and the polarization of light by cryi- 
ttllized b(«iies, by M. Biot. 

Volume XIII contains I. Onanewkind of oscillation which 
I the particles of light CKperience in traversing certain crystals, hy 
' 31. Biot. — e. On a new application of t1ie theory of the oscilla- 
lioiis of Light, by the same. — 3. On the discovery of a new pro- 
pert>' in ihe polarizing forces of certain crystals, by the same.— 
4. On [he physical properties that the particles ot li)iht aciguire 
ui traversing double rciracting crystals, by the same. — j. Result 
of the meteorological observations made at Clermont-Ferrand, 
from the month ot J tine 1806 to the end of 1813, by the Baroa 
Ramoad. — 6. On clastic surlaces, by M. Poisson. 



IV. Journal 



, l'EcOLE PoLTfTECHNlQUi. 



^P* The Mfcanicjuc Philosophique of Prony (which was never 

Snished) lomied originally the 7th and 8lh Cahiers ot this work ; 

it is now left out. Slid the blank filled up by thi; Lei^sons given in 

the Normal School by Lagrange and LapUce: ami a iransldtioii 

^5fFermat's Treatise on the Contact of Spheres by Hachelte. 

Bnie new edition of Lagrangcs Thiorie Jet Fonctions Analyli'/ues 

^Hr meant to firm the gih Cahier. 

^r The contenis of the first fifteen Cahiers have been already 
^giveti in the Repository, vol. III. page 99, part I. 

Caki&r XVL Contains 1, The marhcmaiical theory of 
capillary attrac[|on, bv Petit. — 2. On the theory ol the conju- 
■ ■ ■ B ol inertia of bodies, by Binct.— 

1 Polyhedrons and Polygons, bjr . 
numljers, by the same. — 6. Oa th^a 
;s determined by four condition*, ' 
c Integrals, by Poision.— 8. On a 
of rotation ol heavy bodies, by the 
by llacliciie. — io. On a 



gate axes and ot the 
a and 4. Two memoirs ( 
Cauchy. — 5. Researches or 
graphic construction of circ 
4y Gaultiet. — 7. On Defin 
ticular case of the motio 
. Qa the Helii 



Rpf Analytic Forniulai 
^iDet. 



and iheir appltcitioii 10 geometry \ij 




I 7« ) 

Cahier XVn. Contains t. On the number of values whicl|, 
a function may have when ihe quantities ii contains are changed 
in all ponsiblc ways, by Caiichy. — cOnfunctimis whicli can have 
but two equal values wiili contrary signs, &c. by ibe same.— 
3. On the Analytic deiermi nation of a spberc which touchei^ 
four oiber', by Binet — 4. To.Meteimine the centre and the. 
radii-.s of a sphere which touches four given spheres, by Haclieite, 
— 5. Expetiments upon the flexibility, the lorcc and theelasticiiy 
of Wood, by Dupin.—6. On the Resolution of Equations, by 
Corancez. — 7, Experiments to determine ihe Dengiiy of ihc. 
Earth, by H. Cavendish, translaied from the Knglish in the 
Philosophiial Transactions of the Hovdl Soticiy of London.— 
8. On the Composition of Forces anil on the Decomposition oE. 
Moments, by Biiec — g. On the Oscillation of Elastic Spring!^ 
by Plana.- 10. On tht Aberration of the Surs, by Puissam.- 
II. On Material Curves of doul>le curvature, by Binet. — la.^ 
On the number of real roots of Algtbraic Equationx, by Caucby. 
.^13. On the Intcgralso! Equdiions of Partial Diffi^reniials, hjr. 
Ampere.— 14. A sequel 10 a memoir on Definite Integrals, by 
Poiuon. 

v. Mathematical Works in the Press. 

A snpplemenl to the translation of LaCroix's Klemeniary trea- 
tise on the differemial and iiuegral calculus, by the lraaslaicn.| 
of ihat work, being a aeries ol examples and exercises for the use 
of the student, partly original and panly collected from the vari* 
ous transactions of learned societies and other esteemed sources. 
A system of Mechanical Pliilosophy by the late Jolm Robin- 
son, L. L, 0. with nules and illustratiuns, by Dr. Brewster, in 
4 vols. Svo. 

VI. Nkw Books. 

An Elementary Treatise on the DifTereniial and Integral Cal- 
culus, by S. !■'. La Croix ; translated from the French. T* 
which is added an appendix on Finite Differences, by Mr. Her- 
schel, 8vo. 

Ao/if. Ii appears frotu the preface thai this translation ii the joint labour 
ef Mf4^i-< llablL-ige, IVacock and He^sthel. 

Algebra of the Hindus, with Arithmetic and Mensuration, 
Translated from ihe Sanscrit, by H. T. Colebronke, Esq. ato. 

The Principles and application of Imaginary quantities. Book 
I. To which are added some observations on Purisms : beinc the 
first of a scries of original Tracts in vaiious pans of the Mathe- 
maiics, by Benjamin Gompertz, Esq. 410. 

An Essay on the strength and stress of Timber. Also aa 
appendix on the strength of Iron and other Materials. By Peter 
Bulow ut (he Iloyal Miliury Aadcmy, Woolwich. 
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Outlines of Natural Philosophy; being head* of Leclurei 
delivered in tlic University of hjiinburgh. By Jolin Pi^yfair, 
¥. R. S. L. and E. Professor of Natural Philosophy in the Uni- 
venity ol Edinburgh, and edit, s vols. ijvo. 

Elements ol Plane and Spherical Trigonometry, by Olinthus 
Gregory, L. L.D. lamo, 

Elemenis of Plane Geometry and Trigonometry, by John 
Xeslie, Professurof Matiiemaiicsin ihe University of Edinburgh, 
Jrd edit. 8vo. 

Philosophv ol Aiithmetic; by John Leslie, 8vo, 
A Treatise on Sphencs, by D. Cresswcll. M. A. Fellow of 
Trinity College, Cambridge, 8vo. 

An Introduction to the method of Incremcnis, by Peter 
Nicholson, 

Tlie Mathematical Questions proposed in the Gentleman'* 
'Diary, and their originat Answers from its commencement in tlie 
year 1741 to 1800 inclusive, 3 vols. i2mo. 

' TTie Mathematical Questions proposed in the Ladies' Diary, 
*nd their original Answers, together with some new Solutions, 
'from its commencement in the year 1704 to 1816, by Thomas 
'Leybourn, of the Royal Military College. 4 vols. 8vo. 
. Davis and Dixon's Caialnguc of Scieniihc Books, parti, con- 
uning the folio and quarto sizes. 

Vin. Foreign Books. 

KAATAIOT nTOAEMAIOr MA©HEMATIKE STN- 
TA2I2 (Composition MalW-matique de Claude Plolcmce), 
traduiic, pour la premiere fois, du grcc en I'rancais, sur les manu- 
•crits originaux de la BibKotheque imptriale de Paris ; par M, 
Halma:ctsuiviedes notes de M.Delarabre, tome premier, 1 vol. 
n 410. 5 jo pages. 

Oeuvresd'Euclide.en grec, latin et fran^ais, d aprcs unmanu- 
■Crii ircs-ancien, qui etait rtste inconnu jusq' a nos jours; par 
F. Peyrard, Tome 1 et 11, 410. 

Theorie analytique <les probabilitis ; par M. Ic comte La 
Place, and edit. 410. 5oo pages. 

Aote. A ^UiipU-nienl has Ivrn since piiblisbcd. 

Essai Philotophique sur les probabiltcs; par M, La Place, 
8vo. soo pages. 410. 100 pagi-s. 

' Excrcicesdecalcut integral i sur divers ordres de Transccn- 
Jantes et sur les (Juadraiuies, 5, vols. 410 ; par A. M. Legendre. 

tiupplii-menl a I'Essai sur laibcorie des nombres; and. edition; 
par Legendre. 

Hisioire de I'Astronomie Ancienne, par Dclambre, 2 vol. 4to. 

Traite complet d'astronomie thc-orique etpraiitjuei par M. 
Dclambre; Trois gros volumes. 4ta. 

Atn^gi iii in£me Ouvcage ; 8vo, 700 pages. 
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Traflfdu Calcul difRrentJcl el Integral, 2nd edit, tome i el 
II, in ,]io. par S. F. La Croix. 

Traite t'iementaire du caltui dc! probability's; par S. F. 
Croix, 8vo. 300 pages. 

Traiie de Physique cxperimeniaie ei matliematiquc; par 
B. Biot, 4 vol, 8vo, B400 p^Hes. 

Deveioppemens de Gcoineiric, avcc des applications a la 
(tabiliti- den vaisseaux, aiix d.'-blais et reinbUis, aux defilcracni, 
Sec; par Ch. Diipin, 4M. 400 pagts. 

Physique Mi'caniquc : par E, G. Fisclier.tradiiite de I'lilleiiiand, 
avcc des notes dc M. Binl, t!v<i. 500 pages. 

Prrncipcs de Mjihi'matiques d.- leu Joseph Anasiase du Cunt^, 

professeur a I'univFrsiie dc Coimbrc, traduits lin^talemeni duL 

punugais : pai J. M. d'Abreu ; nouvelle ediiion, 8vo. 30a pageaj 

F^lumens dc Mccani<iuc, pat J, L. BoucWarlai, 8vo. 350 pages* 

Elcmens dc calcul diFTereniicl et de calcul iniegral ; par J. L. 

Boucharlei, 8vo. 250 pa!;e». 

Ritlexions sur la metjphysiquc du calcul infiniL^sinial, snd 
«dit. in 8vo, par Caniot. 

Nouvelles Tables d'abcrration et de nuia<ion, pour quatorfe 
cent quatro ctoilles; avcc une Idbie g''ncrale d'aberration pour 
Ics Planeies et les Come.cs, &c. par h- Baron dc Zach. 

L'attraciion des muntagnes et ses rtf>.'is sur ics his ■ plomb oil 
sur les niveaux des instrumens d'astionumit; ; par le Baron M 
Zach. 2 vol 8vo. 

Mtmoire de M. le Barnn de Zacli. sur le degr& du ircridien 
memiTeen Pigment, par te P Beccaria, ^to. 

Mtmoire lur divcrsei Jntugrdlea diifinii-s ; par M. G. Bidonc; 
^to. ISOpagi-S. 

Mvmoire sur lei integrales di'finies; par M. Plana; 410. 45 
pages. Cci inreressant memoire torme un uiile complt'jneHt 
aux travanx de M. M. Lagrange, Legendre, Poisson et Bidone 
sur le memc siiji;t. 

Mimntre sur divers probl^mes de probabiliie, lu a Tacademie 
de Turin ; par M. Plana. 

Mtmoire sur le mouvemenl de rotation d'un corps solide llbre, 
auiour son centre dc masse, par J.J. Fran^ais. 

Memtiire iiir le ccrcle qvii en tuuche trois iiutres sur un plan, 
rt sur la sphere qui en louche quatrc auties dans I'eipace; par 
J. D. Gergonne, 410. pp. ao. Tutiti. 

Thi^oric de la distance d'un point a un autre, sur la surface 
d'un solide de revolutiun ; par M, B. Guudin, 4to, 

Trailer elementairesde calcul di(r<renLiel etde calcul integral, 
independans de toutes notions dc quaniites infinitdsimales et jdc 
limJlcs ; par M. J. B. E. Du Bnurguet, s vol, 8vo. 
Elemens de Staiiquc, par J B. Labcy, 8vo. 
Tabic d. s diviseurs pour tout lei nombres du troiti«me millioBf 
par J. C. Burckhatdt, 410. 



ARTICLE'ni. 
Solutions to Questions proposed in Number XIV. '-, 
1. QUESTION 37J, 6y the Rev. Mr. W. Wood. 

Given to find x and y, the two equations 

gx* —y* = a, and *^ — y^ — 2xy* = b. 

^tllST Solution, iy the Rev. Mr.W. Wood, lie Preposert 

f Flic y — ^z, X = ui — ;iz, then our two equations become, 

ai* + z' — ^wz = -j^, to' 1- z' — 6B'i lot -i- z) = 6: , 

Make now ai [- z =ni, and ma = n, then our two last eqia* . - 

tions become ,; 

- 6n — -j-a, m^ — gmn '= h, t 



Jrom the first n r; - 
lecomet 



, which iubsiituie4 in the other, 1 



' — am -j-ai = o, 



ich m ii known, then b = •— isaIsoknown,an4 

wu and 2 will be the two rootsof the quadratic equation if* — mw 
¥+ n = o; lassly^ — g;, and * = ai — 22. 

Secon d Solution, by A. 

Given 3*' — y'* — a, and *' — y^ — 2xy' — b. 
Put X + y ~ c«, and* ~ y = 2z; tlien x = u \-z, undy 3 
B — z ; ihce values being subilituted for x and ^ in tlie gived 

I equations, they become 
I cm' + Buz + flz' = a, 

r and — aa' + 8«'z f au:' — b, 

' Let the first be muUiplied by u, and the second subtracted 
Irom the product ; the result will be 
4.> =«.-*. 
or 4^* — au ^- h =. o. 
Find the value of a from this cubic equation, and ihen the 
value of 2 may be tound from the quadratic au* ^ Zuz + az' =: a. 
Consequently the values of x and ^ will then become known. 
VOL. IV. l-AKT 1. L 
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11. QUESTION 37«, hy B. A. 

Let C be ibe circumference of a circle, d the d 
chord of ftn/ arch a ; then 

^ao (c — a) , 

~i — — =: c, nearly. 

^c* — {c — a,a ' 

Required the invesiigaiion. 

Solution, by A. B, thtFrcposer. 

Yhis Theorem is gi\'en in the Preface to ihe Bija Ganita, or; 
Hindoo Algebra, iranilaled by E. Sirachey, Esq. It seems la 
be derived from the Hindoo method of computing the sinsS} 
which we fimi in a paper by S. Davis, Esq. in tlie and vul. otthe 
Aaiatic Researches. Mr. Davis has deuiled the process which 
is thus: The quadrant is divided into 24 equal parts of khj' 
each, and S2j is ascumed for the length o( ii.s sine fihc sine 
of ^ 43') : — then 225 divided by 225 gives i (the ad difference) 
which taken from 225 leaves 224 (the jst ditfcrence) ; and. 
S34 + C2J r^ 449 the sine of twice the arc 3" 45'. Next 449^ 
divided by 223 gives 2 the integral quotient (the ad dlff.) whichj 
subtracted from 224 leaves aaa jihe isi diff.) ; and aaa + 449 
^ 671 the sine of 3 times 3° 45'. Again, 671 divided by 223 
gives the integral quotient 3, which taken from 222 leaves 2tq j 
and 219 -1- 671 = 8go the sine of 4 times 3° 45'. In this man- 
ner by adding the ist and cd integral differences, the 24 sines 
of the quadrant are completed.* 



• ProfMSOt Ltilw in the nolo in his Geomeirical Analysis gives the folloBing 
idTC-ligition '. " Tht luccRsiie diSercncEa of Lhe iin^ of ihe arcs k — a. A, anrl 
» -f ■, uein A — ««(* — »), and iin (a + a) — n'n a ; and conseqnentlj tha 
JiffETcncei between ihne again, or the sacond diffetanee of iheiines, iinx (*4-b) 
4-tia(A.— ■)• — SniA » — S vtri a lin n. The second dllTercacH of the pto- 
grcuive tlnrt are hence sublraclive, and alwafi proponionil to the ^Inei ihenv. 
»Im. Whetefwe lhe line* mar ''^ deduced from Iheir ueoiid diSerenm, by 
HirninE the uiuil proces!, and recom pound! Hf thdr aepaciie elemcnu. Thui 
the (ine> of a — ■ , and a being ■lieadg' known, iheir second and doceudiiif 
^Sercnie, >■ it i* Ihm derived frDin the line or A, will combine 10 liHla the sui-- 
eveding line of a + ». which i.— Suet. ■^a+ («« a — .h (a — «1) + 
*iiiA." .Novf llie diameter beine 6870, and taking e25fotlhe choid of22i', 

wc haxe — ^ ^ " '*'^ nearly — twite the »ened iine, this is = ,), of Iha 

ndiiii, and in lhe con«(anl muliiplicr of ihefinej bulaiSSS diFfeis but liille from 
833, lhe fraction tI, iiBHumedfor the miiiliplier, or SSS for the divisor. 

Mr. Lidif ralli this "an etegani aiid Tery ingeniuns mode of formir.^ iha 
■ppioxitnale line* :" bat hit inlipaihy la the Bramini appeao au inveieiale, tlwl 
h* will n-H on any accouLiI allow Ibem lo lie lhe intenlon ; yet lie i» not able M 
ducoveraDy auih'U frooi whuEn ihey could luie obidioed ihc iaCortnaUiKi. 
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How i( appears from the process that each column of d'lf- 
lerenccs is a rtcurring leries : and thai any sine is equal to the 
aaoi of all ihc preceding differences ; thus Ea4 t- aaa f 1 + a 
— 449;-~— 224 + 22a-hai9 + i +a+3 = 67i,&c. And 
when <he table ts extended tu 24 arcs the sum is 3438 the itas 
of oo^or half the diameter. 

If that part of the quadrant whose sine is required be denoted 
by n (ihe quadrant being divided into 24 equal paits) then the 
whole sum of the 24 terms of the two seiies oi differences being 
^ iD (D ^ the diam.J the sum of n terini of the scries will be 

-^ — ; — -^ — ri X iD nearly, the sine of the arc which it 

-U4— «) ' ' 

f the quadrant ; and its double or -^ — -, 2__ x O 

^ " 4» + (84— oi' 

C the chord of twice that arc. 
But if the circumference be denoted by 96 (^ c) then ■ 
1 represent the arc itself, and the expression for the chord 



X 40 . 



d denominator by 4 givei 



X 4D ; and multiplying both numera- 
{c- 



ic»— tc- 



X 40, which 



is the proposed theorem when a is put for the arc an. 

It may, however, be remarked thai the theorem brings out 
chords too great when thearcs are sm^l ; and too little when 
ley are about I of the circumference. 



QUESTION 373. ty Z. 

Find what conditions must have place amon^ the coefficien(^ 
f x' — px* ^- gx — r ■= o, that the roots may be in harmoni> 
ij progression^ and find those roots. 
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First Solution, by Mr. John Wallace, R. M- Cclkge, 

Let d, h, c be the roois of the proposed equaiion. Then, by 
the theory ol equations, we have 

a + i + c = /j, ab -\-ac-\- be —q. abc — r. 
But since hy the conditions of the question a, b, c arc in har- 
monical progression, so th^t a i c '.: a — b \ b — c; \\ is (Lv\m 
dent that A^-f-^c — 20^1 and therefore we have 

(fib + ic + ac) it. b — "^abc, that is bq — gr ; wherefore 

*= 3:. 

? 

Again, from the equation ab -\- be ~ zac, we ohtain gar = 
ab ■\- be -\- ac = q ; oi ac = iq. But the equaiion ab + be =^ 
sac gives also 

Substituting therefore for a + i + c, for b and for ac iheir 
respective values, wc obtain 

9?'- 
and this equation expresses the relation which miisC subsist among 
the coetBcicnts of the given equation, in order that the roots may > 
be in harmonica! progression. 
. One of the roots of ilie equation has already been found, 

namely b = ~ ', and from the equations a {- c =: p — 6 = 
* — — and ac = \q wc obtain the other two roots, 

Secosd Solution, by A 

Let u, V and w be the roots required. 
^y the naure of hartnonical progrcsiion, 

or an — uw = uto — vw (i) 

and by the nature of equations 

u 4- K + a) = p (2) 

B61 + BW + fOf = q (3) 

aviu =. r (4J 



, Bo nie quern ly tt-\-to — ' 
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From ihcsc equations wc have to detcimine the values nfu, 
# and la; and the relation between the coefficients^, ^aad r. 
From equation (1), [u + zij)v = iuw, 
and from equation (3J, (a + w]v = q — uw. 

Therefore 2ua = a — kiu, or uw = — ; 
^ 3 

and by equation (4) uvm =. r — *— i therefore ir = ^ , and 



i, and M + » = -^. 
3 9*" 



We have now the two equations i 
nd from the^e we immediately find 

"^ - 97 ~ ^ /(f* — ''7?'^)- 

These values of u, v, and i^ being substituted in equation (3) 
Weget 

-2—+— =0, for the relation of the cocfliclenls. 



IV. QUESTION 374, i/ Julius. 



Exponential equations of the form x —a, maybe divided 

into three classes, viz. tbuse having only one real root, those 

having two real roots, and those which liave no real root : It ii 

I required to point out the limits; and, in the c^se of two real 

I roots, to shew what functions they are of each other P 

First Solution, ty Julius, the Proposer. 

rJ' 

Ilis obvious in the first place, that if ii> I, the equation can 
nvc but one real root, lor let *' = a, a being > 1 , then -v 
I'tnust also be > 1 ; and 

put this in the form x x log x = log a, 

if possible let also x' V. log ;tr' — log a, 

IVherc also x' must be greater than i, but this is impossible, for 

■ if x'>*, then logjr'> log *, and consequently the product 

■ «f the two latter cannot be equal to the product of the two 

■ feimer, Snd (he same may be shewn to be true, if we suppose 
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x' < X. Since then x" can be neither greater nor less than a*, , 
it muK be equal to it, that is, the equation can have but ons 
root when a is > i. 

Again, if we find that value of * which gives x* a minimum, 
we fliiall have x = nat. num. lo hyp. log. of — i = '36788 
which gives a ~ '692 «, therefore when a ii less than -figaa the 
equation has no real rooi ; but if a he > "6922 and < 1 ; it will 
have two real roots, the relation of which to each other may be 
found as follows : 

Lei X and rjr be the two roots, so that {xr]" =: x' ; then x' K 

r^ = X, or jc' — • / r'' = 1 , or a' — 1 — — , or ;i; = , 



or jr = r'"' . Whence* being first found, rmaybedetemiinctfj 
alto lince x and rx are the two roots, and since 
we have rx — r^~' . 

So that the roots arc to each olher as r' — ' to r 



^^^ 



Secohd Solution, hy Mr. W. Wallace, R- M. College, 

Let DBF be a logarithmic curve, of which ea is the axis, 
and AB the ordinate that represents unity. In either ot the 
angles which this line makes 
with the axis describe a rect- 
angle ACDE. Draw the di- 
agonal EC through the other 
two angles : and if the points 
C and A are on the same side 
of the cuive, this line may 
either pass entirely on one 
side of the curve, or may touch 
it, or may cut it in two points, 
because the curve is concave 
alloneway: but if c and a are — -- « 

on opposite sides, the line will cut the curve in one point only. 
Let us suppose that in the former case the line cuts the curve 
in F and f'; from cither of these points draw the ordinate FCj 
and by the nature of the curve. 




:Iag - 



Tlog '■ 



>08 TZ- 
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But by si 



lilar 



Irianglet 



£A : EC ;: AC : cp :; — : i, 

GF 

.Therefore, log — : loir ^ :: ^ : i, 

^ , AC , AC _ , AC 
-Wd — X log — = Jog — ; 

CF " GP * AB ' 

Now AB being =: i, let AC = a, and — = x, the above 

eqiutioD then becoinei 

* / log * = log a 
and therefore, x» = a. 
Hence we have this construction to Gndthc value or valuei 
of X ill ilic e(]tiation x^ =z a. 

.1. Make AC —a, and describe the rec'angle acde, so that 
D the anglu opposite to a may be on the curve- 

fi. Draw the diagonal EC, and produce it, if necessary, lo 

eet the curve in two points i, f', or one point f. Draw the 

firdinaies FC, to' (supposing (bat there arc two intersections) 

aai the values oF a- will be jtr = -, x' = -r-7- 

FC F'c' 

If AC = a is oi such a magnitude that the line EC just touches 
lie curve there will be only one solution, and it a be less, the 
irohlera will be impossible. When F.cf is a tangent, then eo 
■ill be the suhtangent; this, in every logarithmic curve, is the 
lojulut oi the system ot logarithms; or it is the logarithm of 
= 8*7 the radical number in Napier's system. Since, 

I this case, EO = log e, and since also, eg = log — = 

loB ——t it follows that —- ~ e, and x = = - and the 

"a a CF e 

itnimum value of a = x' ^ [— J = — . 

f 
The corresponding value of the ordinate CFis- = € "J. 

Suppose now a to begin with the value e ' , and afterwards 
9 increase, the ordinate cf will at firithava one value, viz. 



e ', and afterwards will liave two, one increasing and anoiFcF 
decreasing; corresponding to ihesc, x wiil begin with the single 

value -, and tben will have two, one decreasing and another in- 
creasing: when a has increased to i, one valueof the ordinate 
will be = AB= 1 and the other infinite, the corresponding va- 

lue>of ;i:will be — = i and — = o. 
1 <» 

Let us now suppose that a increases beyond ab = i, theo 
there will only be one intersection, and one value of ihc ordi- 
nate, therefore for every value of a greater than i, x will have 
a single value which will go on increasing continually, to in- 
finity, ax X increases, as is suthciently evident Irom the nature 
of the function x'^. 

V. QUESTION 375. 6y Mt.Cvhi.it rE, R. M. College. 

It is required to find two sueh rational fractions, that the 
cube of either bein^ added to the square of the other, shall make 
iFie same sum ; and furthermore, that their euKi and sum of their 
squares may both be square numbers. 

Solution, by Mr, Cunliffe, theProposer. 

Let the two fractions be denoted by and — —; for the 

' X + y X +y 

sum of these is, " ' " ■ -^ ^' = a* = asquaie. And the sum of 

which will evidently be a square, 

when jt* + y* is a sqt 

Again, by the question, the cube of either of the Fractions, 
being added to the square of the othei must make the same si^m, 

that i 




[x + y)^ 

easily reduces to a*(^» — y') = (x -f ^) (Jt* — y'), whence 
^, ^ ix + rUx^-f) ^ (^4-y)- ^^^ ^^^^^j^^ ^, 

x'—y' x' + xy-{-y ^ 

xy + y' must be a square. 
The question has, therefore, been reduced to the finding of 
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I such valuei of jir and y as will make *' + y* and x* -I- *j + >' 
J both raiional ai]uares. 

In the solution of Question 33a, No. XIV. of the Reposi- 
f tory, it lias been found that 24 1 j and 1768 are such values of x 
I and y as will make the expressions at' + j' and *' + a^ f f, 
\ .both rational squares ; whence and from what has been deduced 

= — i— ; ; — I = , c ,. ; ana hence — ; — — 

X -^ xy -V y (3637)' X ^-y 

|> «^I5 X 4183 _ 10101945 ^^j a'y _ 1768 X 4183 

(3637)' 13827769' x+y (3637)' 

t V^ - ^ -- V - , are two fractionj that will answer the question, 
I *3««7769 ^ 



VI. QUESTION 376, 6y Mr. Cunliffe. 

Find the equation of the curve which is the locus of the in- 
. tcneciion of the diagonals of a trapezium whose sides are given 
'n len^h, and one of the sides given by position. 

Solution, iy Mr. Cumuffe, lAe Proposer. 

Let ACDB be a trapezium, all the sides of which are given in 
length, and let the side- ab be also 
given by position. Draw the diagonals 

AD, Bc imerseciing each other in i, " 

and draw CG, iL, and DEal right an- 
gles to AB ; also draw CF parallel to 
AB, meeting ue in r. 

Put AB = a, AC = i, CD = C, DB 

= rf, AL = X, IL — y, AC = z, and 

ienCG= -/(i'-i*), DE = )/(d'—v'\c-l-GZ 
, and DF =: DE — ef — y'C^'— u')— •/[h'—z*)i 
' and cp' + »f' = CD*, that is 

(a+ii— i)' + \ v'(<''— "')— V(*'-2') 5'='' ("»)• 

Because of the parallels li, de: 



; AB : ED = - 



AL: LI 

Alio, becauseof the parallels li,cc; 

LI X BG y{a — 
.L:Li :: BG : cc = -^^— = ^^-^ 
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: ^(J'-J'). 
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by means of which equation [a) becomes 



_ yja+v] __ y(a—*1 , 



: ^{d'-v'l 



^egefc 



x/J^V — vMfl'-^jj— a 



' * and from the equatioi 



>(»-') 



= \f(i' ■ 



. we ger 



_ »/ - (. - r) • S <'(a -»)■ - y (a' - f I g , 

l« -.»)•+>■ 

■nd iheie being written for v and z in equation (i) there will 
result an equation in terms of x and y and given quantitiet, 
which will be the required equation of the locus oi i. TJ» 
general equation ot the curve will be complex, as is obvious ffomi 
what has been done. 

When a =.b — d, then 



*• I (/*«' — /(a*- d*) J 



^ay 



a-/(» 






-, and 



■tr 



+ / — {a—xfAry" 

I rcspectiveiy for v and z in equation (5), 

n an equation ol the curve. But even in this caGe. 

s of X and y, in the resulting equation, are high and 



which being 
we shall obia 
the dimeiisioi 
complex. 

In the particular case where the opposite sides of the trapezium. 
are equal ; lliat is, when tlic trapezium is a parallelogram, if 
locus of the iiiterseciion of the diagonals will be a circl 
having its centre in the middle of the side which is given bjr 
position; and its diameter equal to one of the other two parallel 
tides. 

For let ACDB be a parallelogram : the 
diagonals ad, bc bisect each other in i, 
asis very well known. Draw im parallel 
to AC; then m ii the middle of AB, and 
Ml — 4^4C; wherefore the locus of I, will *, '^' 
be a circle whose centre is m, and radius mi = ^ac. 



< 9> > 



I 



I 



*'Vn. QUESTION 377, ty Mr.CusLltiz. 

What is the relation of the diameters of the ihree circles, pasi- 
r in^ through the extremities o\ the sides, and point of intersection 
rof the perpendicuUrs from the angles upon the sides uf a plane 
-mngle ? 

First Solution, 6y a Ladv. 

Let ABC be the triangle, a the point of intersection of the pcr- 
[ pendicutars From (he angles tipon the sides, and ceb, CCA, afs 
the circles passing 
through D and the ex- 
tremities of the sides, 
Draur the diameters 
D£, Dt*, DC, and join 

SB, BF, FA, AG, GC, 

ince DUE is in a 
semicircle it is a tight 
angle; for the same 
reason u b f is a right 
angle I ibereforf edf 
is a straight line: and 
in like manner it may 
be shown that ce, cf 
uc straight lines. 

Now it is evident thaithetriangle! BA&, BCi; are similar, lor the 
angles i and t are tight angles and b is common to both, therefore 
the angle BCe is equal to ba^. But nee or BCD is equal to 
BBD being in the same segment, for thai reason also dab = 
DFB; hence DFB = DEB and DB ~ DP. In the same way it 
easily appears that df = dc, hence we haue be = DF = DG; 
and thus the ratio of the diameters 1^ that of equality. 

Second Solution, iy Mr. Cunliffe, fke Proposer, 

Let ACB be a plane triangle 
circumscribed by a circle; ae, 
BF, and CD perpendiculars from the 
angles upon the opposite sides ; 
These perpendiculars will intersect 
each other in the same point I, as is 
very well known. 

Produce CD to meet the circum- 
ference of the circle again in K, and 
join AK, an. The angle bcd(bck) 

M 2 





= jiAE (OAi) being both complcmrnts of abe. Also tlie angle , 
BAK (dak) = bck, as both angles stand upon ilie same arc bk,; 
therefore the angle DAI — ihe angle DAK, whence di = DK, 
Wherefore the triangle AiB is equal and similar to ihc triangle 
Akb; and therefore the circle circumscribing the triangle Aift-^ 
will be equal to the circle circumscribing ihe triangle akb, that' 
is, equal lo the circle circumscribing the triangle acb. 

And by producing the perpendiculars bf, AE, till ihey meet, 
the circle again in the points G and H, and drawing ac, cc ; BH, 
■HC.we may, in the same manner, exactly, prove, that ihe triangle*'' 
AiC, BlC are respectively equal to the triangles acc, and b»c^ 
and consequently, the circles circumscribing these triangles a^' 
each eqitnl to ihe circle circnmsciihing ihe triangle ACB. ' , 

Thereloie ihe three circles passing through the exiremities of'' 
the sides, and the point ol intersecuon of the perpendicular! 
Irom the angles upon the sides, .of any plane triangle, ^n'' 
equal lo each other, and each equal to the circle circumscnbiii^| 
(he triangle. 

VIII. QUESTION 378, byMr.CvsLiFTt. 



Given the base, line from the vertical an 
of tile base, and the line bisecting the vertical 
n the base. 



e to the middltf 
ingle and 



nating in the base, to construct the plane triangle. 

SoLOTiO.v, iy Mr. Cunliffe, the Proposer. ' 

Let ACB represent the required triangle circumscribed by a 
circle, EF being a diameier bisecting the base ab in M : dravr' 
ZC, ctiiting AH in □; also draw itn 
perpendicular 10 ei-. By the known 
properly of ihe circle DC x de — 

DC / (Dn + E«) = AD X DB = 
JAM + MD) /(AM — MD) = AM* — 

md'; whence dc x fvn + En) + 
MD' — am'. Again, by a well known 
propeny of triangles, dc* -t- Mu* 4. 
■ DC / DM =: Mc*; whence aoc x 
»« + Mi)* = MC* — Dc'; and the dif- 
leience of the two preceding results is 

DC /. (EB — vn) — AM* + CD' — MC*, and hence sn — db 
Lectinics known, because am, mt and cd arc all given by the 
question. Now !e! the difference of E» and nn be denoted by r. J 
tliatis in — Dn= L ; whence En + DB=:nE=3 l !- edu. 
Per similar triangles MD i Dn :: QE : md, whsnce md* = 
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DK X Di, and this being written for md", in t!ie property 
DC X DE+ Md' — AM , before deduced, that properly .b&- " 
comes DC / de + Dn x ds = (dc + Dn) / Dt = am , and 
here again for de writing its equal l + son, the last expression 
becomes (DC (- on) / (l -1- ficn) = am', which is an ob- 
>iou» and easy case of the determinate section, from whence on 
may be found; and coiuequemty En — l + 2DB, is given or 
luiown : Now d« and F.n being known, the ri^bt-angled tri- 
angle EMD it entirely known. Wherefore having formed thii 
triangle, produce ED tilt dc is equal to the given line bisecting 
ihe vertical angle; join Ac bc, and acb witl be the required 
triangle, as is evident from the analysis, 

The following property, deduced in the foregoing solution, 
de»erves to be noticed: viz. 

;b is a triangle circumscribed by a circle, E F being a dia- 
meter bisecting the base AB in m; draw the chord £C, cutting 
AB in B, and draw Mn perpendicular to zc; then en x db 
r: am". For we have loutid [DC + Dn) X DE = C« X DI 



IX. QUESTION 379. i> Pa LABA. 

Given that the distance of (he centre of gravity of an area 
frotn its vertex is an nth part of the abscissa, to find the distance 
if the centre of gravity of the solid generated by the same area 
evolving round its a;fis. 

Solution, iy Pa lab a, theProposer. 
By hypothesis-'^ ," = - .: /yxi = -/>'* 
..•. yxi= '-Jyi + —^ ■■■ ^yi - ifyi + yxx 
X {n — i)xy=Jyn .'. [n — i) x} -\- {n — i) yi = yi 
i.:{n 

a — 



)xy = {a — n)yi .; xy = ^^77. >« 



.\/xyy=: - 



'f^- 

^;/--?-/^ 
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•■• />'* = jEjt ■ y^^' 

.. . a — n ,,. B — «/", 

Agaui a;/ = ^—^ , j« .-. fxyy = 1^^—^^J -»' ' 

X. QUESTION 380, *yPALABA. 

Find tlie distance from the vertex of the cenite of gravity I 
of the area of the catenaria without the aid of logarithms; 

Solution, i> Palaba, the Prapoter, 



The distance required — 



Jjlt 



In this curve xy =. a*, also z'^ 2. 
ax _ XX XX . ax 

•■■'= T+ r-'T = '=-T^ 

axi 



i—y. 



Now Ihe/yxi = 

Bui /xy = /x.xy =/x .— = /ax (i —}) = j/Ji _ 

.-./,«= ^+ -J.,- -J XX. ^ 

Again yjtz = xz — Jzx ~ xs — / — — — xz — 
- ('[■a.axy + x'y) - xz — afxy — - fx'y, 

-••//'^ = ^ + !/'> - ^' +«Ar + LAV 



c m » 



BMfi'f -. 



y — s/yxi. 



"r ■ ^V " 






1} —fyri 



■('->)■ 



A\iofyx = xy — 'Jry z= xy — az -\- ay 






= i. 



-axz ^ 3a 'z — 3oy 
a:^ — az + o^ 
- £ Jz + _ afz— v) 



= by divIsioB 



XL QUESTION j 



, hy Pal A 



Hie equation to ihe lemniscaia being fi' + y')' = «* — y 
£ad iig area contained between ihe values oi x - q and = i. 



First Solution, by a Ladv. 

I^ op-A be ihe lemniscaia, c Jrs centrev ca its semi-axis, 
■*oA ta an ordinate : then cb = 
X, PB =: y; join cp and put r 
for (he variable radius CP, unity 
for the semi-axis ca, then the 
equation (,t' + y*)* = x^ — j* 
becomes r*= ^/(.i'* — y*). Put 
p for the variable angle pca, 

then because x =z r cos ((, y =t sin f, the equation to the 
Icmniscata becomes r ^ v''(co*' ? — *'"' ^'' ^"^ *''' ^ 



^S^O^* 



p cos f sin <p 



and dx ^ dr c 



- rdf sis f , and by 



v'(cos-^— sin'?) 
substituting in the latter for r and ^r we 6nd 

. - . ■ » 1 ^'fp cos* ffl sin o 

dx =~dp sm p v-icos^ip — sm»$}— ^^cot^^ — ^in^) ' 

and in the same manner the equation y = r nin 9 becomes 
J7r=s!ti ipv'(co»' $ — sin'?). Hence, if wc gubsiiiuie these va- 

H lues of y and fix m/ydx, which is the general expression for 

^k areas, we huve 

H /yi^J,- = /i/f sin* ? — 3/rfp sin* f cos' $ . 
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But it is evident that 

Jdi} sin* ^ ^zj[dp sin p) sin*(p 

= — co8psin'^ + j/(/^cos'$sin*p. 
Therefore we have 

f'idx =rc— cos?i sin'f. 
Now since *' f y*=:r' and «'— y' =r*, it is evident that 

Hence, by substiiution, we find 

area=/i,<^x = c— J(i -O %/(i— r*). 
When X = o, we have also r ^ o, and ihereforc 
area = c — J : 
when T ^ AC = 1, then angle ? Vanishes and r becomes equal 
to AC or 1 ; hence we have 

area = c — o. 
Taking therefore the integral between the proposed limits 
X z^ 3ndx=^i, we hnd the area of half one of the ovals 
equal to {. 

Second Solution, hy Palaba, the Propostr, 

Assume a;' 4- y' =^ o* .*. a?* — J* = w* 

Wi + fl^) 



/a 



/2 



"/aV(» l-O 



pt>(i+a[i')v^(i— p*) PI' ( I f a 11*1 f 1 



" e/(«— !/•) V(^* — i-'J 



■. Area=:C— 1/(1— i'*) + iv'(E^— i'')=c — 



(■-i'')/(i-t/*) . 



o r= c — I 



(i-t/')^/(i— p*) 



:^ |, when*^ r. 



Hence it appears that the area of both ovals equals the square 
described on the semi-axis of the equilateral hyperbola. 

XII. QUESTION 382, *> Palaba. 

Dciermine ihat point in a curve whose equation is a"*" X — y" 
to which a line must he drawn from the vertex making the 
greatest angle with the curve. 



First Soldtion, by a Lady. , 

Let APC be' ihc curve, A the vertex, ab the line of x'% 
whose origin is at a, and 
po that of .the y's. From 
V draw the tangent Pt to 
meet ihf axis au produced 
in T. Join ap. The angle 
APT must be a maximum. 

Let the angle had :;: m 
and I'TD =; p, (hen pad — 
Ptd — tpa — m — p; 

therefore tan tpa =^ 




■ = - and tan p = —-, and by s 



these, we have tan tpa 



ydx — Tdjf 



. Now y" : 



xdx + ydy 
being the equation of the curve, we End x = ■- ~ — and dx = 



maximum. 



(n— i)a V 
UnTPA= L '^ =; 

ny + a 

By taking the differential of this expression, and reducing, 

we obtain 



!b — a 



'B~J 



- Consequently, y '= - 



,and X 



Let n = 2, then j' = ax, the equation to the common para- 
bola, and V ^ , X z=. -■ In this case x = i the pi* 

ramcter. 

Second Solution, by Palaba, ike Proposer. 

Let r be the required point, to which ad, dp are the «- 
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ordinates. By trigonometry. 



PD (y) : 



'm- 



: tan i tpd = - 



Similarly, tan ^ apd =: - 



Therefore tan ^ tpa : 




.(,-. 



,,_fc3ih 



Xni. QUESTION 383, iy Palaba. 

Two cylinder! of equal diameters and altitudes open at llie 
top, are filled with water, and one of tliem is placed upon ihe 
other. A small orifice being made in the base of each, it is 
required 10 ascertain the lime in which the lower cylinder will 
be completely emptied. 

Solution, fy Palaba, the Proposer. 

Let r := radius of the base, h — altitude, a = area of orifice, 
X and z ^ alttiudci of the surface* of the fluid in ihs lower 



and upper cylinder*, when the time, /, U elapsed ; g = ^St feet- 
Then the velocity at ihe orifice being that due to half the depth, 
"l''!,?^) and fl^/(^^) aie (he (juantitiei respectively discharge^ 
per second through ihe two orifices, .•. a</g . ( \/x — v''*) ■ ' = 
quantity by which the surface in the lower cylinder descends in 
the time [t) ; 



but / = — 
I 






/x • 






Aiaumc x — vz .: x = vz + zv .: by lufastitution 
»' . (t/z + zv) = »*2*i — z*i .'.ti + zv = i/*i — £ 



.*. (o— /i/H)zHy- 



V — \rv-^ 



zo; letw— fz 



, u — /i/ f 1 = / + i and 11 = ey (y + I) 



,,Un-?i^ = con.t. 
or Li + L(t( — y'v+t) - 
or l\x — v[xz)^z\- 
and lA - 



-7-. Arc.rad i. tan — . {ifi—l\- 
• 3 V3 



' ^3 

Arc 30° - 



^"•-f,Kl/-il = - 



■-('-^^^^0^V3l^-'"°7i-'(S'-*|-A"3o1 



l«.=o, .-.1(1)1-^. Arc 6o'>=0 

.•• L (j) + a9 = o .-. 1 = * , «- 
der is tm^ty. 

Now the lime of emptying a cylinder, (rad =r) = 

••• The whole time required = ^ ~ . {. 



when the upper cylin. 
2«r* 



-V^ 



• all. 



XIV. QUESTION 384, by Palaba. 

Find the equation of the curve of which ihis ia the property ; 
if from a Rxed point in ihe axis a perpendicular be drawn to tt, 
and proiioccd to meet a tangent to any point in the curve, the 
lengthof this perpendicular and tangent logether, shall be double 
(he length ot the curve between the vertex and the point from 
which the tangent was drawn. 

First Solution, ^^ Palaba, the Proposer, 

Constructing the figure, let 
8A — a, BC ~ X, cp — y, AP 

^ 2 ; then bo = ~ — x\ 

y 
therefore, from similar triangles, o 

BT = y — -^. 

. . r . Wi Vi >■* 

Agam, from sim. As, ^ : X :'. . - : pt = — . 

y y X - 

■*> . *^ in- , ■ ■ 

- ^~ -" ^ 22 ; lake fluxions making * constant, 

S]i xz 






.■.-a + 



'<y'j 



•(it/i 



:iv'(i+/).-. 



'_ I r — 



t + L . (^ + V(l + P'lj — L . 1/(1 +f') = < 



or L . ar + L . ( I f 



^( 



U 



c: now — ~ — ~ 



tan Z. OPC — o, when x z 
L , as. 

.-. L.X+L. (1 + 



L,a-\-L,2 = C.'. CZ 



/( 

'7^^ 






\/(>+o" 



( lOl 1 




iai — xi 


" V(X~a)' 


*--y - — ^ . (4« — J") ■ Vi* - a). ^■l>i«^^ wants no cor- 


rection. 


(Bbcond Solution, ^f Air. W. Wallace, R. M. College. 


Let BPC be the curve, 
A the fixed or given 
■poim in the axis, af 
the perpendicular, *' 
and PD a langent at 
any point p. meeting 
the perpendicular in ^ 
». Le. PQ beany ^ 


B a point ill which it meets the aitii. 


^^— Jl_:^L 


ordinate, and dh a 
perpendicular from 
■ js to rsj. 


^ **^ "^^^sr 1 


Put ab = n, bq =r X, pq = y, arch bp = :. 
By the theory of curves, 
'<** : <<y :: DH = a + X : PU; also dx : iz ;: dh : DP, 

Hence ph = ^(=i + ^),pd = ^ (<» + *).ad=>- g(a+x> 


Now, by the question, pd |- AD = ez ; therefore 


Pu.^=*.„d,= |,..„dbec.„„g=^(. + ^). 


therefore y = vTi +^*) 

«iiluted in the foregoing e 

y + [a + a:){7 

Hence, takingthe llux 

dij V [a 1- j:) (</? 

In this Cfjuaiion, subsii 

aTtcr reduction, it bccom 

(a l-^)( 

dx da 

and hence, — -^ = j- 


; the letters p and ^ being now sub- 

quatian, il becomes 

— p) = 2Z (a) 


ons. we get. 

— (//!)+ (9 ~p] dx = zdz. 
ute pdx for rfy and qdx for rfz, then, 

dg—dp) =zqdx; 

dp dq dp 


q — q V{x^-pr 


^^^^^^^^^^^^^^ 





( >•« ) 

This cijuation by integration gives 
log[a + x) = logV(>+^') — log J p y^^[l+p*)\ +logf» 



M^+^'L 



. .(B). 



To determine the value of the arbitrary quaniity c, we muib 
recur to equation (a), anti observing that x, y and z begin to> 
geibcr, it there appears that when x, and consequently y and • 
are each — o, then a[q — *) = o, or y = /(i 4 ^') — ^i 
hence, !+/>'=: /»', which shews, that when x = o, then^ w- 

inSnite: and in this case, equation (b) becomes a = — 

hence c = 2a, and the adjusted equation ts 
flflV'(i +p^] 



* _ v^li +/■'! — p 

From this equation, there results 



from which 



and hence again, 

a—x 
^— a^iax) 
dy 
■ dx 



— — i/xdx t 
■Hi 




Js=- 

and takiBg the fluents, so that X and y may begin together, w« 
End 

and, after proper reduction, 

9"/ =x[3a — x)\ 

This is the equation of ihc curve, which appears to be 
parabolic line of the third order, the 6Sth species according 10 
Newton 

To investigate a geometrical construction for any point in th4 
curve, let us take Bc — ^a a = ^a, ihcn eg :^ ga — f, and tbB 
equation of tlit; curve gives 

3RC X rq* = BQ X ftcN 

Draw CF, producing it to meet bl a perpendicular to BC in 



K, and draw iti perpendicular to CK, meeting ab in t ; then, 
by limilar triangles and the property of a right-angled triangle, 
CQ* : Qp' : ; ck' : ki' :: ca : Bi. 
But, by tbc equation of the curve, 

CQ* : Qp' : : 3BC : bq : : Bc : ^bq, 
rticrefore Bq = 3BI, also CQ =. 3AI. Thii property indicttei 
an easy method of finding the point in which any ordinate P(j 
meets the curve, namely, by taking bi = ^bq, and describing 
circle on ic a« a diameter, to meet bl in k ; a straight line 
drawn from c to k will manifestly pass through p the top o£ 
tbc ordinate. 

dx(a — x) 
2i/iax] * 

hence dz = ^/(Jx* + df) - ''^f" — ^' 



We have found that dy : 



and 



adx 



9v/(fll) ' 



y + 1 = n v'('"*). 
cates all elegant properly of tlie curve. 



XV. QUESTION 385, t/PALABA. 



r anil 



If the sine of incidence : sine of refraction :; 
r' the radii of the surfaces, and t, its thickness, the dis: 
(/)of I he principal focus from the focal centre may be ttc- 
taratefy determined from this expression, 

ftequired the investigation. 

Solution, hy Palaba, thi Proposer. 

Let A B be the lens whose axis is t-b and centre e, r and r the 
centres of its surfaces, MS.ftfl, pn a pencil of parallel rays mci- 
dent upon it, of which Q_abt) passes through the centre ; m and n 
the focal centres, also let P n be that ray which is incident perpen- 
dicularly on surface A. Take nv : RV :: 1 : n, and v is the 
focus alter the first refraction. Join vr meeting the surface A 
in a and ihc line ta in c, then g is the focus of emergent rays 
^|»ee Wood's Optics, 3rd Ed.). Then. Irom similar triangles, 
^nr;RV ;; nr : »c the distance of the principal focus from 




the focal centre. Then .*. NV : HV ; : i : n, r : kv ; : i— 
: B .". RV = , and from ist proper, r + r'-^t : n 

^-— ^ :; En + Er (nr) : «c = ^— -^ . :^r^—t ' t^"*"'* 
now £B r: ■ — ; (Wood's Optici) .■. zr =: rs — £b = r*— . 

— ^ = — ^ . {r + r* — 0- Also, if t, in ihc figure be 

the principal focus of parallel rays after ihe first refraction and 
inciileni on surface a. El : Er y. eb : En (Wood's Opiics), or 
/B — EB : EB : : et : eh .■. fa — eb : (a : : Er : En + Er, 

thai is. r^ — -r~> ■■ T~ = = r-f-7 • {>■ + r' — t) 



r + r' ■ 1 — B 



-{>■ 



no (/) = 



•■•7=-7^•^-^F-^"■'^ e-^-^- 

Cor. If A R be a sphere, e is its centre, and m and n co- 
incide with it, and r ~ r' = ~ .'. -t- -■ . 



lf-'^^( 



■•/= 



2U-») 



( J0{ ) 

which is the expression usually deduced for the local length 
oF a spheri;. 

XVI. QUESTION 386. by Palaba. 

A prismatic vessel, of given dimensions, wiih its sides vertical, 
is filled widi water; there aie two given and equal oriRces, one 
at the bottom, the other bisecting the altimde ; required the time 
of emptying the upper hall, supposing both oritices (o be opened 
at the same imtant P 

Solution, iyPALABA, the Proposer. 

Let A = the semi-aliiiiide of the vessel, i =; the ahimde ot 
the surface from the middle orifice when the time, /, is elapsed, 
« rr area of orifice, r = radius of the bas;, g — 32J feel. 
Then a\/g . ^x and a-/g . -/{k + x) are quantiliei respec- 
tively discharged per second through the middle and bottoia 
orifices : 



flv'g.{/x + ^{h-^x\).t~ - 



~ aaAv'g 
.*, The time required :^ \/ - 



{hy^V 



aVg 



' ~W^ g' 



XVII. QUESTION 387. *;rpALABA. 

TB, BC are the subtangent and ordinate of a curve whose 
▼enex is a, and ihe tangent of the angle TCa is to the langent 
of the angle acb in a given ratio. Wha is the nature of the 
curve? 
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-I tds y 

Solution, by Palaba, Iht Proposer, 
Ajsuidc ab = X, BC = y .-. bt = — and y : ^ 



From the nature of the quesiio 
i X 

7 y f .. 



1 4-;^ — 



» y 




** + sr ny 

or Tiy'i — «ary^ = t'x + ary^, 
or ny'x = I'i + (n + i) ^y^. 
Assume y=: r>r .: y:=vx + xv .: by substitution 
rtD*iB'i:=x'je + (n + i) .vx' . (fi + xi/) 
of nv^i—i + {n + i) (&** + j;w/] 
.'. * + fV + {n + i)xfw = o, oxx(l + »■) + ('*+ OxfZJ =: © 
... !L -I- („ -1- 1} — ^ = o .-.Lj; + ~^ i.|i fi/'J = tf» 

or LI . (I + V*) * = Lc. » . (i + »•) ■* =: c 



, 1 + i/' = ■ 



J.+ I 



L 



.-. y» = c" + ' a:" + ' - *» = («")"+ > - i*. 

Ifii=:i, the curve ig a circle, which wc know to be the case 
froin the principles of geometry. 

XVIII. QUESTION 388, ty Mr. T. S. Evans. 

The most expeditious method of determining the Uiitudr 
appears to be, by ohictving a number of altitude* near the 
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lUeridian, with a repeating circle : and the following timple 
fonnula reduces (hem with great bcilicy to the meridian ttltltaaci 



: versin f X 



Required its investigation f 

SoLUTIO^, ty L. ' 

Let s^' be th= parallel of declination; then zs' is the me- 
tidional zeniih distance, and is equal to the difference between 
PZ and PS. 

By spnericai trigonometry (Simpson's Trig. p. sj.) 
versin F=i g^in^t'Si zs'l sin i(zs-zs'j 
sin PS sin f z ' 

p Ksin PS sinFz 




nzs i zs') 



therefore asin {(zs— z»'] = 

But the observations being made when the object is 
near the meridian, the difference of the zenith distances 
zsand zs' must ntcessanlv beimdll ; therefore, instead 
of 2 sin |(zi — zs' we m^y put sin (zs — zs'). and 
iniiead ot sin '[zs t- zs') the sine of zs; the above 
expression will then become 



sin (zs — zs') =: - 



, wbich is the for. 



nwla in the question ; or the sines of small arcs being nearly 
equal to the arcs themselves, we may, instead of the above, take 
ver sin p jC sin PS sin pz 



XIX. QUESTION 389, h G. V. 
Let a be an arc df a circle of which the radius is unity, tKea 



a* =5 X 48^ X 



^-{-cosa — 4 cot {a 
!37 — coso t- i24Cos^i 



nearly. 



Kequircd the proof P 

SoLUTiOH, iy Mr. W. Wallaci, R. H* College. 

Let t denote the tangent of an arc a, f, the tangent of its 
half, /, the tangent of its fourth and in general ', the tangent 
of its a'th pan. 

o « 



^» 
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1 


H 


B By tlje theory o( sines 




1 


^^^H 


1 


_ I 


u. 




^^H 


1 «-«?=(-i<g 


-r-*- 


4 




^ 


I T' = [¥i'J 


" (^' 


+ l-'t + 


'i- 


When (, is small, the 


terms -J- , 
4 


';k 


are small in 


respect of 


(he others, and then 








T» == (T7J 


- i „e„Iy. 






1 1 


(!',)■ 


+ 


1 nearly. 




Multiply the (ides of the first of theie 
the second by 3 and add the results, we 


then have 


by 4 and 


3 1- 4^' 
? — 

similarly, 

(■',)■ 


_ 3 + 4', 
~ (s',)* 

3 + 4'. 

- (4',r 




■4. 


g 


_ 


16' 

16" 


3 + 4',' 
14'.)* 

and so on indefinitely, 
sides of these equaiioni 
two suras, we get 


l8',i* 

Therefore addi 

and rejecting wl 


ng .he corresponding | 
at is common to the ■ 


3 + l'*_ ^IMC ^ 


4r6 + i 


+ 


TT- 


•*i- 


Suppose now n indefinitely great; 


n this oaic I. = 


0, 8'/. := 


= a-tan * = a, and the 


sum of the series 


which wil 


now con. 


tilt of an infinite number 


of terms, is 


5 ' 


we have then M 


.nd i = 


_ _3. _ 


L4 
'S 

'i 




J 


■Hl 








M 



( log ) 



Now /' = tan 




^- cos 4 A f , . 
^i— for cos' 3 tt , we have 



P 



a' 


— 


3 + 


C0S4A- 


-4 


rus2 


I ' 




= 


'37- 


- cos 4 A 


V- 


24 cc 


S2A 




■il3 


1- COS4A 


— 


4 cos 


BA) 


. 




4i(3 


f COS 4A 




4 cos 


2a1 



237- 

Now put - for A, and we at last get 
4 



wbich is the formula to be invest 



COSH -^ 1B4 cbs^* 
igated. 



XX. PRIZE QUESTION 390, by M. G r. 



Three circlei being given on the same plane ; if two exterior 
tamgents be drawn to one of ihcm and eacli of tlie other two, 
the line joining the intersections of the chords of contact will 
meet the first circle in two points, which are the points of con- 
tact of this circle with two other circles, one of which touches 

<lhe three given circles exteraally, and the other inttrnally. 

, Required the dctnonstration p 

Solution, by Mr. LowRY, R. M- College. 

let A, B and c be the centres of the three circles given by 
[position, and let tiicse letters also represent the circles llicin- 
I selves. Let two tangcpis be drawn externally to the circles A 
T-Viii B to meet in e, and two others to the circles a and c iti 
y meet in r : Let ks and ts be ihe chords of contact of the first 
' two, II4N and mn those of the latter; Let Its and mm intersect in 
P. and TS and mn in Q.and let fq be drawn to mee: the circle a 
J in O and o' : The proposition affirms that o is ilie point of con- 
^lact of the circle a with another circle which is touched ex- 
laliy by the three circles a, a and c ; and that o' is t!ic point 
' contact of the circle a with another circle which is touched 



internally by ibe three circles a, b and c. The fact ii, that 
if OB and of be drawn to mett ihe ciicles a and c in D and H 
respectively, the circle described thrcugh ibe three pointi o, i» 




and H win be louched at once, exiernaliy, by the three circlef 
A, B anrl C in theie points: or iTo'e and o'f be drawn to meet 
the circles b and C in d' and h', the circle described throurii 
the [hrce points o', d' and h' will be touched inicrnally by lbs 
three circles a, b and c in these points. 

To prove this, let oe meet ibc circles a and b again in w an4 
J, and ts\dv; also let of meet a and c in v and A, and mn in 
w, Ufdw da parallel lo ov and /il' to ow and join ao, nl> an^ 
DH. It is a well known' property of the point e ibat any 
(traight line drawn from it to meet the circles B and A, cuts oaf 
similar sigments from these circles ; therefore the segment ^D 
is similar to ihe segment ovw ; wheieforc the angle da 
equal (o the angle ovw ; and ado is equal to voW because ad 
is parallel lo vo, therefore aod is equal to vwo and conse- 
quently ao is parallel to vw. 

In the same manner it may be proved that h6 is parallel to 
vyf, because fv cms off similar segments from the circlei 
C and A. All therefore that is now necessary to be proveiJ. 
is, that DH is on the same straight line with an and Hb; for 
the lines Vw, ad and lil> will ihcn be parallel to dh, on anil 
OD, the lines which join the points of coniaci, and conse^ 
quently a circle described through O.oand h will touch ini^iese 
points ihe three circles a, b and c. Let two langenls be drawa 
to the circles b and C to meet in g ; then it is a well known pro-* 
pcrty that the three points e, r and c are in « straight line, and 



I 



( ..■ I 

' Aiat Bc if produced will pass through G. Draw ihe raJii ad, 
Ba, ck and CH. Because of ihe similar segmcms daa, ovw; 
hh» and owv, nd and ch are each parallel to the radius OA ; 
consecjuenily ad is paullel lo ck. 

But Cc : GH 1 : rad. C : rad. b :: cA : adi 
wherefore the points d, h and G are in a straight line. In the 
tame manner it may be proved that the points a, n and g arc 
in a straight line, because hb is parallel to hc, each being pa. 
lallel lo the radius va. Join ik and vw, and let the laiier be 
produced to meet ad in x. Because cij is parallel lo pk and w(j 
to ir, we have, by similar triangles, 

»o : OQ :: OK : op. 



vw is therefore parallel to ik, and consequently ad and ov arc 
■ milarly divided in the points x and i , and h A is also divided in 
e same manner in w, because vi ; oi ■: Uiu : kiA; 
wherefore m : xd :: hw : wh 
therefore the points r, w and c are in a straight line because it 
has been proved already that d, k and C arc in a straight line. 
Again let dz be drawn parallel to of, meeting vw in k. dk in 
1, and L.F in z, and produce adio meet ef in X< Because ax 
n parallel to vp and similarly divided, ax : xd :: ax : dK. 
(:: HF : Af) ; and by the property of tangents, de is harmoni- 
cally divided in the point-, e, rf, u and d, therefore nz, which 
, meets the straight lines i/C, do and eg, is also harmonica]]}' 
, 'divided, that is, 

uk : ki- •-: DZ : hi; 
\ and it has been shewn above, that 

ax : xd :: an : dx, 
rand by parallel lines 

hi. : hz :: xd ■ dx; 
therefore ak : dz :: ax : ax (:: HF : Ha") ; 
wherefore, because eg and xo arc siraiijht lines, the points 
a, D, H, G are also in a straight line ; consequently dh is paral. 
let to vw. 

In the same manner it may be proved that a circle described 
through the points o', d', h' will touch the three given circles. 
Cor, Wlien one of the circles a^ C vanishes to a point, the 
proposition in the question is still true: For if cg bc drawn 
parallel to the clmrd mn to meet the cboid rj in q, the line pg 
will pass [hrough o, and a circle described through the points 

to, D, C wtll touch the circles in o and d; or if described 
through o', d' and C will touch them in o' aud d'. Likewise 
if two of the circles as a and c be diminished to points, and 



^ 



KQ ^ti^ CQ be drawn parallel to tbe chords mn and vw (tlis 
paints E and F then coalescing with b and c) the line Pq 
will cut the circle in o and o', and a circle described throUf;h 
the points B ami C and either of ihc points O, will touch llie 
ciitle in that point. 'I'hc demonstrations for these two parti, 
cular cases are included in the general one. 

Second Solution. Taken /rom (he AnnaUs da 
Mat hemati quel. 

Let f, c', c" be the three given circles, 

c the circle that touches all the ihree, 
r, r', t" the radii of the given circles, 

R the radius of the touching circle, 
/, t't t" the points of 

'the centres of the given 
I common origin being the ccii' 

, B the co-ordinates of the centre of [he touching 
circle. 

ar, y the co-ordinates of the point (." 
To fix our ideas, wc shall suppose all the contacts lo be ex- 
terior, hcwever, by a proper chdoge in the signs, (he investigation 
will soil every case. , 

From the position of the lines and the hypothesis we have juat, 
madC] we get 

** + .V* = r"» (i) ^ 

[ A -«r + (B - i)' rz (R + r)' (2) 

(A — «r+(B— 6T=(R +^-1' (3) 

A» + a* = (R + 0* (4) 



<, ( , < [lie puiiiis 01 cuutaci, 
a a' a." ? '^e co-ordinaies ofll 
h 6'' b" C c''^'^'". 'he commt 

■ ' S treofc", 



md yx = B* . 



■■(5). 



From equations I4, 5* we deduce 






and from these again, by equation (1). 

^ _ JjRfr'l ^ _ i /lR-t-O _ 

r' * r' ' 

By subtracting the sidei of equations (fl. 3) from the correi- 
pontlirig sides ut eiiuaiion (4) and putting the results under the 
form most convenient lor eliminating R, we have 
S«iA + zba — 2{r" ~ r) [r -l- r") = a' + b* — (r" — r)', 
aa\ +a^'a — fl/' — r') (R + r' ) = a'^ + b'^—lr" — r')\ 
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By substitLiling in these the values of A and B they become 
j«x + lS~r" (r"-r)| (r + r") = r"\^' + i'_(/-_r)'j 

• J<i'j: + i',-f"(r"-r')S<lH-r") = r"{<."+i''-('-"-r')"| 

HcQce by elimuiating R + r" we have 
at + 6y — r" ir"—r) a'j; + i'y — r" (<■" — r') 



h«>— (r"— r)- — a" + J"_(r-' — r'J- 



.(«) 



This is the equation of*« line that cuts the circle c" in the 
point t", and as it is only of the first degree il is evidently a 
Straight line. 

It we had supposed that the circle C had surrounded the three 
circles c, c', c' the signs of r, /, r" must have been changed 
into ihe opposite, but the equation of the co-ordinates of /" would 
have been identical with that given above. Hence by the way 
wc may inler that the two intersections of the line and the circle 
e" are the two positioni of t" which correspond to the two casci 
of the circles c, c', c" falling entirely without c, and entirely 
within iu There are eight cases in all. 

The equation (6) will be satisfied if wetnaLe 

ax + by = T''(r^'-r) (7) 

a'.v !- 6'y = r^' (r" — O (8). 

These equations therefore determine the co-ordinates of a 
point in the straight line expressed by equation (6), and if re- 
solved, they will give the position of a point in that line. But 
each may also be regarded as the equation of a siraiglit line 
given by position, and then the two will determine the co- 
onlinates ot the point in which they cut each other which will 
also be a point in the line (6). As the equations have exactly 
the same form, it is evident that the line expressed by equa- 
tion (y) has the same position in respect to the circles c", c as 
the line expressed by equation '8) has in respect to the circles 
f", c', that is, each line is determined from the two circles by pre* 
wisely the same construction. 

Equation (6J will also be satisfied, if we assume that the nu- 
merator of each side is equal to its denominator, this gives 

a[x — a) + b{y — b) = T{r-'—T) {9) 

fl'(v-a') + b\y—b') = r'[i' - r) [10). 

These cfiuaiions determinethe position of another point in the 
■traight line expressed by equation (6). They also may be re- 
garded as the equations of two straight lines which intersect in 
that point. 

Vol. IV. Part i. p 
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IF, in equation (7}, we change x arJ p into a — i aiiil i — y 
respect ively, and also permute between themselves ibc two radii 
r, r", equation (7) will then become equation {5) ; a similar 
procesi will change equation (8) into cqiuiion (10), hence we may- 
infer that the straight tine (9) is related to the circle c, exactly as 
lhe8traighlline(7Tis toihe circle c", and thai the straight line ( 10) 
is related to C in ihe very same manner: each of the four lines (7, 
8, 9, 10) will therefore be determined by a like construction, m^ 
that we have only to enquire what is thepotition of some oneof 
them, as {7). 

Let x' and y' be the co-ordinates of any point in the circum. 
fereiicc of e\ their relation is expressed by this equation 

a" + y" = r"*, (a) 

t}ie equation of a tangent to the circle at that point ii 

didtbis tangent is indeterminate, since x' and y' are conneclej 
only by equation (a). If, to determine the langcm, we sup- 
pose that it touches also the circle c, this condition, {which re- 
quires thai a perpendicular drawn from its centre on the tangent 
be equal to the radius) will be expressed by the equation 

■ i + "^ - rl' 

»' » _,- „ <.x'+ l /-r"' _ 

v(.+|;) ' *'""+'"' " ■ 

or, having reipect to equation {a] 

ax' + by' ^r"i,r"—T) (^) 

By combining the equations fa, &) we shall have the co-orili. 
nates of the point where the tangent common to t and t" touches 
«", and since equation (a) is of the second degree, it shews iba* 
there arc two such langems, and consequently two points of 
contact. 

But instead of resolving equations (>, £] it will come to tho 
tame thing and be more convenient if we construct the tw» 
lines which ihey express, and these by their iniL-iseciions will 
give i)ie points sought ; since then one of these (a) is the cqiia^ 
tionot the circle c itself, the other (tj) which is of the first degree 
must be that of a straight line which Joins the points where the 
circle is touched by the tangents common to it ami the circle 
c: But equations (t^j and (7) arc manifestly the tame, there, 
fore (7) is the equation of the chord which joins the points iit, 
jfhich c" is touched by straight lines which touch also c : hencQ 
again it follows that (9) is the chord which joins the points \w 
which the circle c is touched by the same liucs: and siniilail^ 
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that (8) and (lo) are the chords of contact with ^^andc/of 
tangents common to the two circles. Recollecting now that the 
point t" is in a line which passes thtoogh the intersections of 
the lines (7, 8), and also through the intersection of the lines 
(9, 10), the truth* of the theorem enunciated in the question is 
manifest. 
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NOTICES. 
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I. OBITUARY. 

Ga^fard Mohce. 

This celebrated French Matliematician, ^vi]o now lives only in Iiit 
writiiigi) was bom at Beaime, in 174-6. He stiidit^d in ihe college of 
Lyons, and made such proficiency that at the early age of seventeen, he 
taught physics, which he had Itramt himself onlv ayearbefore. W\i skill,. 
as a draftsman, led to his being admitted a designev and el^e ii 
school of Militarv Engineers at Miiieres, and it was here that lie firstr 
conceived the idea of his Dfscriptive Geometry, a theory of great im«, 
portance in every kind of architect ti rat construction, but which it appeui, 
wai reserved by its author until the institution iif the Normal schot:^ ie 
being the practice of the engineer officers to conceal carefully from ttvfe 
artillerists ihe principlesof their profession. His scientific labours.led tOj 
hii being appointed an Instructor in Mathematics, in aid lo Nolle! anci. 
Bossiit,and Inlhcsetiuel he was madeTitular Professor. In 1780 he weat. 
to Paris, where he was united with Bossnl, who was then Titular Pro- ' 
feasor of a course of Hydrodynamics, instituted at the Louvre by Turgot, 
and here he began to teach Analytic Geometry to La CroiK, Gay-Vel^ 
non, and others; but he still concealed his Descriptive Geometry, b^. 
cause, as he told his pupils, he was not allowed to reveal this secret. 

In 1783 he succeeded Bezout as examiner in the Marine, and he then 
entirely left tiie school of M^ieres, where he had been a profetsor eighteen i 
years, at this period he composed a small work on ijtatics, for t^e usfti 
of the officers in that service. The revolution, which called into action, 
so much talent, placed him al the head of the Marine as minister, and in 
quitting this office he gave great assistance in the creation of the n 
of defence which his country, assailed on all sides, then required. 

About this time the Niinnal School was instituted, and here. Doited 
with La Grange and La Place in the coursi' of matheniatical instruction, 
he gave his lesaoni in Descriptive Geometry. This institution, however, , 
liad no duration, it was imniedjalely suppressed, and was succeeded by 
the Central School of Public Labours, called aflerwardf the Polytechnlqur i 
School, in the original conception and alterwards in the directiou of which 
Monge took a distingnished part 

The limits within which this brief notice must be confined will not 
allow a detailed enmiierdtiim of all the patriotic and scientlGc laboun ' 
of this distinguished maiheiiiaijcian, sufllce it to say, that by his intimate 
acquaintance with the resources nf the arts, and the print'iples of chemt- ' 
cal and mechaniLol science, he rendered great assistance in the removal' 
of the statues and painihig* from Italy to Paris (wc speak, of ci 
praise nf his ingenuity, without considering whether their renia 
proper or otherwise). 

Healier«aiils. together with Rerlhollet, accompanied Bonaparte into T 
Egypt, where in the luidet of labours aikd difficulties arJsijig out of hii | 
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aUuation, lie foitnti leisure to cultivate the abstract sciences. Hwe 
be was president of the lustitute at Cairo, and the general-in^hief tlie 
vici^'prciident, a thing very remarkable, comiduing how seldom It ii 
that, men following the military pror«ssioii are disposed to yield prece- 
dence to tlie cultivators of sdence. 

On his n^turn to France he returned his labours in the Polytechnique 
School. The suppreisioji of this insiilutJoo in the year 1815, was a ter- 
rible itroke til the venerable Philosopher, who had considered it as the 
basis o( his future fanie. Hit name was soon afterwards eraied from the 
liat of the members of the loslitute, and not replaced when that Institu- 
tion Was remodelled, although, from the terms of the Charter, it appean 
he was entitled tn that honour. At last, feel bg deeply tliis inaigniljF 
olTered to him in his old age, he died, in December, 1318, at the age 
of sevetiiy. 

Notwithstanding: the harshness which the French government evinced 
ijhnrards this venerable Maiheuiaticion, his name and character are held 
ia the highest estimation by the numerous pupils be bad fornied to the 
aerrice of tiis country, and he has found aii able eulogist in oneofthem, 
1^.' Charles Dupin, who, in an Hiitaritat Essay on ike Services and Scten- 
iffit Laioiira o/Gaspard Mmige, has done honour to his feelinp, and hai 
stmrcd flowers on the tomb of hit illustrious preceptor. A cumber of 
tiioic who had the advantage of his instruction in the Polytechnique 
Schod, have minifesteil their gratitude by subscribing for a monument 
to perpetuate his memory, and have requested Bcrihollel to superintend 
its erection. 

The following is a list of his works which have been published 
■epaiately. 

1. Trallf ElementaircdeStalique; 1 vol. in S", nsG. 

2. description de I'artdefahriquerlescanons; I vol. in 4', 179*. 

% Lefoos deGtomelrie descriptive, donneeskrEcoIeNorma]e,pubrito 
l^d^lmd en fcuilles, d'aprts let sienographes, 17^5, 
IjMmtmes lemons, pubh^cs en I vol. in 4', 1799. 

4. Fcuilles d'analyse appliqtiein ^ la g&imitrie; in I vol. in fat. 1795. 
me fourth edition (in 4lo.) contains in addition, La construction de 
ySquation des cordes vibranles, des developpeinents sur I'inCegration 
* equations aux dltfirentiellcs particlles, les catacteristiques, &c., 

Vot a complete list, of his writings, see Di^rf* work above men- 



\il* THE PHILOSOPHICAL TRANSACTIONS OF THE ROYAL 
lOCIETY OF LONDON, FOR 1817, AMD 1818. 

The Mathematical Paipcra contained in the vol. for 1817, are — I. Two 
Papers on the parallax of the Fixed Stars ; By John Pond, Esq. Astruiio- 
met Boyal,— a. Description of a Thermn metrical Barometer for Mea- 
turing Allitudes; By the Kev, Francis John Hyde Wollaston.— 3. Observa- 
tions on the Analogy which subsists between the Calculus of Functions 



and other Branciieii uf Analysis; By Charles Babhage, Esq;— 4, Of the 
Conslniclion of Ijjgiarithniic Tables; By Thomas Knight, Esq.— 5. Two 
general propoiilions on the Method of DilTerences j By Thomas Knight, 



Es-l-— 6. Note respecting ihf Demonstration of the Binomial Theorem 
inserted ia Uk* preceding \oluiue of the Philosophical Traiisactiuns; By 



M£m 



In 



s Trdnscemlacites EllipliquM; par M. George Bidont. 
'■'urin isn. 
; pac M. BoucdoD. In 8vo, de Gdo pa^, ^ Paris. 



!0 I'agra, 

Efeinersd'Algibre. , .^ . 

Deuxii^iiie siuipl^LitciiL a la 1'Ii^orie Analitique des Proliabilit^s ; par M.v 
leMar<[ui5deLaPl3ce. Ini". de48 pages, a Parii. 

Second Supplement de U Gtoroiinc Descriptive ; par M. H^hetle, k- 
Parii. I 

Micanique Physiijue on Traill expirimenUl et raiwinni du inouveinent 
et de I'iquilibre considered dans les corps solides-, par Joseph Mullet. Ii 
S". de ioo pages, i Avignon. 

Les (Euvres d'Euclide, en Grec, en Latin, et en Ftan^ais, d'apres u; 
Maniwcrit trfes-ancteo, qui f lait reste liiconnu jusqu'a nos jours ; par i 
Peyrird. Tome Hi. 4^ i Patii. 

Hiitoire de L'Astrononile du Moyen Age; par M. Delambre. Pani^ 
1S19. la 4°. 1 

Connaisaance des Terns 1831. 

pe la structure des VaisseauN Anglai 



isid^tfq dans ses demi 



perfectionuenieniB ; par Cliaiks Dupin, Correspondant de I'lm 



*r: 



9 deGeoinitrie ii trois dimensions; par ^-. Hacheile. In 8^ 
dc 200 pa^«s, i Paris. , 

EsMi Hittoriqiic sur le Probleine des Irois* corps, ou Dlsserlaiion sur lt( 
Tliforie da inouvement de la Lime ef des Planfetrs, abstraclinn faitedc 
leur Figure ; par Allred Gaulier. in i". de 300 papes, a Paris. 

TrailtdcGfcometrie Descriplive; parM. I'ottirr. In 8°. du lOOpago^ 
i Paris. 

Fundameuta Astrononiiaepro annoMDCCLV. deducla ex Obtervs- 
tionibus viri incomparablis James Uradeley in Specula Attmnoinict 
Grenoviceiisi per anuos 1750 — 1762, jnstituljs Auciore Fredcrico Wilj 
lielnio Bessel, AcaJ. Berol. atque Petrop. todali Insiiiut GaUict CormpJ 
Ke^iomonti 1818. (Folio). ' 

iabula adExpeditorenicalculum Lngarithmi Summae vel differentifll 
duaruni quaniitalum per Logaritbmus unium daiarum (Latin and Gokj 
man). AHonx 1818. 

Pr*cipuoruni iiidc a Neulono Conatiium Compositlonem VirulBll 
pemouiiU'andillcsceDsio AuctorcCarolo Jjuibi. Cotiingx, 181B. 
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ARTICLE IV. 

ulions to Quesiioas proposed in Namier XV. 

I. QUESTION 391, 6yMr.]oHV Baise«. Junr. 

To find two rational fractions, eiiher of which being added 

to the square ot the oiher, shall make the same sum ; and alio 

Ibat their difference shall be a biquadratc number. 

Solution, iy Master John Mill, London, 
(Undtr ikirtetn years of age.) 

[Let them he x and a* -{- x. Then j: + fu* + x\' = i* ^- 
•* + X, or J* + * -1- 80* X + a' = I* -t- X + a*, or ta*x 
..,t_^^ 1— a* „ . , ._ i 4-a 
tbau 
nti 
nui 
iul 



- , the numbers are -2. and — , and if a = -, the 
a 3» 32 3 



} 



that the two numbers are 
, ntional fraction. 
If a 

[ numbers are -^- and ~ , &c. 

A mistake was made in transcribing this question/or thtbress^ 
iut we shall here instrt the question as it was sent by the 
Proposer, together with his solution. 

Question. To find two rational traciions, cither ot which being 
Added to the sijuare root of :he other shall make the same sum ; 
^nd also, that their dilTerence shall be abiquadraie number, 

I for the two frac- 



Solution. Assume -_ 



, the same sum ; a 



' must he a biquadrate n 



iber ; to effect which, let us 



{x-i-yV 

6ril make it a square, and its root being made a square will ren- 

dcr the expression a biquadrate. To do this, put x = r' + j^, 

, x' — y* r* — ar»j»-i- s* 

iuay = ars, thcny — — 



( '•-'' V - 
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a iquMC, its root being ;7 ^,„^ji 



( •" 1 

bui the denominator of this expression is a square, ihercfore it 
only remains to make the numerator, viz. r' — i*, = a square, 
which it will be when r = /' + a', and s = siu, where * and 
u may he taken at pleasure. 

Ex. suppose * = e, and « = i, then r — /' + u* = 5, 
J = t/a = 4, I = H + /' = 41, and^ = 2rs = 40; hence 



i68t 



and - 



(j: + >l* 656 

are two ftactions that will answer. 

1681 / 1600 1600 , 

1681 1600 _ 81 _ f^Y 



1600 
' 656I' 



6561 6561 






/i68i^ _4')=i 
V 6J61 (5j6'i' 



IL. QtriSTION 392, iy the Rev. Mr. U Evans, Royat 
Military Academy, Woolwich. 

The ordnance clock at this institution, being placed in my 
observatory, for the intent of rating ii, prior to its rt;movaI to 
Scotland, for an experimental purpose of ascertaining the true 
figure of the earth, I adjusted the length of its pendulum pre- 
cisely to bcdt seconds, sidereal time. I would now request to 
know, how many seconds per day, will the clock gain or lo»e, 
inthc Utitude of 57' 5' north, being that of Aberdeen, Upoh 
the hypothesis ol N'ewlon'E consideration of the equatotut 
diameter being to the polar as 230 to ^iq} 

Solution, iy the Rev. Mr. L.Evans, the Proposer. 

The cenirifogal force, produced by the rotatory motion of 
the earth round its axis, causes a variation in the gravity ot 
bodies, in different Uiitudes. This force is opposed to ihe force 
ofgraviiy, being greatest ai the equator and least at the poles. 
And accoidiiig to Sir Isaac Newton, the force of the former to 
that of the la'ier, is as sag to 230. Vide the Principia, B. 111. 
Prop. 19 and so. 

Now.iW := L'ngth of a pendulun 
the equator. 
/' = ditto at any laiiiUilc \, 

then l' = lK[t -f---ill^). 
230 / 

Since the length of ilie pendulum, which vibrates sccondt, 

ai my observatory, latitude 5 1*^29' 7" -6, is ^gi inches, or nearly 



1 that vibrates seconds 



MH.Pbj fair's Oullin*^ of Natural 
Piiilojopliy. Vol. 11. P. 299, 



J 



I 

i 



^/ 
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so, we sliati have, by suhslitution, Trom this as&umption. 

art = / « (, + i^o^i^J •9l?:::«^ , h„„ / = 3g.o„,3, 

^e length of the pendulum thai vibraiea seconds at the equaror. 
Having ihe length of this pendulum, we foay now find the 
length ofihe pendulum that vibrates seconds, at the latitude 
ol Aherdeen. viz. ^7' 5 nonh; for, m was betore observed, 

A — y V Z'. -I. *'" ' ''^ ( iinc'of ^7 " s'\ 

'^ - ' '' I" +-iirJ = S'-O'-S >= (' + — ijf - ) 
= 39"l4o68 inches. And, by the last cited author's 
Outlines of Nat. Philosophy, vol. i. p. 133, we have n = 

30^14068 ~ 599^797 'lie number of vibraiiong this pen- 
dulum makes in a minute. Then 60 — 59'9^797 = o"*oi8og 
gained, in one minute, by the pendulum that vibrates seconds 
JO lal. ji" ag' 7"'6, when removed to laC. 57" 5'. And 
0*01203 "T 60 /: 2^ — ij"'^i'^i, the gain in £4 hours. 

If, with Einerson, we lake his length of the pendulum, at the 
equator.and forlai. 51° 30', = 39-oB7and 39*1308 tespecuvely, 
ibe preceding fonnuia wiH be 

f = 39027 / (j ■+ "" °^o'^°'^) = 39-l5»74 inches. 

And« = ^60' . 39-1308 ^ ^9.98338; then 60 - 

^ 39'i5'74 
59"98358 = -01661 ; and '01661 x 60 x 94 = 23""9i84, the 
gain in 24 hours, according to Emerson's numbers. Or, which 
IS the same thing. v^39-»3o8 : /3915174 :: 86400" in 
B^*" : 864H3-g2 nearly; then 86423*92 — 86400 = !*3"92, 
■ gam in 114 hours, taking the lat, i^ 51" 30'. 

If we make use of M. KrafTt's ronnuia, we have /' = 39'0045 
4- o'3o6 y sin' J>, in English inches. Vide Dr. Hutton's 
1 Wathemaiical Dictionary, p. 404. isu Ed. Then the length of 
' (he pendulum that vibrates seconds in lat. 57^ 5', will be 
^ /' = 39*0045 ^- o*2o6 X sin' of 57° 5' = 39-14966 

and /' — 39004,5 + o'2o6 x sin* oE5i°29'7"-6 — 3913063, 
L the length of the pendulum which vibrates seconds at my 
p observatory. 

Then as y'^g-t^Si : v'39'i4966 :: 86400 : S642iian(l 
1^461 — 86400 =: ai", the gato in the 24 hours, according 
^oKraflt'e formula, 

Q 2 
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g. Again; if / zr length of ihe pendulum, wliich vibratetl 
seconds at the equator, as bcfotc denuied^f 
/' = dirto at any latitudes 
■k and d — difference of lengths oF the pendulumsa 

equator and pole, 
then/* = / 4- «( X sin^ of >,. Now, if we take^ 
/ = 39'0a65 and d - -1608, we have 

t= 39'oa6j + -1608 / iin' of \, tor another formula. 



Ifu 



■ present 



case, we have I' = 



: 39-0265 +- -iiaaiii 

jium vibrating seconds 



we apply ihis formula 
39-026,5+ -1608 /- sin> 0157-5- 
39-i398i5i, ihc length ol llie pi 
'"'• 57° 5 ■ 

And/' - 39-0665 + -1608 A sin'of 51° 29' f'-& - 39-086^ 
+ ■098446 ~ 39' 1 24946 the length ol the pendulum vibrating 
fcconiis, according to this hypothesis, ai my observatory. 

Then \/39ia4946 : v'39'i398i5i :: 86400 : 86416*4; 
and 86416-4 — 8640D =; i6"'4 the gain in B4 hours. • 

By assuming the lengths of the pendulums, vibrating secondly 
at the equator and the pole, from Sir Isaac Newton's Tabic oft 
the length of pendulums, found in his Principia, Lib. III. Prop. 
XX. namely, 39-03135 and 39-00179 English inches, the t'or« 
mula becomes / = 39"o3«35 ^ '*7°^^ ^ «'"' »' 57° d = 
39 °3'35 + ■12010B4 - a9''5M584 the length of the pen- 
dulum vibrating seconds, in lat. 57" 5'. 

An.i /■ = 3'i'03>35-+- ■17044 x sin'of 51° 29' 7"-6 = 39-03135. 
+ ■>o434'*» = 39 '35698 »• 

Tlicn v'39"'3569**» '■ ^39*'5'4S84 :: 86400 : 86417-4.1 
and 864 174 — 86400 = '7"'4i 'he gain in S4 hours. 

II we proceed to use the before-quoted table of Sir Isaac 
Newriin, agreeably to the method of interpolation, the proccu 
will be as lollows : 

Length ol pendulum in Iat.6o'is 36-74225 French inches 

S'"° !"l"-«* 3p'9l>6 Ji,s„c^^ 

Ditto m lat. 50 36-71616 ■'^i 

^ ^ ' -01 M ' 

Then, 5° : -01859 



5 ' '00525 
36-72966 

3673491 Frenchinches, the length 
of the pendulum that vibrates seconds, in lat. 57° 5'. 
Again, 5' ; 0135 ; : 1" 29' j"-6 : -00401 
3671616 

36-72017 French inchei, the 
length oT the pendulum that vibrate* seconds in lat. 51° 29' 7 '-fi, 
theu yi'j6-jiioi.j : /36734S11 :: 86400 : 864i7'32, and 



I 



I 
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864i7'3a — 86400 = i7"'3a,the gain in S4 hours by this 
meihoA. 

Taking, moreover. Emerson's lengihs of pendulums at the 
equator and pole, namely, gq'oa? and 35- 197, and osinir theWt 
fbrmiila, we have i/ — -ij xnA I' =: 390^7-^ -17 / sm* of 
57* ,5' — 3q'027 -H'ligrijS = 39 146798, the lengih, of tUe 
pendulum vibtaiing seconds, in lai. ,^y'^ ^'. 

And I' - 39-037 ■+■ '17 X sin' of 51' 29' f'-6 = 39*o«7 A- 
•10407 =^9'i3io7,the length of the pendulum vibrating secundi, 
in lai- 51° 29' 7"-6. Then, 

■* V' 39''3'07 : ^/ 39'i46798 s; 86400 : 86417 36, and 
86417-36 — 86400 = 17' 36, the gain in P4 hours, uiing 
Emcrnon's tabic. Vide Ins Geography, Prop XI. 

I shall only make use ol one tabic more, hel'uc I bring the 
subject to a conclii<:ion, aotidiat will be Manperiuia's. Vide hii 
figure of tlie earth, or Maitin's Institutions, art. 3391, who hag 
seduced thdt table in English measure. 

According to Maupeiiuis, the Itngth of ihe pendulum vibrat- 
ing seconds, al the ei]uator, is ^^9 0754 and at the pole 39'a684, 
then we have, by llie last formula, /' — 39*0754 h '193 K 
sin'of 57° 5' - 39-0754 h '1360064 = 3g-aii4o64 the 
length ol ihe pendulum viibrating seconds, in lai. 57° 5'. 

And /' =. 390754 + -193 ^ sin' ot 51° 29' 7"-6 ^ 39-0754 
-V- •11816 = 39"i9a56. tlic same in lat. 51" 29' 7' -6. Then, 
■• v'39''9356 : ^398114064 :: 86400 ; »64i9'6«, and 
86419-62 — 86400^ i9"'6a gained in 24 hours, uponMaupcr- 
tuit's hypothesis : 

^sily, let us make use of his table, by i 
operaiion will be thus ; 
DDgihof pendulum,inlat.6o°, 1139 2!!ofi , 

-Jl.'"* in 55 89'=o49 . 

OaUK in 50 39'>9°3 

Then, as 5'' : -0153 ■■^'5' '■ "006375 
3 9'°Pi9 



Dterpolac 



I, and the 



•o»53 i 
■0146 ( 



differences ; 



,1275 



the length of the 
Again ; 



i 



I pendulum vibrating seconds, in lat- 57' 

[ 4° : -0146 : : i" ag' f'-6 or i^-^i^^ : -0053375 

39''0°3 

'69''95^i75 '^i^ l'^"g'^ <*£ 
the pendulum vibrating seconds, in lat. 5i*a9'7"'6. Then, 
as / 39^i95^^75 - / 39'""'7a v 86400 : 86417-^3 and 
864i7'2a — 86400 — i7''-a2 gained in 04 liours, by this mode 
«t pioceeding, dificring a"'4 from the former. 




J9- 13068 
I 39124946 

I 33-iy5G9f(l 

i 96-7S017 Fr,J.b67y491 Fr.l,|l73a 
' 99-13107 pg-H6J68 

S 3g'I9SaS ^92114064 

I 'S91956375 139211275 



Do. and Emerson's Table. 

KrafFrt FocmuU. 

The ihi'A Fomiuta. 

Oo. in>l SLr lt«ac Kcwton'« Table, 

Bf iBiecpolaiion of .lo.-iTubleL 

£iiieisoa''8 Tabl« andthinl Potmuli 

M>Jii>ei(u)i't T>ble>ndlhirdPonnu)t. 



B. liil 






I of Mail 



's Tibl 






i67*563« Aggregaic of ihe gaioi in 
B4 hnur<i. 
t6'6t6i The mean of ihe 9 restiUs. 
being llic seconds gained in 24 hours, by ihe clock, if removed 
to !at. 57° 5' noriti. The discrepancy, in ihe lengths ol ibQ, 
pendulums, arises from the hypotheses of the several Author^ 
as to the proportion of the earth's equatorial and polar axes, ^anf 
its equal density, a supposition which is not very probable, 

HI. QUESTION 393, iy Italicus. 

To describe three circles in a triangle, each of which mm 
touch the other two, and also two sides ot the triangle. 

Solution, yrom tie Annates dt Malhcmaiiques, 



Designate by *, p', f" the an- 
gular pointi of ine given triangle ; 
by c, c', c" the sides respectively 
opposite; by o, 0', 0" the respect- 
ive centres, and by r, r',r" the radii 
of ihe circles required, and a- 
flopting the following a,br€via- 
tions. 



t — € ~ip, c-c''p = s/f, 

d-c'+C'mi.s' ~ C' - 9', R'J =<^'^",cc"'^ — jd'\ 
S C" - ?t", fc'ip" — ,frf"» . 

then It is tbe radius ot ihe inscribed circle ; d.d'.d" theretpec> 
live distances at tti centre from ihe points p. p', t" ; and $, 9', ffi", 
(he respective distances of these points Ijuui the point* of con- 
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let of ihis circle wilh the side* of the triangle. From these 
ily deduce the fallowing relations : 
ip'p'd* = R*c'c" ^d'd" — ttcdt 

f ■¥ ^ + p" = tj^^"d'* — R'cc",Rcc'c''=sdd'd",'f'dd" - ttc'd', 
ip^'d''^ = h'cc' <(f'dd -Kc"it' 

From tf and (>' upon c" let fdil the perpendiculars Om — r, 
'm' — t", join c,o' and from o parallel to c' ' draw ol meeting o m' 
% t, the triangle olo' ij righr -angled ai /, therefore 

f =c"-pm-p'm'= y/ j(r' +r]»-^r'-r)' j = « /[rK); 
tut we have 



•^ Iff* R 



pi = rcotl* -r\/ ^^, = ?r,*'m'=r'cot|fr: 
Etnbstkuting which, it becomes 

talcing aw^y the denominator, and transposing and forming ana- 
logous equations fur the other circles, wc have 

$r + SR »/(Tr') + (fV = Rf", 
ipr + 2R ^(tt") 4- tp'V' = BC', 
i^t" + an /('^'■"J + f"*^' = ^^'' 
Lwhich are the equations ot the problem. 

If we suppose /= tx", r" — r*"*ihe three equations become 

r (9 -h flRx' + <p'x^) ~ Rc' 

r {p + BRi" + ^V"*) = «£* 

r{p'x' + iRx'r"+ fa.-"*) = 9.C 

ibe last gives 



~ <^x'^ + 2 KXV -I- ^"x"* ' 

Ihi value being substituted in the two first, they become 

>') c[p + ZRX h ipV) - c" (/i"+ mx'x" I- ^x'"*) 

(a") c (9 +- sax" 4- ipV') :; c' (f'x* + aai'jc" + f"*'"). 

and irom these two equations wc hare now to get the values of 

a' and *" and substitute ihem in ihe value ot r. 



M 



Xf we multiply equatio 



A') b,- - 



and equation (a") by 
:" its equal h'i and re» 



t— ; developc both, and put for 
Aaik that 



J (c~ {/) = e(s— c') — c" (s — c) = cf— tfif, 

'':^=d*. '-^=d- '^=d-", 

i s s 

(hey become 

j^(iiy+»"«")S'— I i"(«»' + f){* =o, 

ji(«x"-+ »V){'_ jj'(>«" + f)j' =0i 

therefore 

Jinx' + f"x") = i" (n/ + f ), 
df^ax" + $V) = if [Rx" +f), 
which give . 

d" [d - J') « -f"J d' _? ^, t"-(J-^ 

■ ' Vc'-W-i')ii-#')' 



' t(^— i^')(i— i;")R'— fljy.i' 

d\d—d"')a—if'dd" 



„_ d\d—ir)n—1/dd^_ -S tf c — [d—d'] * 

' -*■ (S— i'liJ— if')n'-f'f"ii'~ii e'e"— li(-/)(i(— iC^ 
lut it has beea seen that 

<l^'d''' = r'cc', ff"(^'* = IlVr", ifd'd" = Red, 
therefore we get 

?'"" = ?<• T ^ ^ W.. 

jr-r-'-Ci-J-KJ-J-'lj' 

W jr-'-K-J-)! ;r-_(J_^'l{ 
t haV = ft. '—, !-! -i ! , 

JC'C"— (J— /)U— !/"){ 

c"\c'-(d — d"l\' 
jr-r" -(i-/)(i _/■)(■■ 
ibfse values being written in the expresiioo found above forr, 



Jc'c" — (rf — <f)(rf — rf"l^* 



IV. QUESTION 394, 6y C V. 

Prove, that if from ilie extremiiics of ihe side of a pcnUgon 
inscribed in a circle, straiglit lines be drawn lo the middle of, 
the uc, subtended by tbe adjacent side, their difference is equal 




. to the radius : the sum of ihcir squares is three times the tquan 
Eofthe radius; and tlie rectangle comataed by them is cijual lo 
t|hc square of the radius. 

First Solution, iy Mr. Cunliffe, R. M C. 

Let ABCDE be a pentagon inscribed in a circle, the diameter 
I Kc being perpendicular lo ihe middle 
f of the side A E. and o the centre of the 
circle. Draw DO, eg, NDandNE: 
then SD an'd NEare siraightlines from 
he exircmities of one of ihc sides de 
pf the pemai;on, lo the middle of the 
c subtended by the adjacent side \e. 
n. be (he intersection of dn and 
the angle CND — nse,, there- 
fore dn bisects the angle UM£ : again, 
theangle NOE(NU»} ^ the angle CNU ^ 

(ONfi), that is ihe angle nor = 
, ONK, and therefore NR =: or. Also the angle Ord = ERM 
NR + NOR — 20NR = ONE = NER, that is, ihc angle 
~ NER, and therefore me :^ nr ; again, the angle coo 

^^ DOM =:2N0B = 2(jNR= one = tJER:rERN =OllD,that 

:, the angle noil — ORD, and therefore dr = OD, and henco 

NE = DN — NK := DR = CD, that is the difference of 

e lilies DN and ne is equal to the radius of the circle. 

Per the similar isosceles triangles, mho, hod; ok = OD:or 

: : DN : CD, whence EN X DS = oo*, that is therect- 

Blffleunder Ihe lines LN and dn isequal to the square oI the radius. 

We have shown that dn — En = od, wherelore (dn — . 

J»M)* -dm' — S£N X Ds+En'— OD; and we have 

[rroved that 2EN X I'D = < OD', and by addition dm* -(- 

■ 3 Of'- 

Therefore all the properties mentioned in the question have 
een demonstrated. 

Second Solution, i_y jW<w«r John Mill. 

Let AB, 8C, be two sides ofaregular pentagon inscribed in » 
circle ; bisect the arc BC in D , j'>in 
AD and BD. Then since (he arc ^^ 

ABOrBcisoncfihh of the whnlr cir- 
cumference, BD is one fifth ol ihe 
circumference of a semicircle, or 
iwo lilthsof a quadrant. HenctAD, 
the sum ot ilie arcs ab and BD. is 
■ix fifths of a quadrant. Hence 
the straight line BD is the chord of two fifths, ortwice the ttns_ 
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1 


^^^^^S'^^^^* 




ef One fifth : and ad is the chord of six fifths, or twice the sine 




of three fifths. 




Put one fifth of a quadrant = f. Then, since, if A and & 




are two arcs, 9 sin a X sin b = r x J (cos (a — b) — cos (4 




+ a) ? , putting A = 3 <p and b — $, we get a sin 3 9 sin f 




•= R X (cos a f — CO! 4 (f), or, since cos e ip = sin 3 9, aiul 




cos49 = Bin?, 




Eg. I. fi sin 3 ?> sin ^ = n (sin 3 (p — sin ip]. 




A «!.. ..!^#i_ -'«fl r . ^ ' wm.ttklwm^ . i^Odf ^_ AA* 


Again, since sin JA — — — , putting A nrst — »iff 




and then — 6 ?), wr get 




Eq. II. B sin 'ip =: R(R — sin 3 0, and 




Eq. III. aiin'3p-ii(R + sin ^). 




Subtracting eq. 9 irom cq. 3, and dividing both sides hy aim 




a? + sin9, wcgct. 




£q. IV. fl sin 3 ip — 9 sin f = b. 




But we have seen that ad = 9 sin 3 (p, and bd = 2 linfg 




therefore ad — bd = r. 9, e. d. 




Again, ad' + ED' = 4 (sin' 3 p + sin' ip) or, by eq. a and 3, 




= K J4B— (9sin3f ~8sin?jj =(bycq. 4)8 X (4B— R> 




= 3 H». ^. e. d. 




Again, from eq. 1 and 4. 




Eq. V. 4 sin 3?iBin(p = E* 




or, AD X BD = E*. f. e. d. 




Scholium. Many other p.opcrtiei may be investigated in thtt 




lame manner, for example that if al be the diameter, and lm b«' 




takcnon the tangent, equal to radius, the sum of AD and bd aai 




lAM. 




V. QUESTION 395, 4>Math. Pemb. Cantab. 




An ellipse and a"circle having the same centre, the axis maj« 




of the ellipse = * X diameter of the circle : To determinB 




the piiints of intcrseciion of the two curves, supposing the foci tA 




cut the distance between the exircmities of the diamet^ 




anii axis in a given ratio ; and to determine tluit ratio when tU 




ellipse and circle jast touch each other. ' 








( "a* > 

FiRiT SoLUTioM, by Math. Pemb. Cantab, the Prepgjer, 

Let I and h be the foci of the ellipse, s'h' the diameter o£ 
the circle; put as' = a, as 

= -, AM = d, CM = I, NP 

m 
= y. Then as' = ac — b'c 

d d d J 

= - — -, or a = »■, •■. d =: 

a 3 6' 

OO, AC = — ^ Jfl , S C = 

K=4^».andcR" = A8.8M=: °(i_^)=f!(6«-i). 
' Bui, by the property of ihe ellipse, 

AN. NM or AC' — cn' : np* : : AC* : CK'*, 
that is ga' — «*:>':: ga' : ^ (6m — ») - 9 : - "~ -? 

By the nature of the circle np" = PC* — NC* = s'c» — Nc', 

1 -,6ffl — I ,. ., , 

or J = 4fl' — *' .-. , X (90* — *■) = 4« — *•» 

or s^ma* — 9a' — 6bi,i;' 4- a" = 36'"' a*— g** «*, 
that ia (3m — 1)' x i* =: (4m* — 6ni + 1) x ga* 

•••«=3-£:7V(4---6-'+.) 

When they touch at k, ck' = ck = s'c = - = aa aoj 
# = NC = o, .'. —^^77 \/ (4«* — 6m -4- 1} = o, and 
.'. Am* — 6m + 1 = o, and « = 5 + - »/ e... as — _i_lL_ , 

■w^B : AS':: 4: 3+ y 5. 

'"his may alio be found otherwise, for lince CK.' = I'c, 



—J {6rn — i) = 4a' .■. 6m - 
the lame at before. 



= 4B1', or 4W1* — 6)71+1 =z o. 
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SiCONO SOLUTIOW, by Mr. CUNLIFFE. 

Tlie distance of rhe foci from the centre of the ellipse witlbfl 
easily found frum tlie data, which nbvioinly reduces the qoexiioiT 
to the Following, viz, to that of determrning a plane tiiangle, 
from havini^ given thebaic, the sum of ihesides, and the line' 
the veritcdl angle to ffie middle uf the base. 

When ihe ellipse and circle just touch each other, the diamCii 
ter of the ritcle then Lccomei the conjugate, axis of the ellipse, 
and iheiefore ihe ratio of the transverse axis lo the conjugate it; 
thai case is as 3 to s i and the ratio mentioned in the queition, 
will then be that ofg — V 5^ -/ S — a- 

VI. QUESTION 396. by G. V. 

A horizontal dial, constructed for a given latitude, is set up t^ 
ataiitude al'tt'e difTerent ; what will be the error in th^time'' 
thews at a given hour on a given day ? 

Solution, i^ Afr. John Wallace, R. M. College. 

Let HPO^ represent the meridian, p;) the axis of the eartl^ 
CD the stile of the dial, s the sun, 
and sp, sD arcs of great circles 
of the sphere, pas'^ing through s, 
and through the points P and d. 
Then it is evident that hps is 
the true horary angle, and h ds 
the angle measured by the dial. 
Hence the difference of the an- 
gles MPS and 11 DS is the error to 
be determined. 

puiangleKPs = f , and pos = <^, the sun's Heclinatioq; 
for tlie giien lime = a, the latitude for which the dial is con^ 
structed - X, the difference between that latitude and the UtH 
tude of the place where it is set op — A X, and the error i 
time shewn h) the dial, that h,if — <?' = A f. 

Then, by sphciicjl trigonometry, we have 

cos PS / sin PD I- cos HPa y sinps / cos pn , 
*ot D = ■ — ^ _ . _. > thai t< 




cofp' 



sin HPB / sin PS 
sin » sin A X -I- cos p cos a cos a ^ 



Therefore, 



$\ace cot 9 = — ^ , we obtaiq 



t fp' — cot 9 = 
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a A X + C0 3 ^ cos a COS i^\ 

lin p cos ft 

_ s infj) — <p ') _ gin ^p _ 



sui f; )in f 



But cot p' — cot ^ r: 
Wc have, by subsiiiution and redi 
•ia if = tan a sin A?- iin ?' + coi f lin f' (coi ax — i). 

N<M« sin p' cos 9 - I sin (f |- if ') — ^ sin (ip — f'J. therefine 
llie abnve equation become*, 
(i fcosA>.)5in i^- ctanasiniXsinf' — {i — cos A>.)sin(p-|-f% 

Hence, dividing by (i + cos Ax},and observing that 



I ^cos , 
We find 



■ =: tan } JW and - 



tan* i £,J^ 



Vftn Ai^ :^ tan I Ax. Je tana sin ^ — tan i aX sin (? + ?'}?• 

From this expression for sin Ap we shall be able, if we suppo«e 
3 find an approximaie vjIuc nf A(p, ihe error ol the 
Pme indicated by the dial. But if we wish t» lind ihe exact 
alue of Af) it will be necessary lo eliminate ip trnm the above 
mula. for rtiis purpose put f ~ 9' + cp ; then 
8in(f + f'} - sin(2f' -I- A?) rr 
sin a ^'cos A<p + cos 2 p' sin hip, 
' Hence, by suhsiitution, we obtain 

i^ =: 3 tan I ax tan » wn p' — tan' JaX sinsf' cos af 

— tan' -JaX cos 2^' ain A^ 

Bitting, for the sake of brevlly, I + tan' AaXco^ a?.' = a, 

1* -j aX sin eip' =; B. and a tan |aX tan a sin <^' — c, 

E latt equation becomes, by irans position, 

A sin a^+ 8 cos a^ = c : 
; A, B, C denote known quantities. By substituting for 
Coi a^ its value \/ I i — sin' a?), and resolvingthe equation, 
■we »hall determine sin Ap. Hence A? becomes known. 

We may, however, determttie the value of A ft more elegant]/ 
fa follows : 
^L Dividing the above equation by a, the coefficient of iti first 
^npnn, it becomes, 



sin A$ H — cos A^ — - 
J-et e be luch an arc that tan fl, or ^^^ z 
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Tben, by substituting, we have, 

. »in fl _ c 

^ cos 9 A 

or sin a|t cos I + cos A^ itn 9 =: —cos 9. 

tbat ii, sin (a^ + 6) ^ - cot 9. 

Sinced ig an arc whose tangent is known, it is evident in what 
manner a^ is to be determined from this equation. 

If tht erroi in tlie latitude is supposed to be evanescent, we 
have, 

sin d^ =. a. tan \d>. tan a. sin p', 
OT d^ — d\ tan k sin f. 
Hence it appears that if the error in the latitude be very imalF, 
ibe line of the error tn the time at difTerent seasons is nearly pro^ 
portional to the tangent of the sun's declination. 

VII. QUESTION 397, ^^Gallicus. 

Having given the position of any number of towns wbalever. 
in the same plane, to connect them by a system of canals, ol 
which, the total length shall be the least possible. 

Solution, by the Profioser. 
When there are only two towns, the canal must evidently be 

the straight line which joins them. 

When there are three a, b, C, the 

canali must meet in a puint p, so 

that the sum of the three dis. 

tances ap, bp, lp, may be the 

least possible; which ii well- 
known to be the case when the 

angles at p are equal lo one 
another, or when each ot the an- 
gles APB, Apc, i(Pt:is I20'. Simpson on the max. ct min. 

in the case of lour nr more towns, the canals muit meet in 
threes, and make the angles at 
the points of intersection equal to 
one another. Thus, in the case 
of four towns. A, b, c, d, they 
must meet at m and n, and make 
the angles at these points equal ; 
for the sum o( the distances am, 
BM, MN, to, DK is then evidently 
the leait possible. 
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In like manner for five towni, we have tbe followiog lyiteni ; 




in all which systems, it may be remarked, that the number of 
points M, N. &c. is less liy iwo than the number of towns. 

The meiliod of constriiciion for determining the position of 
the canals is in every case obvious. 

First, for three points; upon the line joining a, b describe 
a segment of a circle to contain ifio°, and bisect the circum- 
feience on the other side of a a in s, which will be a given point; 
then CP, when produced, will evidently pass ihrough s, because 
the angles BHc, apu being equal, cp bisects the angle apb; 
tlietcfore the point p where it meets ihe circumference of the 
circle will be known. 

In like manner, if there are four given points, let a segment 
be described on ab as before, to contain 120'', and let s be the 
middle of the arc on the other side ot au ; then mn will past 
through the given point s ; and if upon the line joining the 
points s and c, a segment be described to contain leo", and a,' 
be the middle of the arc below sc, the line dm, which bisect! 
the angle sNC, will pass through s' and, be given by position, 
and the points n ana M will then be determined- 

If there are more given poinis, a segment to contain lao", 
must be described on the line joining s' and the nest given 

lint, and another on the line joinings", the middle of the 

It described arc, and the next given point, and so on to Ihe 
last point. 

Wc may remark, however, that when three of the lines are 
determiiitd, the others may be found by drawing theiu respec> 
lively paiullel to the first three. 



Remark. When the points are more than three, the problm 
evidently admils of several solulinnii ; for in ihe consimciii 
the choice'of the points lo be taken in succession is arbitrary, 

Tiiu« in the case of four points, if we take ad or bc ttisieaj' 
of AB or DC. we shall obtain a different position for mn, and 
comequcntly in this case the problem admits of two solution 

When ilierc aic five puitils any two of ihete combined will 
gives different solution, so tliat in iriis case there will be five 
jolutioiis : atid in like manner it will appear, that when there 
aec six points there will be lourteen solutions. 

VIII. QUESTION 398, iyViciNUs. 

The extremiiies oi a straight line on the ground are marked, 
fcy two upright poles, beyond which there is no access to anT 
point in the line : Shew how a p<.-rsqn by pljnting poles in the 
ground (but without usiiij; any oilier insiminent) may dctcnniiiei 
any number of points in the hne between its extremities. 



Solution, iy A. B. 



Let AB 

Iwo point: 

iacc A I and Dfl 10 
neet in 3, and B 1 and ab 
to meet in 4. Also pro- 
duce 3, ^ and 2, 1 10 
meet in 5; take 6 any 
whne in hi . nd find 
J the point where 5,6 
produced meeli b, a. 
Take 8 and 9 any where 
in fi,6 and 1,7 pro- 
duced and find x the 
point in which 8,a 
meeis 0,1 and x shall 
bc in the siiaight line 

AB.. 



he given itraight line ; place poles at anj 
pro- 




Demon. Let the lines 5A and 5X bc drawn lonieetB.i? 

ma and c. and b. sin i and i/. ] 

It is a well-known propenv of a quadrila-eral, that if Iwo 
•pposiie sides be producedtill they meet, liie line drawn through 
Ihat point and the intersection of the diagi>nals. mmlng the other 
two oppomc sides, 'n harmonically divided in the poiats of i»» 
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' teneciion. Therefore 56 is harmonically divided io the polnis 
4, A, and for tlie same reason ^d is harmomcally divided in ihe 

5oinl» c, X. But, because of the harmonicalg 5A, as, ab atid 
a.^dh also harmonically liivided by the straight tines aa and 
AB ; that is in the point c, and where it meets AB ; therefore il 
U evident that x is in the line ^b. 



IX. QUESTION 399, ^^tGallicos. 

Suppose that a a point in a tine of the second order is given ; 
a jioint p may be found iuch that if any chord bc be drawn 
^Lftrough it, the linei AB* ac thatt contain a right angle. 

I A 

r ordtfr, 



Solution, ^e« the Annates de fAatlumatiques. 



A fixed point being tatien arbitrarily in a line of the second 
ord«r, and if the tangent at this point be talien (or the axis of x and 
the cortesponding normal for the axis of v ; and if we designate 
by N the length of the normal measured from its origin to the 
point where it again meets the curve, by 

;> = Ai + H 

equation to the tangent at this extrcmiiy of the normal, and 
ly by p the radius 01 carvature at the nxed point, we have 
r ihe equation of the curve. 

Ni* + 2 py O^ — A* — N)r=0 .. 
L,et D be a straight line drawn from the origin of the axes x 
d V, and forming with them angles whose cosines are rcspec- 
rely « and b. This givei 



■(') 



0' + **= I, 

■ad the equation of the straight line if 
ay =: bx 



• («) 



(a) 



.jerefore by combining these with equation ( 1 ), we obtaia the co- 
Iwdinatci of the intersection of o with the curve 



11 N pi* 



Vou vr. Part i* * 



■(4) 



2 
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■ Again let another itraight line d'. having tbc same origin 
■I D. mtike with ihc axcsxand i/ the angles wliose cosines die 
FMpectively a' and A', this give* 

"■• + *"= 1 (5) 

uii we have similarly 

2NP a'h' 



Nffl" 



From ihese we 
which joins iht 



- apA" — 

9NPi'* 



2APa'i' ' 



(6) 



A Pa'*'' 



) straight lines D, O' i 



:ly find that the equjiion of the chord C 
■mities ol thet- 
whcn divided by ab' — ha', 

n (ai' t- ba') — 2 APiA' j x +(apif' — tiaa']y = itiphb' .. (7) 

And if for finding (he pniiiis where the chord c cuts the nor- 
mal and tangent, we make succetsively in this equation x and> 



efind 



y = - 



. (8) 
(9) 



whence it appears that when-rr, is constant, the chord C always 

cut! the normal in the same point, and that when 1- — 's con- 

^ a' b' 

■tint, the same chord always cuts the tangent in the same point, 
whatever may be the directions of the straight lines d and d'. 

Among the diver* cases in which ^^ is constant, the mott sinb. 
pie is, withoiit doubt, that where wc have 

««' -t- bb' = o, or where .-0 — — • i 
the straight lines d, d' are then perpendicular to each other, and 
(lie fixed point in the norma! through whii;h the straight line C 
passes i* given by the formula 



Whence there results the theorem in the question. 
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. X. QUESTION 400, by Peregrinator. 

No answer to this question has been rereived. 

XI. QUESTION 401, by Mr. W. Wallace, R. M. c' 

A beam is supported by reding on a prop, and with one end 
in a curve lUL face : Find the nature of the curve soiliatthe 
beam may be in equHbrio in any posiiioo wlutever. Also sup> 
posing the nature of the curve given, find the potitiou of the 
beam when it is in equlibriu. 

Solution, iy Mr. CuNLiFFE, R. M- ColUge. 

Eiiher a circle or a conchoid, will satisfy the first part of the 

problem. 

In the first place, we shall shew that a circle will satisfy the 

first part of ihc problem. 

Let AB represent the beam, the point a being its centre of 

gravity : with the centre g and radius 

ca describe a semicircle lvm, in a 

vertical plane, the diameter lm being 

parallel to the horizon, and the radius 

CV at right angles thereto; and let 

TG represent the prop. Then the 
I beam bein^ placed with its end a 
I upon the drcumference of the circle, 
' and leaning with its centre of gravity 

C, against the top of the prop, will 

rest in any position. 

Draw AD perpendicular to AG, meeting cv in d, and com- 
plete the rectangle aged. 

When the beam is in equilibrio, by the principles of statics, 
the weight thereof, its pressure againsi the circle at a, and its 
pressure against the top ol the prop at g, will beascD, Ga = ed, 
and GE =: An respectively, and in the several direciionsof those 
lines. 

Now the pressure in the direction ga, is sustained by the 
reaction of the circle, in ihc contrary direction ag : and the 
pressure in the direction GE, is sustained by the rcdciion of 
the prop VG, in the contrary direction ; ihereFi^re, by the well- 
known principles of statics, the beam will he in equilibtio. 

When G, IS not in the middle of AB there will obvjousljr 
be two circles that will answer; viz. either the circle described 
with the radius GA, or that described with the radius cs. 




In the next place we ihall sheiir that a conchoid will satisfy 
the first part of the problem. 



perpendicular to the horizootl 




Let LP be the given prop, 

and LM a right line at righl- 

angles thereto, or parallel to 

the horizon. Imagine the 

beam ab, to be placed lean- 
ing against the prop at p, and 

having its centre of gravity 

O, always in the line LM ; 

the locus of the end a, will 

be the curve, which it called 

the superior conchoid, as i> 

manifest from the generation 

of that curve, and therefore J* "" 

the beam ab being placed 

with its end a, upon the curve, and leaning against the top of 

the prop at p, will, in every position thereof, have its centre 

of gravity in the line lm : and the beam being so placed can 

have no tendency to move, at the centre of gravity will neither 
ascend nor descend by altering its inclination. 

The same remark applies here as in the caje of the circle ; vie. 
when G is not in the middle of ab, there will he two conchoid* 

that will answer. 

Thirdly, supposing (he nature of the curve to be given ; find 
the position of the beam when in equilibrio. 

Let AB represent the beam, c its centre of gravity; fdt a 
vertical prop; nar a given 
curve, ol any kind, in the same 
vertical plane with the prop. 
Let AT be a tangent to the curve 
at A : At perpendicular to at, 
and Ps perpendicular to ab; 
also draw CH parallel to ps 
meeting as in H. When the 
beam is in equilibrio sc will be 
perpendicular to the horizon; 
tnd tbe weight of the beam, its 
pressure against the curve at A, 
and its pressure against the top of 
the prop PDT, will be as tbe lines 
BG, SH and HO respectively, and in 
the several directions of those lines. 
See Emerson's smaller book of mechanics, prop. 37 and cor. 

Let AD he perpendicular to pt, jnd intersect sg in i. ; put 
AG = </. PD ;= r, DA = y; then ap = y (*» + y») j^ 
ro = AP — AC = / (i' + if*\ — d. 
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Because of the parallels rp, gl; Ar : ao : : AD : al 
r-; also AP : AO :: FD ; efc 



dx 



The trianglei AVt, and roi 



re similar, therefore pd : AP : : PC : ca 



dx 



hence ls = CL + Gl 



__^ ^ + y' — ^•(»'+/l _ (»• + !,')*— y) 
Agiin bjf known properties of ungenti, ilemonstnted hy 



writer! on fluxions — i:/::AL: 



_ ■» ■ 



— ., 1 . ., -t whence — ;- ^ '^ . 

'""^ +'' ' (-■ +/!<-*• 

From what hai been here deduced, and the given equation 
of (he curve, the values of x and^ maybe found, and the required 
poiilion of AB tbereby determined. 

The same conclusion will be derived From the known statical 
principle, that when the equilibrium takes place, the centre of 

fravity will be at its highest or lowest point, with respect to an 
oriznntal line given by position. 
Draw GE parallel to ad meeting pt in E : because of the 
parallels C£, AD ; AP : cp :: pd : P£ 

_ PD X GP _ ^ l/(J^'+y') ~'^\ _ ^ _ dx 

wfcicli is to be a maximum, by the principle above alluded to ; 
thereiore putting the fluxion of the expression = o, after proper 
reduction 



— , the very same as before. 
(x* + /)* — dy' 
Let AR be a right line 
vertical 



Exam/ 
given by position, in the 
plane with the prop pd; It is required 
to determine the position of the beam 
-AB, when in equilibrio, resting upon 
the prop at p, and having one end a, 
upon the line as.. 
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Let or meet ar in r ; draw Pq parallel lo da meeting am 
in e ; put Pfl = a, pq — h, pd - x and VK—y; then RD 
= a V X. Because of tlie parallels Pq, da; up : fq :: RD 
; DA, whence RP X da = pg x bd, ilu! is, o^ = ^ {« f «)» 

.'. a} = b > 



dxy 



.,» 



- =: — - ; and hence the expression — — 
dxy __ — a 

.,*. ..." ' 



, becomes - 



(** + y')^ — i^* (*' + s'r — ''y' 

«r iflfiy = arfy* — a fx' + y*r. from which equation anJ 
ay ■^ h (a+ x), xand^ may be found, and ihe required position 
of the beam determined. 

In some casej! ii will be convenient to express the above de- 
duced property in the following manner : 

Put AG — </, AP = V, then PC = V — d; also pBt« 
«n L. PAD (pge) = J, lis cosine — c; radius i. 

By Irigonomeiry pe zz / x l» — d), nhicli is to be a maxi- 
mum by the tjucstion ; therefore putting its fluxion = o^ 
s X (k — d) -^ tv =^ o, a% fv — — s X (tf — ^ Noi 
j' + £* zr I, and.takingihe fluxions, jj + et — o, whence ^4;"" 

= — ,andby means of this, the expression, jv — — j x (u— ^ 

becomes sv z=. — (» — d), or j'w — cc (v — 1/); from which 

property and the nature or equation of the given curve, the posi- 
tion of the beam ab, wlien in equlibrio, maybe determined. 

Example. Suppose the given curve to be a semicircle, and 
the top of the piop or given point p, to be ai the end oi aa 
borizunial diameter Psj. 

Join QA and put pq = or ; then, by trigonomeiiy, F A = • 
z=iTc,v — are; and by means 
of these, the expression j'l/ ^ 
<f(t' — rf) becomes arjV :^(t 
{,^Tc — i/J, arj' — c tare — d) 
— arc' — dc.dc = ar ic* — j') 
= 2r (ac* — 1) fiom which 
quadratic equation c may be 
found, and ilie position of the 
beam be thereby determined. 




XII. QUESTION 40s, iyMr. Cunliffe, R. M. C. 

At the t 

icts out at 



■f the equinox, in laiitude 60=, suppose a person 
1, on a clear day, and travels till sun set, in the 
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direction of his shadow, at the uniform rate of five milej 
an hour ; hiiw br will be the:i be rrom 'he place from whence 
be set OUT, supposing ilie journey perfomied upon aa horizouul 
plane? 

Solution, by Mr, Cunliffe, the Proposer, 

Previous to the tolution of the question, il will be proper ta 
fvt down ihc way ot finding the relaiton between the hour *jiglc, 
anil the azimuth, tor the given IjiituHe and place of the sun. 

Let the sptnicirclc aqzi-b represent the meridian of the 
place, or hour hnc of 12 o'clock ; ihe 
diaineier ab the horizon; p the pole; 
z the zcniih ; and Q a point in ihe equa- 
tor; and draw cp, CQ. Let o, in CQ, 
represent the pldce of the sun, and 
imagine the great circles vo and zo 10 
be drawn. In the right-angled spherical 
mangle oqz. the leg qz is equal to the 
latitude ol the place; ihe leg 0(^15 equ; 
angle from 1 a ; j ' ' 
from the south 

. Put £ = OQ, ihc honran^Ie from 12, and /= to its tangent; 
also put tn = tan. of £. qko, the »un'i azimuth, radius i. By 
Spherical trigonometry, tan qo = sin qz X tan QZO, anj 




I to the hour arc. Of 
ind the angle qzo ii equal to the sun's azimuth 



lieiice tanQzo : 



"QQ _ 






VZ 



and, by the principles of flux- 



toni, z = j. Having found the relation ortheazimuth 

•nd hour angle, we shall now proceed to the solution of the 

question. 

Let the curve ACc represent a portion of the traveller's path ; 

AD a right line drawn due east, Irom 

the point A, from whence he set out. 

Let DC, Jc be two reciangular co-ordi- 
nates to the curve indehiiitcly near to 

each other, and ce parallel to ad. 

Put AD ^ X, DC = y, and the curve 

AC = a ; then Drf — « = x,ec —}, 

and cc =z u. 

I By the question, the Iravelier proceeds in the direction of 

^ his shadow cc; wherefore the Z. c<re is equal to the siin'« 

■ foi 




azimuth from the south, aod i 
found. 



i tangent m z 



/3 



aa t>efor» 



J 
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Now ai the traveller moves unirormty in his course at tbs 
given rate of 5 miles an hour, ihe distance AC will obviously 
have a given ratio to th<; time, or hour arc from noon : therefore 
put u — ax, a being a given quantity to be determined frttis 
the rate of walking. The hour arc, Irom noon till 
at the lime of the equinox is a quadrant, which denote by y; 
and the distance travelleij in that time will be 30 miles ; ihere- 
lorc aq — 30, whence a ^ ^o ^ q = iq'Q^%^^^. By tak> 
ing the fluxion of the assumed expression u = az, we get 



The angle Cce is equal to the tun's azimuth from the south, at 
betbie observed, and its Ungcnt n = — :- , therefore, by trigono* 



and hence i — ~ 



•/Z (1 + O • U*" + 3) 



First, to finil the fluent of k := 



tatl 



Pot 4/* + 3 
1 + 



j^lt — vv, and hence i = 



(1+0 /t4'' + 3;' 

4 
iati _ 

M» +'•>• (4'' + a) " 

=, and, lakinc the fluents, x = aa X circulararc ladiui t 

and tan v — v'tl'' = 3); but when (=0,1=0, and 
therefore the correct equation of the fluents will be x =aa x a, 
where A denotes the circular arc, radius 1, and tangent 

V (4 L "*" 3; ~ ^3 _ j^Q^^ g( jyp „, f becomes infinite, 
•ndlbenA becomes a circular arc, radiui 1 and (aogent 



J 



«« 



I or - of a quadrant y. at which lime the expression for x, or the 
greatest absciisa ad, becomes -a^ — so miles. 

Wc shall now shew a. method of finding the fluent of the txa 

Put 4/' + 3 = (s — al}' - J- — ust 4- 4«\ whence / = 
'-"ip- /CV + 3) = ^ - " =s - '-^^ = '■-^, 
ind by taking the fluxion of the expression 



I + * = 1 



— ' — i 

~ V 

^^i ~t .. = J.— — ■ , . - ^ ; and hence 

• - __* v'S ^ ' _ " v'3 X « j'j 

■*■ _ (I +(") v'(4("+ 3) i* + loy I 9* 
4 tskioK ihc fluent* 

~ a J* f 9 a ■ a/ +3 f / v'(4'' +8)' 

But when f — o,^ = o, and therefore the correct cquMioa 

the fluents will be 



.«m/3 



A h.l. 



cf' I- I + f v/(4i' 



+ 3' + 11^, A./. 3. 

+ a) a 3* 



at' 4- 3 I- ' /14'' 
Now at sun sei, / is infiniic, being he langcm of go", or 
qiudrant, in which circumsiance the expression tor ihe ordinate 

pC, becomes barely A h.l. 3 = 1817085859 milci ; and 

pxn theiwo legs eo and 18 17085859 of a riglii-angti:d triangi* 

»e find the hyporhenusc = 27-02 1 8449 mik-s. btiug the iravcl- 

jer's distance at sun set from ilie pidce Iroin whence Uc siaried 

noon. 

XIII. QUESTION 403, i> Amicus. 

If, from a point wiiliou' a conic section, two tangents be drawij 
to the curve, and al«" any uiher straight line 10 mcU 11 in two 
poihts, the lines joining ihe-e poinn and one of the poinis of 
contact sliall cul off e^ual segments hum the chord which pdtsef 
through the other point ut contact parallel to the tangent. 
i.V0L. IV. PaKT I. T 
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Solution, iy Amicus, the Propoier. 
Let flC and B D be tangents to a conic section, and let any line 
be drawn through b, to meet the section in c and A ; also lei CC 
and CA be drawn to meet the chord dn, which is parallel to BC* 
in rand a ; the segment Dtl \% = DF. 




Join DC intersecting ba in e, and through E draw oep parall 
to HN or Bc meeting HC in o and ca in p. Because op 
parallel to bc, we have bc : oe : : bg : GE,and BC : EPi 
fA : ea; but. by the property of tangents, bc : ba : : Gfi 
Ea, and alternately BG : CE :: ba : ea ; therefore, by equal- 
ity ol raiius, nc : oe :: bc : ep; wherefore OE is = E" 
and consequently dh is = nr. 

XIV. QUESTION 404, hy Mr. Conlifte, R. M, C. 

In a given hollow cone, it is required to place a solid, the 
axiiof which shall concide with the axi.i of the cone, and the 
property of the solid shall be such, that the area of any eltipK^ 
formed by a plane touching the solid and cutting the cone, shall, 
be of the same given magnitude; required the equa'ionof tba 
curve by whose revolution the solid will be generated. 

Solution, hy Mr. Cunliffe, tke Propos 
Let the figure cpqs, represent a section of the cone anj 
solid, by a plane passin?^ through their 
common axis c£ : and let ab be a 
tangent to the curve PS, at the point 
5, meeting cp, cs, in a and a res- 
pectively. Draw QT paiallel to ta, 
and QK parallel to Cb ; also draw 
AF and Bii ai light angles to the 
axis CEt 
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It 15 manifest that AB, will be t^eiransverseaxis of theetliptica) 
tection formed by a plane culling the cone and touciiing tha 
lolid, in tlie point q. 

And it is well-known that ihe rectangle Br. X AF, is equal 
to the square of the conjugate axis of thai tec tion ; wheretore 
it ii obvious that ab •/ (bg a ap] will have a given ratio to 
the area of the said elliptical section, and will therefore be 
given. And eonsequeniiy ab* x bu >< af, being the square, 
of the preceding enpresiion will alto be given : Moreover as the 
cone is given in species the rectangle BG / af will manifestly 
haveagivenraiio totherectangleCB /: CA; wherefore, ab'xbo 
y AF, being by the question given, ab' x CB X ca' will be 
given also. Put cb = t/,cA — h.cr^qt =:»,andcT = HQ=yi 
alio let c = COS. Z. acb, radius i. 

By the principles of trigonometry and fluxions, the angular 
fluxion, of the point b, about q, will be expressed bf 
■in ^ c DQ X & : also the angular fluxion of the point a, about 
Q, will be expressed by sin Z. Ca^ x — u, radius being 1. 
The latter expression will be negative, i f the former be positiwe; 
for whilst CB increases, CA will manifestly decrease. 

By obviousprinciples 
AC ■ BQ i; AR : CR : : sin caij X — a : sin CB^ X p- 
.; And by trigonometry 

CB = V : CA = « :: sinCAQ : sinCSQ; 
•nd hence the preceding analogy becomes 

AR : CR :: — vu : uv; and, by compositioD, 
CA = « : ca = X : '. uo — vi : uv 



Again Ca : cr : : cb =: » : bt - w — y : : uo—vu : no,' 
wlience y = -• 

From the two preceding equations, we readily get 

• i-z^-^—. whence — li = 5^; and this being written 

tor — u, in the first equation, gives 

XV +yu ~ vut 
By a well-linown property 

I a 



' 
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4ft* = cB* — BCB X AC X c + AC* = V* — ivac + It'; 
and hence the expression 

ci / ci / AS' =: va X {V* — 2vuc + k") which has been 
•hewn tr) he given; whefefore, put uv / (w' — iviic ^- u') 
zr. «'. By piuling tlie preceding exprcKiion into fluxions, 
after pniper reduciioi), we shall gel 
— u h x_(t'' — svuc ^ u') 1 



V A {V — iVUC + B ) \- BUU* 2V*UC ' 



ind hence 



- tr / (t)' — 4»Mc + 8"') 



' — 4WUC + 3a' 
Also y = ' 



' ^ ^ - ^_ . _ T^ / (37>'— 4t/nf f aV 

i//(v- — aruf h If'] -ffl im'— gii't ic 4 /. (v* — aoac i u'}' 
^v' — ^j/HC + a' 
^gaiiij from the equaiiun vu ^ yu + xv before deduced we get^ 
s — , and this being wiitten lor h in lh« exprtasioQ 

u X (»' — 4DWf + 3n') .. , 
X — —r — > ■ - t . / J— , it becomes 

4/< (H — 9l.U(^-f''f 



, ^cv'x j7/' a^' 



?" 



whence 



and hence 

whtrh being icduced and Brranged according to ihe powers o£ 
V, give* 

from which equaiioD v muM be found in lerms uf .rand )/, and 
having found v in terras of* and t/, we sliall get a in icrms uf 

xiaAy fiotn the equation u = ; and writing the said 

values of V and u, in the equation vu X (o* — avttc + k') :^ a*. 
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'e shall have the pquaiion of ihe curve retj-iired in ifnrn ol iu 
wn co-ordiiiaTcs. 

Su)uiion« to a number of curidus problems may be easily 
biaincH from what ha* been done. ' 

i We shall subjoin a few, 
1. Let it be required (o fin 1 the ei]uatit>n of the curve whicU 

shall 'ouch the hasc of a plane uisnule whiH" vdfci' atulo il 

formed by two hnc!; given by puiiiciun, ond tbe sum ul the 

including sides a given lengih. 

It V f B = a, the given length, whence v 4- u = o, 

~i- = I ; and hence x =. ~ —, = — = — , therefor* 
a' X- . Also y := r = — - = — , thereioie 

( • = «^ y' and hence » 4- u = ii' y* + a* x* z: a; 

pvidingbv a', >' + jt' = a*, which equation belongs to tbe 
tonimon conic parabola. 

The loregoiag properly of the parabola, may be verified ia 
the lollowing manner: 

Let PCS be an isosceles triangle, 
ind P12* 3 parabola loiiching the 
equal sides cp. cs, in tiie points f 
and i; also kt aB( be another line 
Uuching the curve ii i^, and ter> 

inaiing in the lines cv, Cs in a and 
respectively: then AC -f* ^^ 
^ CP. 




Draw AE, QR, CD and bf perpendicular to 






bemen-straiion. 
Vt; and join 

By * known property of ihecurvp, pe — ER,and bf -= Fs; 

ind tlieretore ak = ap; and ar is parallel to iic. In like 

Olsnner Sr — bs; and BR is parallel lo ac. Wherefore the 

figure CARB '« a parallelogram, and therefore C a = ar — Af j 

id consequently CB f ca -=: ap t- ca ~ cp. 

In a given hollow cone, it is required lo plare a solid, the 

axis of which slidll coincide witli the axis of i he cone, and 

the property be sutli. tUat the conjugate axis of everv ellipse, 

[otmed by a plane toucKi'ig ihe solid and cutting the cone, 

shall be of tbe same -j^iven magnitude; required the equation 
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thcequaiion of the curve by whose revolution the aolid will 

be i;cnei<ited. 

By dtienciing to what has been deduced we shall perceive ihat 
ihe si|iiare of the conjugate axis of tlie elliptical section will bftj 
proportional to C 11 A CA = vu; iherefore put vu = a' a given 
quantity; taking the fluxioas vu + »u = o, 

whence -^^ = - . and x — ; = — = -, and hence 



II = a*. Also y = ;- = — = -, and hence v = ay, 

V — ,- 

ind therefore ri* — ^xy = a', which equation expresses ih^_ 
property of a conic hyperbola with respect lo the asymptotes 
Cf. and C^; and consequently an hyperbolic conoid 
required solid. 

The particular hvperboU, and iis position with reipect U» 
the asymptotes, will be determined ai follows: we have found 

^xy = a', xy = — : now suppose x and y eqtial to eaci 

other, then x* — — , and x = - , which is equal to the ii 
4 a' ■" 

transverse axis ; therefore we have given the asymptotes am 

principal vertex of the hyperbola, to descril'c llie same. A very' 

neat and concise demonstration ot the properly ol the hypeibol* 

here alluded to, may be found, in Dr. Hution's course, vol. 

article, hyperbola, theorem c8. 

g. In a given hollow cune, it is required to place a solid, ib« 

axis ot which shall concide with the axis ol the cone, and 

the property of ihe solid be such, tbat the content of the part 

oEthe cone, intercepted between its vertex andaplane toiicliing 

the solid in any point, shall be of ibe same given magnitude £ 

rei^uired the equation of the curve by whose revolution thQ 

solid will be generated. 

From what has been done we shall perceive that the area ot 
the elliptical section of the cone formed by a plane touchinf 
the solid will be proportional to ab V|Cb X Ca), ant 
the perpendicular from c upon ab will be proportional to 



— ■, the angle acb, being given. And therefore, the 
t of the part ot the cone intercepted between its vertex 
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«nd a plane touching the solid, will be proponioral to CB y Ca. 
X v'icfl Xca) — ru f/va, which is lo be a given quanrity by 
the qtieition. Put vu l/vv. ■= a% whence vu =l a*, ibe very 
sameag in the preceding problem. 

XV. QUESTION 405, iy Mr. W. Wallace. R. M. C. 

Let a be an arc of a circle, and c its chord; alio let 
C*, c", c"', c", &c, be ihe chords of Jti hall, in fourth, it* 
eight, iti lixteenth, &c. Prove thai 

aina = c —cc' e" + ci^c" c"' 1*" — c 1/ c" c"' c" c' c"^ -i- 8lc, 
Cos a = I — fc'-t-(c'c'V" — c c" c' </' c*" c' + &c. 
both series being continued adinfinitum. 

Solution by Mr. W.Wallace, the Proposer, 



By ih? arilimetic of sines 
ain a~c cos i a 
■in j a^c" cos J a 
■ia i a = tf cot i a 
sin T « = ^'' cos tV *• 
tin tV« = c" cos tV a 



1 a = t — c ainl* 
1-1^ = 1 — c' sin J a 
s } a = 1 — c" tin ^ • 
= I — e"' sin -rt « 
:= 1 — c" tin ]V* 



cos T <t 
coi ,V « 



Heace by continual substitution, 
■in a = c — cc' sin i a 

= C —~ C c' C" COS y I 

- c — ct/c" + cc'c'V"sin,V« 

= C — (£-£" + Cc't"£"'c"cOSiV'» 

lad 10 on continually. By a like manner of proceeding, 
cos a =1 — c c' cos i fl 

= 1 — £ c' + c c* c" sin X (I 
t: i — c c' -H c f ' e" c'" cos /j u 
r: 1 — cc' + cc'e" c"' ~ cc' c" c'" c" sin ^\ d. 
The two series of formulae exhibit an infinite number of ele- 



gant expressions 



for the 



and cosine of ^n arc, and, uUimUel^* 



they give the infinite series proposed in ibe question. 




XVI. QUESTION 406, {'y Mr. Her sen tUf^ 

AB. C B arc thp major and mi- 
nor geiiiNaxrt of a conic scciiun, 
cp my Si rui-didiTieti-r. Dr.itv 
APO |iafdlli'l to r^ niftiing 
CB. proaufCil if neiessaey, in 
o. it is iei| ired 10 prove 
that oA. Ai' = ecp'. 

SotuTiON, iy Mr. Hbrschel, the Proposer. 

Let c;>:=r, AP = R, Z.^CM = OAf — 5, ac=ii,CB = Ov 
(ben the tv~o poliir equdtiunt ot ihe conic section about c and K 
arcTespeciivciy 

«'(t— (') 
I — <*. cos 6, 
aa (1 — «')• cos 

Tlieae expresslnns arc eaiily deducible from the welUfenown 
equafii.nsd — f'| [a* — x') =,v*and (1 — <')(2ax — ai'i =](* 
by ihe lisudl rults for transfeiing rectangular into polar Co*orui« 
nates. Hence we have 

Now since the angle OAC =; 9 and AC = a, there 
OA — ; whence, ac^* r=OA . Ar. 

XVII. QUESTION 407. ^7 Mr. Hekschel. ^ 
The wind blows a spider's web hanging fttcly upon two pointt 

(and supposed destitute ut reUiiivc graviiyj into a curvilineai 
iorm. Kequiied the nature ul the curve and the law of tension. 

SoLUTiOM, iy Mr. Hebschel, Ihe Proposer. 

Take a the vcrteit, Ic AM = *, mp ^ y , ap = s. and / 3S 
tensiiHi at p. Then the effect of the 
wind on a panicle dt situated a( p ia re- 
solved into ^s A (sin iticlin)* = 



- (^^)" 



in the direction sp and 

ds X (^in iiiclin)' >: cob (inclin) 

s^ds, -^-ri- ■» the direction Mr. The 
di 

particle di then is kept at rest by four 

tarces, viz.; Mn the direciioa of the tangent PL, t-i'dtid 



b 



J 
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that of the consecutive tangent pk and the two forces ahove 
numeraied, Lei ihc langeniial forces be reduced to the 
irections am and fm, and ihey become reipectivety 

le olher forces estimated in the same directions are 

— as.i-r \ and — as. - , -; — 
\eisj ds* 

Hence the conditions ofeiiuilibrium are 



dtj* J ,^ d*\ 



(•) 



'l'S)= '•' 



Let (I ) be muliiplied by rf* and (a) by rfy.andthc difference 
lE the results will be 



J. '*" * 



dx' f dy^ 



dxd^x + rf'/A 



Cj being supposed zero j that is, since dx* + </y" = di*, and 
Ud»x + dyd'y = o, 

dt — o, I =a. 
Again. Let (i) be muliiplied by dy and (2) by dx, and thci« 
■uin will be 

o = ^! (.Jy' 4- dx') + a [dxd'y - dyd'x) 
and eliminating d-x by the equation dxd x + dyd'y = O, 



O'- 



VOL. IV. FA.KT I. 



Suppose ' 



: = p, ihen 
a = p"- fa 

ds = 



dx 



' di. /,_f* 
which eivej ds =. — a. f- ^ ■ ■ 

Hence, * = /rfj, ■/T'^Tp' = /~\' > •"■ ^ + c = * 

.■+,= fpd, = f- ?S=5 



, + ^: 



'■■°^l; + v/,^-'^ 



and reducing (supposing, for simplicity, * and y put for x + tf, 
and^ -^ e' which does not diminish the generality oi the equation^ 



which, by the solution of question 365 of the last No. of thi 
Repository, appears to belong to the caleoary. The tension i| 
the same in every point. 

*■ XVIII. QUESTION 408, hyMr. Herschel. 

To determine the nature of a curve such, that drawing 
any ordinate p M and tangent u^ p , again erecting a se> 



Vx 





aecond ordinate p M'ond drawings second tangent M i» , 
this be repealed « limes, the last tangent (m p in the figure) 
•hall invariably meet the axis atlhc foot o[,^i<2£LrH ordinate* 



i 'SS ) 

Solution, iy Mr. Hkrschei, the Proposer, 

Let AP = X, p M — y, AP =9 (x), ^ (x]beingaceit3iti 
unknown function of ar. Then because ihc point p is deier- 
mined from p by the lame law of construction thai p is de- 
rived from p we must have ap = 9 (APg) = ? (? {«)) = 
f' [x), denoting by f" [x) the repetition of the unknown opera- 
tion repreicnted by (p. In like manner, if there be more 
tangents, 

AP^ =W>'{') =P'* AP^ = ?""'(')• 

The next valueof AP will be?" (*), but, by the condition of 
Aie problem, the last tangent will (all at the foot of the first 
ordinate, therefore this distance must be equal to AP, or x. 
Consequently we must have 

Suppose the form of the function ^ to be determined from 
Ibis functional equation the method of doing which we shall 
presently explain. Then we have ap = f (kJ, or 

I 

^Pwlience separating the variables and integrating 

W All ibat now remains is to resolve the functional equation ^" » 
=*". The methods pointed out by Mr. Babbage in his ingenious 
papers on the subject, in the transactions of tberoyal society 1815, 
1816, enable us readily to accomplish this point. Assume 

L if « = -J/ y\^)(,wherc4' denotes theinverse of the opera- 
tion denoted by 4-, tbat is, 4 jc ii such a function that 



= ?(*); 



• The parenlhpsin in f" | 
fibalX dlsD9« ihEm. The read 
I Standi lOTfC+t^iJjJMdii 



Hill uadcrstnd tt 
D S 
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4.4," * = *. Forimtance, if4'i= *'.4' * will = /* 
because V>.*J* — ■*• Then we shall have 



And in like manner (f x •=: •^ / -^ J- 

Suppose now that fi is any particular solution of f: ;r = j^ 
then Mc have, / x — X and of course 4- / ^i^x ^-^ i^ ». 
But \1' denoting the inverse operation of 4-, there must exiil 
■urh « form of 4' 'i that shall not only give -^-^ x — ti 
but also 4- 4''^= X. Thus, in the instance before taken, 
^ X may be either + »/x or — y/jr, because both ( + v**)' 
and(— -/x) are equal to i but 4* 4^ has for its valuel 
-f ^x' and — y^jc*. that is f x and — x, so that althou^ 
[4' ^ ■*: ii necestaiily x,4' ^J^ may have more than one forrSj 



~t 



among which however z is necessarily included. Restricting 4 
then to this form, we have 



4 / ^x =». 

Cfmsei^ucnily if^i satisfy the proposed equation. J. /^9 
will du so likewise, whatever he tlie form of the lunciion 4-, 
which tstherefoieabsoiiiic I) arbitrary. Now paiticularsoluiions 
of fi * = i readily present themselves. Jx — x. y'T is ob' 
ously one ; another may be found by assuming Jx — -j- 

*nd dcicrmining the values of a, b, f, d, and others present 
themselves without much difficulty, all which, however, w'" *■ 
believe, be touad to be comprised in the lorniula 



K')b 
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thou^li to demonstrate this m any case but when n — aneein* 
a inaticr of some difficulty. 

If n ~ 2, I have not found anv curve* rn wliich the (reom> 
ctiical construction of the problem is pi;ssiblc. It is trui-, bjr 

■isuming ^ « = — x, - , ^/a' — r", all which satisfv the 

equation ^' X — X, we get values of y, which have nothing 
imaginary in thera ; thus, il pi = — x, weliave 



'"S? =/Ta 



^h 



the equation of a parabola, but though this equation Batisfie-! the 
analytical condition the construction is impossible. In fact the 
■ubtangent being ax, we have ap„ — a; — ax — — t, to 
which value of the abscissa these is no corresponding real ordi- 
nate. Siill howeverthe next value of APbcing — ap,, is equal 
'to X as the problem requires. As this is the ^rst insrance I have 
yet me' with where the analytical conditions of a problem are 
completely saiintied by a real curve, at the same time that the 
Beomeirical relations to be fulfilled are eluded by a peculiarity 
ih iis lorm and become imaginary 1 liavc thought it wonh while 
,)o notice it. 

If n = 3, we shall have better success. One value offxii 

, which gives 



Hf=y;^S¥i = Hv7: 



1 , — i/aar-A 



denoting what it usually written thus, arc [tan = ) 
This gives 



'(r^) 



y — c . i/x' — a: + 1 . e 
■which being always real, whatever real value wc assign to * 



t >i8 ) 

frniains 80 vrbeti for X we substitute $a? = , or if'x = 4 

and therefore affords a satisfactory Golutioa of (he problem, 
though ot a sumewhat complicated form, 

XIX. QUESTION 409. i^Afr.HEESCUEL. 

To determine the nature of a curve such, that any series oftan. 
gents being drawn, as in the preceding question, the subtangenti 




* 'i ^1 ^2 ^a ^3 ^'^' '" ^^^ """^ ■^'''" *''^" ^^ ^" equal,, 
fcowever they may differ in different seiies originating from a 
different position of pm. 

SOLUTIOK, iy Mr, Hehschel, tie Proposer, 



Let AP =: 

also let PM = 



«j, AP = *„ AP =a 

: y and so on. Then we have 



y dx 

"•+' = "' + -j,f 

y dx 
or, & « =-L- 

Now since the subtangenl is the same for the points M, and - 
**ii+l '''^"fore this equation it to be integrated on the suppositioB 
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1 [unctioa oE cos i«s. 



Let It = /(cos 2«-n). Then 
X — n. /(cos 2!rn) + c : 



but by the same principle that -^ was taken an arbitrary 

function otcos axn, C may be taken equal to another, and there- 
lore lo an arbitrary function of the former. Let then C = f/(co% 
ffvs) and we have (writing x and y for x and y ) 



ydx 
dy ■ 



:/(C0S Bird) 



X = « .y(cos 3w«) + f/"(cos 3irJl) 

and the elimination of n from these gives the differential equ»> 
■ion of the curve. To this end we get by substituting for 
/(cot ^nn) its value, 









and replacing n in the first of the two equations, by this iti valu* 



f=/^' 



The general integration of this i% of course not to be at» 
tempted i even the most particular case except that in which 
' (x) = const = a, »ur^asst;s the powers of analysis ; this, how* 

Ifn^er* gives -^ =: - , and y ^c" the equation of a logarilh- 
ni'c curve. 



XX. PRIZE QUESTION 410, hy Mr. Lowrt, R. M. C. 



Rcqaired a geometrical demonstration of the following method of 
constmciiig a regular poiygoii of sevcn- 
tecn sides in acircli; ; Draw the radius 
coat righf angles to the diameter ab ; 
on oc and OB, Lake oq equal to the 
halt, and on equal to the eighth part of 
the radius; make de and at- each 
equal to Dq, and lg and fh respec- 
tively equal to tQ and nj ; lake oK a mean proportional 
between oh and uq, and through k, dr.iw km parallel to ab,, 
meeting the semiciicle described on oc in m, draw mm parallel 
to oc cutting the given circle in N, the arc AN is the seventeenth 
part of ihe whole ciicumterence. 



Solution, iy Mr. how ky, the Proposer. 






The demonstration of this construction will be ihorii ^^ 

more perspicuous, it the two follawing Lemmas arc first dcmooM 
strated. 

Lemma t. If the circumferenceof a circle be divided into 
any number of equal parts, and perpendiculars be drawn trom 
ihe points of division to any diameter of the circle ; the sum of 
the perpendiculars drawn on the one side of this diameter » 
equal to the suid oI those on the other side. 

Let the circumference of a circle be divided into n equal 
parts, in the points a, B, c, D, E, &c. ; and let Aa, hb, cc, &c* 
be perpendiculars on any diameter itL ; 



Ao + Bi + E< &C. =zcc + Dd f &c. 



Draw the diameter en at right angles to kl, and joid 
AC, BC, cc> &c. Alto draw An perpendicular to aa and 
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let o be ilie centre of the circle. Because in the right- 
angled triangle Cah, ag* =. cn. gh^(go— Aa) x tcOt 
therefore 







Lc' ^ 2CO* — Ad X SCO. In the saroe way it is shewn that 
ig' =: Bco' — ab X a CO, cc* = aco' + cc x aco, 
IG* = 2Go'+ Dd X flOO, BC"= aOO* — MX 8C0i 

Therefore by addirion 

A c' + Bc* + cg' + do' + bg= 4- ic.) 

= loco" — BOO X <Cc +Dd — *a — fli — te — &c.) 

^ a«x go' + «Gox(C£H-Dd+&c. — aa— at — w — &e,) 

But ag' + bg' + cg' + do' + eg' + &c. = Sn ?r go", 

h well known (sec Stewart '■ General Theorems, Prop. iv. ; 

or Mathematical Repository, (irat seriei, vol. |. p. 19) therefore 

■iiXCo'=Bnxco*+acox(ce+D(/+&c. — ao — &i — e* — &c.J 

and consequently 
ico X (Aa + B* + E* + &c.) = aco x (cc + d J + &c.) 

or Aa + b6 -J- ee + &c. = « + od + &e. 
Vol IV. Part 1. X 
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V LemhA ii> Let AKand mn belwodiameteriof acircletf 
W right angles to one another ; ab and ac any iwo arc?, aq =3 
1 their lum and AP = ihcir difference; the recungle of the perw 
■ pcndicukrj from b and c upon mn, is equal to ihe rectangle 
B conuini'd by the radius of the circle and half the sum or differ- 
1 ence ol the perpendicubrs Irom P and q, according as they ailt 
1 OB the tune »tde 01 on different sides of m n : , 


■ Th<tis ab > 


cc = AO X 1 (pa + qJ). 1 


1 


aM fl 


^H. s<^ 


n i 


^B' ?<r\t 




' V H 






■ 


H ^ 


-^ ■ 


■ DnwpQ meeting the railiua CO in E ; join po, 80, and dn*9 
1 BF perpendicular to MN. Because aq is = ihc lum and AP fl 
K = Ue difference of ab and Ac, AB is ^ PC aad PC ^ Ct]i J 


^ B/ 


f,^ 


S~-,o. 




C^ 


F / \ 


^^m Af"^^ 




^B V 




i 


V ^ 


^ 


^ 4 


1 Iberefore co hisecw pq 
K Br ii =. half the lum or 


at ripht anglei in E, and coniequently ■ 



( <H ) 



lalF their sum when p and q a 



1 the samcii'Ie of mv, and 



s: to half their riiHWrcncc when ihey jre on different side! of 
My. Again, because AB ;= Pc, the ande aoii (or&; = cop ; 
therefore the right angled triangles boo, roe. are ;r in all 
respects ; consequently BijzoR,»nA by similar triangles uei'bA) ; 
Er (iC'* ± Q.'^)) ■ • OC (aO) : Cc; whcrelore b6 x cc = 
AO X i (pa + Q^J. 



To proceed now wtih the demon <lra' ion, Irt ihe e ircumfer- 
cnce ot (he cticle ACBz he divided into 17 equal pani Aa, att, 
bt,<.d,&.Q., and let ABand cz he two diameters drawn at right an« 
eletto each other. Bisectui/, which jo!ni the 1st, and 4th. 
division!, in o'; bk, which joins tiie Slid and 8(h, in p ; ce^ 
which joins the 3rd. and 5 h. in n ; and fg, which j.dni llie 6th 
aiid 7ih, in s : also bisect the line* o*? and Bs in m and n, and 
frotn the points ot section draw o't, fw, rv, sx, mr and w 
peipeodicular 10 ihe diameter cz> 



' /'f^' 


X 


:l. 


' J^^"^ ^^\ ^ 


T 
/■ 

K 


A 


/" '^^ 


\ 


«A K ii 


t S 


i B 



I shall prove Erst, that ihe excest of ns ahove nr is equal t* 
in eighihpartof the radius of ihe circle; and secondly, that 
each of the recianiiles ns . mr. sx . kv and o't . PW is equal [o 
the square of a fourih part ot ihe raiiius. It is owing to the 
circumslance of these rectangles being conslani quanliiies that 
the problem is cunsiructable by plane gc mctr> ; and 10 their 
c^tuliiy that the conitructioa is lo lemwkably timple. 



( 164 ) 

In proving tlicse prnposhions, it will be nccpsnary to m; 
Bse Q! llie perpendiculars drawn from ihe several points 
division a, h, c. d, Stc- upon the diamcier cz ; buf lo prevent, 
confusion in tlie figure, and to apply the second Lemma with 
greaier faciliiy, it will be bciicr not lo draw ti.ese perpendicular 
but \o represent them by convenient symbols. 

Lei (ben p,, p,, p^, p^, &c. to p^ represent tbc pcrpendicui 
lars drawn from ihc poinis a, h, c, &c. upon en as far as the 8th( 
division ; and tbtse taken in the inverse order will also reprc&eiU 
ihe perpendiculars from the ptb, loth, i ith, &c. divisior 
far as the i6ih, and the i^ih will be the radius ao. 

Now first, to prove ns — wr — j- ao, or, which it the s 
ihing, thai Hns — 8«r ~ ao. 

It is evident ibat a [p, -i- p* + P, + Pgl is the sum ofd 
perpendiculars on the right hand, and q [p, ■+■ p, + >'s "4- P« 
-4- AO Ihe sum of those on the left of cz ; therdurc, by lire li 
Lemma, 

a (pj + p6 + Pj + Ft) — s(p, H- p. + pj + p^) + Ad 
« a(Pe + p^ + Pj — pj) — a{p_ 4-p, +p, — p») = 

But sinceyg- is bisected in s, asx is ^ Ps -1- p, ; and foi 

■ like reason anv — p^ — p^.; bto' ^p, + p, ; ap 

— P, ; aiM = sx — RV, amr = o't — pw ; 

ibercfore a (p« + p, -+- p^ _ p^) = ^ (sx ~ rv) = Sw; 

2 (p, 4- ', + P. — Pe) = 4 {O'T — Pw) = 8m 

and (jjjj — 8nir = ao {4 



Next, 



I prove that ns .mr — t — \ , or which is ll»«i 



thing, that ^rti.^mr— i 
Because aus — sx — rv and smr = o't — pw, 
4I7J . ^mr = 4 (8X — nv) . (o't — pw) 
= 4 (sx — RV) .o't — 4(sx — RV) . pw. 
But 4 (sx — RV). o't is = 4SX . o't — 4RV .o't; 
•incc ass = Ps + p,, 8RV = Pj — p, and ato' ■= p, + F„ 
4SX.0T = (p, + P,).(p, + p,l. 
: (Pj- !■,)*(?, + P4). 



therefore 

and 4av . o't z 
Kow, by the second Lemma, 



P.. [P. + Pj= -.(P^ + P^—p.^-p,) 

P,(P. ^ Pj= ^-(Ps + i-i — Pi + '») ; 
therefore by addition 



( «»6 r 

r 

or 4SX . o^T = Ao . (2SX + PW — Iit). 
In the same way it is proved that 

4RV . o't = AO . (20'T — SX — PW)# 

and taking the difference 

4 (gx — Rv) • o't5=: ao . (3SX — 2o't + fl pw — RV) 

;=rAO«{2SX + 2ns — 4mr). 

Again, because 4 (sx r-RV) . ^w = 431^ • PW — 4RV . PW, 
and 2PW =: Pg — p. 5 therefore, by proceeding as before, 
4SX.PW zz (P5-j-Py).(p^— p J =i:AO.(o't — RV — 2PW)^ 

4RV .PW — (P, — P5). (Pg — Pa) =AO. ( SX. — 2RV — O'xjt 

and taking the difference, 

4 (sx — RV) . PW = AO . (20*T + 3RV — SX — 2PW) 

= AO . C2RV 4" 4^^ — ^^^^^ 



#7 C 




GA 



Subtracting again, to get the difference of the rectangles, 
4 (sx — Rv) . o't and 4 (sx — rv) . PW, or 4ns . 4»ir,wehavc 

4ns . 4wir= AO . (4«i — Smr + 2 (ajL 1— » ^v Yi* 
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But a (sx — RV) = 4nj ; therefore 401 — 8mr — s (8X — 
«v) = Sru — 9mr =r Ao, and consequently 

411/ . 4nr ^ AO* [i 

Again, to prove that sx . EV = ( — \ orlhat4sx .4RV = AO' 
ssx . IRV =:(Pg + P,).{Pj — Pj), and, by the second Lcmnu 

'r * (^1 — P.) = ^ . C— P. + P, — f. + P.) 
therefore, by addition, 

aSX .2BV = — .(Pfi + P, +P|— >»— P* — P.— P, — »j 

= AO . (sx + PW — o't — rt) = AO . (aw— 

But 2ns — smr ~ — , therefore asx . aav = AO X — 1 
4 4 

ind consequently 4SX.4SV = AO* (c). 

Lastly, to prove that o'r.pw= ( — J orthat 40'T ■ 4PW=;ao* 

ao'T.flPW=(p, + P,l . (P( — P»), and by applying 
second lamina, and proceeding as in the last case, we bare 

20 T.aPW:^ (Fs-t-PT+P»-P,-P.-P,+P,-P,) = AOX 

thcreiore 40'T . 4FW = AO*. (^ 

These properties being now proved, the demonstration of tht 
construction in the question is readily completed. 

Because ins — 8«r = AO (a) = 80D by constructton* 

ni — mr is =: od; and[nj — mr)* = OD* 



add to these 4>ii . mr : 



■ w 



( i67 ) 
I then (w + Br)' = on' + — ^ od* + OQ* ^ DQ'bemiK 

[ oa =: — ; ihcrefore nj + mr ^ dq ^ or = D£ by con- 

|<trucuon, and ns — mr being = od, 
Mas is = OF and imr =r: OE. 



,/ 






:s.. ' 


/ 


^"^^\ ^ 


T 
K 


.^ 


/" 


'\ 




CA 


i ii ' 




J 



But fiwf = ss — BV, thereFore ex — kv := of apA 

[ix — rv)* = or*, add 4S5 . ar =: — (c) ; 
4 

Swn (EX + av)' = or' + — = f^», 
4 
or (X 4- av = FQ ^ fh by construction ; 
therefore set = jh — of = oh, 

or Pj — Pj := OH. 
Againi because amr ^ o'x — pw, o't — pw = oB ani 



(o'T -1- pw)* = OE' 4- ■ = Eft*. 

Consequently o't + pw ^ eq = ec by construction, and 
therefore bo't z= oe 4- eg = OG, 
or p, 4- P4 ^ OG. 

Bnt,by thesecondLtmma, p , . p^ = (Pa — Fg) = -p* 

OH = Oft . OH = OK* by conslruction ; and, by the property 
if the circle, ](.U 4- KM' = OG, and &M . &m' =; ucJ % 



X l68 J 

diefeforc km + KM' = p, + p, and km • km' = p, . Pj 

and conseqiieniJy km = p, and km'.— P^ ; that is, km is i 
the perpendicular from a upon CO : wherefore the points a and ■ 
coincide and an ii ihe sevenlecnifi part of the circumlcrence. ' 

A line drawn through m' parallel lo oc will evidently pai 
Ihrough d, (he ^ih division, and by setting olF fq and eq o 
both ways, and varying the laiier pait of the consirurii 
little, any of the other points of division may easily be found. 

The calculation from this construction is very easy, for 
lake the radius = i, we have oD =: j- and oq — ^ ; wbeaCj) 

OF = t/J7 + h 
OE= tV'i; — T. 



»H = FQ = •[oQ* + of'J = t/34 + Hv'i7^d 
-a^/i7 — tV"7- 



^•34 



OG = EC + OE = V34— 2v^l7 +iVl7<*si. 

But km is evidently = — - + 4^(00" — 40K') 
•Ddoc»-i(v'34 — 2^17 +iv"7— ■)* 



^^^(ia — 4 V 17 +6*^34 — "Vi? ^ C/'iT 



=T^(5B— 4 V>7^ 8^/34+2^/17 — 4/34 — av'i?] 
by potting 4\/34 , ay 17 for ^^34 — 2v'»7 i< (/17 — », 
Al»0 40K''=~4rfB.OQ'=: 5^/34^2^*17— tV'i? — i 
therefore 0G*-40K'=7V(i7+3Vi7-\'34-8v^-8'/34+a/»7X 



' ^"7 + TT Vt7 — 1T + 

T /(17 I- 3*^17-/34— a v'i7—2/34+2/>7)i 
Ae same expression that Mr. Leslie has given for the cosine o£ 
the 171I1 pait ol the citcumfcreuce, at page 419 of the Si 
C^iuuol his geom[:[ry. 

End oi ihc first put of the fourth vol. 
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ARTICLE L 

On CombinalioDS. 
Pjr Mr. Rob. J. Dishneach, Trimly College, Cambridge. 

To the Editor of the Mathematical Tteposilory. 

Sib, 

I hope the following solution to a problem which occurs 
p the Novi Comtaemarli Petropol. Vol. X. will be deemed 
(vonhy of insertion in your valuable publication. The proor. 
If such it can be called, which is given by the Author Josias 
Weitbrecht is inductive. The advantage of a commodious 
Bolatipn is sufficiently obviou». 

I am, &c, 

R. J. DiSHNEAOH. 
<B«23. 1814. 

The Proposition alluded to, is, 

(I). If any limb has n muscles, each having m distinct 
notions, determine the number of motions when p muscles act 

once. 

To which he adds another Proposition. 

(II). To determine the total number of motions which can 
^ exerted by the limb. 

For convenience, we shall stale the first proposition, thus. 
Determine the number of combinationi of n things a, b, c, 8(c. 
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each having m values as a', a", &c. i'.fc" &c. ; and supposing p 
quantities [o be taken at once, and no two values ol the s. 
quantity occurring in any one combination. 

Let.in general, f''[n) denote the number of combinations ot « 
things each having m difftrent values, tlig nutnbertaken together 
being represented by the characteristic p, where p and n denote. 



mbers whatever. 



Hence $P- '(„ — ,) = number of combinations of n — 1 
things each having m values, « — i being taten at once, and no 
two values of the same quantity occur in any one combination. 
But each of the m values of a can be prefixed to this, .-. the 
number of combinations of n things taken p and p together in 
which the values of a occur — mf^~^[n — i) ; .-., setting 
aside the values ol a, we shall have in the same way the Dumber 
of combinations where I occurs =r mp'' ~ '(n — a) : and hence 
evidently, the number of combinations in which c, i, &c. occur 

iwillbe = m ^''"'(n — 3).mf''~'(n — 4), &c. respectively. 

■But the whole number of combinations = the sum of all tbciei 

'partial combinations : or 












.: ?> + i) - ?''(n) = mp"- \n) or Afln)-mip'—\n) 
Hence ^''(11) = ml<p'' " '(«) .". p" ~ \n) = mlp'' " '(n) 
.-. S?*" - ' (n) = m2»f '' - "(n) and f '' " ''(b) - ml^'' - ^(b) 

.■.2V~>) = mlY~\n]: &c. 



trfically. 



Hence, by multiplying the first two columns 
evidently have 

Now (p'(nj — number of combinations of » things each having 
■- evidently = 



n dis 



t values, taken one • 



, which is . 



Now, in integrating successively 1, 2, 3,.. 
weintrodlicc successively the factors n — i, n 
and divide successively by a, g, 4, 



'{")■ 



~ 1 ttmej, 
-tP-t) 



( 3 ^ 

CoROL. ip''{n) — (p-^~i) term of the dcvclopement of the 
Binomidl (i i-m)". 

Phoi'. a. Determine the lotai number of combinationi of 
« things each having m values, no two of the same kind oceuring 
in any one conibin:iti»n. 

The number evidently = f '(») + f*((i> + ^(n) 4- . . , .f"((i) 

.M + N = 1 + <p'(n] + f» + p'ln) + . . . .$"(„) 

=: sum of all ihe terms of the develope- 

mcmol (i h m)" by Corol. to Prop, i. = .-. (i + m)\ 

.-. N = (i + m)'— 1. 

Corol. If each of the quaniiiics has only one value, 

orifm = t, ihen n = (i 4- O' — i = »' — i 

Manning's Algebra, and oilier Books. 
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ARTICLE II. 

Oa Attractions to Spheroids of small cxctittricUy. ^ 

Bj/ Mr. Rob. J. Dishneagh, Trinity College, Cambridge. 
To the Editor oj the Mathematical Repository. 
Sir. 

It the following method of determining the alt tactions to 
the poles and equators of spheroids of imall cKcentricity should 
meet your approbation, I shall he obliged to you for its insertion 
m the Repository. Bernouilli, in his dissertation on the tides 
(Prob. Vll.) has applied the principle lo the solution ot the case 
of the oblate spheroid in which ihc sections are circles (Prop, 
ifra.) : but the conclusions in the other cases he has obtained 
by a very different process, see Prob. VI. I am, &c. 

R. J. DiSHNEAOH. 

temma. To deiermine the attraction to any point on the 
lurface of a sphere the attracting force a — ,. 

We must first find the attraction of any 

fdane circle p^ on a panicle at A. Now 
et the atLraciion of any particle e on a 

be represented by ; .•. its attraction in 

the direction of the axis =: the direct 

attraction x — =: — j .-. theattraclion 




oi the circumference of the circle (rad. eh) = SffEH . —^ 

(» = 3'l4li9a) = 8w . AH .-^. Now, calling ah = rf, 
EH = V, ,: ifie attraction to the circumference of the circle (rad. 



Ell) — and . - 



theretore the fluxion of the a 



tioc to the plane circle equal the aitraciiu 
the circuiDfcreDce of the circle x w =: i^d , 



(f< +4^)* 



. the attraction to the plane circle :: 2-wd . 



' /f' + •'1 

+ c = .-. .w ii— _JL_? = ., . .„ J-'- -J-l 

lit ■•(</' + 0»)5 ^AH AEJ, 

= fliT ■ I V .', for the whole circle po, the attractioD ii 

. < aeS 

= 27-^1 > .Now to apply this to determine the attrsciioa 

^ AP 5 '^' ' 

to the sphere, let AH =J;, radius of the »phere=r, .■- the attraciioft 

, . , S ^ } S ^^ } 
toihecuc e i'A = 2ff^i — ---, -,> =2w-Ji — -J- .-. 



the fluxion of the attraction to the 6phere=aT 






I ecu on. 

Now, for the whole sphere, a: = sr, .•. the attraction to the' 
a \ ar avt 

.fhere = .. (./- - . .rj = 2, . _. = 1_, 

(i). To determine the attraction to the equator of an oblong 
spheioid. T 

Since the spheroid is generated by the revolution of an ellipse 
about its major axis vp, the sections ad parallel to vp will ba 
ellipses. Let eg be a corresponding section i^ ihe inscribed 
sphere, and iherclore a circle. 



( i ) 

Let EO = f, to = r + p, BF = » 
•nd w =: 3'141£9*< Now the area of 
the circle ag = v . gf' = » (an — 
«■), and the area of the ellipse D^= the 

area of the circle x — = the arc* of 



the circle X — = «■ (ar* ■ 



t') X 




Now the difference of these areai 
ii =s the area of the two meniscuies 

XtQ.gd- ^(zrx — x*) (A) 

Now the attraction to these meniscuies = 
number of all the attracting p articles _ 
(Distance)' ~ 

.im,b„ of .uni„i„|; p.nicto^ ^^^^ ^ ^^^ ^^^ ^^ 

eicb point nuy be considered equidistant from E, .-. the attrac- 
tion to the meniscuses = ^ x (er* — **) x -r-i = — {sr* — 



**)x - 



: — X (ar — s). Now the attraction i 



direction of the axis equal the direct attraction X —-j' 

— T— 4^ — X (srx^ — X )'.*• the fluxion of the attraction to 
tbe solid meniscuses : 



attraction in the direction of the axis 



X {nrx* Jt — * *) thercf. the 



!-*)• 



" ar' v'(arj ^ 3 



\ 3 



and no correction necessary. 



Hence when x = ar, we have the whole attraction to the dif- 
lercncc of the spheroid and the sphere = 






( 6 ) 






Sw, 



■ .(B). 






..(I). 



Therefore the attraction to ihe spheroid — the attraction W 
the<pherc+the attraction to (he difTerence of the spheroid and the 
sphere 

_ 4wr , 8»p _ 4^ . 
'3 '5 3 " ' 5' 

(II). To determine the attraction to the poU of an ohhng 
spheroid. 

The spheroid being generated by the revolution of the ellipso' 
about the major axis p^, the aections eg perper.iiicular to p^ will: 
be circles : 

Lei Di^ be a section of the circumscrihcd Ephere, and .■. s 
circle: call pO=r, eo=:i- — p. Now 
the area of the circle ad^vx Dt'—v 
X (ar* — *') and the area of the 

circle Gg = wXCf'^ «xn»* X — y 

- TT X (2r* — *=) X {— — -) =^w 

X (trx — *') X (1 -J omitting 

^ . Now the difference of these areas ^ the area of the sectioiu 

conuined between the sphere and tphetoiJ, .-. the areas of the 

two menisci = {ar* — :r'). Now as this is double of (a) 

and as the remaining part of the investigation is precisely the 
samr, the result will be double of (b). Therefore the attraction 




to the difference of the iphere and spheroid ; 



%n,, 



tSnp 



TherefoR the attraction 10 the spheroid ^^ the attraction 



lo the sphere — this attraction. 



-4!li 



3 sO 



,.(iO. 



(III). To determine the attraction to ihc fquater of an eilate 
spLeroid. 




( 7 > 

The oblate spheroid being generated by ihc rtvolulion o[ ihc 

r«llipse about the minoraxis pp, all tec- 

i Oe parallel lo it will be ellipse*. 

Let Di/ be a corresponding section- ol 

the circumscribed sphere and thcrcrore 

^ a circle. 

Put EO =: r, po ==?■ — p, EF — X. 
Now the area of the circle od — v A 
df' — % ■/. (arx — X^) and the area of 
the ellipse Gr^ := the area of the circle 

X Ys = - X i«, - .•> A '-JL 
=. It /. (arj; — a')— -^ X {irx — x*) ■*. the area of the sec- 
tions contained between the sphere and spheroid = the diflercnce 
of these — -^ /. (arx — x*). Now as this is the same as ( a ) and 

at the remaining part of the investigation is the same the con- 
clusion must be the same ai (b). Therefore the ailraction to 
the solid menisci comprized between the sphere and spheroid 

8b(. 

~ >5' 

Therefore the attraction to the spheroid = the attraction to 
the sphere — the attraction to the menisci =: 

f-Ts'=i^''"-;-^) '■■■'• 

(IV>. To determine the attraction to the pole of an oblale 
ttpberoid. 

Since the solid is formed by the revolution of the ellipse about 
the minor axis fp, all sections od parallel to it will be circles. 
Let eg be a corresponding 
section of ihe inscribed 
sphere and .-. a circle. Let 
PO =z r, EO ^ r + p, p F 

Now the areaofthe circle 
Gg—v.Ot*='B . (Br,r — x'), 
and the area of the circle od 




( 8 ) 



: 7t X (arar — a') 4- 



-X (ar* — x»). 



Therefore the area of the gections of ihe solid meniisci com' 
prized between liie spheroid and the sphere = the diSerence qfi 

these — — ~ X (zrx — Jt'). 
r ^ 

Now as this is double of (a) and the remaining part of the 
investigation the same, the result will be double ot (b). TberCi 
fore the attraction to the solid menisci contained between the 

spheroid and the sphere wiU r= -. 

Therefore the aiiraciion to the spheroid = the attraction iq 
the sphere + the attraction to the solid meni.sci 

= T^^' = f ^<'^P <'^'- 

The four preceding propositioni may be thus slated. 
(I). The aiirai:iion of the oblong spheroid on the equator t^ 
to the aLtraction of the inscribed sphere 



(11). The aiiractton of the oblong spheroid on the poie is tq 
the attraction of the circumscribed sphere 



(111). TTiC attraction of the oblnie spheroid on the equator i 
10 the attraction of the circumscribed sphere 



(IV). The attraction of the oi/iifc spheroid on theptf/ei 
the aiiractton of the inscribed sphere 



Hence nc can compare the aitractioni to the equator and tW 

ffk of an ob/au spheroid. "" 

The attraction to the equator is to the attraction to the circtun- 



(ciibcd sphcr 



t by (III). 



-* ^ 



The attracilon lo tlie circumscribed sphere ii to ihe attnctron 
o the inKtibcd fpbere : : r ^- p : r, by Ltmrna. 
The attraction to the inicribed sphere U to the attiaction to the 

I pole of the spheroid : : t : i 

Therefore, die attraction to the equator of the oblate tpheroid 
(ujto ihe aitnction to iis pole 



■f)" + y 




ARTICLE III. 



On Finding the Earth't Axes. 

By Mr- James Adams, Stone Ueute, Plymouth. 

To fiod the earth's axes, having given ihe measure oi a degree 
of a meridian in two given latitudei ; the eaith being tuppoiej 
an ellipsoid. 

Let iKEN represents meri- 
dian oi the earth, KM the leu, 
I and IE the greater axis, and z, 
[ (, the given tatitudet ; at right 
I uigles to which let zx, zx be 
' drawn, and let ZM, zm repre- 
cent the ladii of curvature at z 
and t. 
Put 
A =: degrees in the greaier latitude ; S — line, c — cestne; 
B = degrees in the less latitude ; i — sine, c — cosine ; rad. i, 
s = length of a degree on the meridian, in latitude a 
d ~ length of a degree on the meridian, in latitude a 
VOL.'lV. PART II. b 




E — io uc, corretponding to (he nat. 



• i/-=Vl. 



r = an arc, cormponding to the nal.cosinecy' - — tCt 

57'B9, icc.xD = »; 57-89, &c.xd = r; sj'9g,&c. being thel 
degrees in a circular arc which is equal to ihe radius. 



: d*, OK* = b*, aad l ~ latui^rectum of ifal 



gi eater 



axis. Then from the natuic of 



-fa'-f)i-A* . 



"■"'"'"© = 



— c* : s* ^ v^i* ; or - 
Hence the'iaiio of ox to os i> known* I 



(«• — &*), and thcDce i* ; a" 
_ (t.c+ c)(i/C-Cl ^ 

(s + vs) (S Vi)* 

The proportion of ihe cliacneten being known, the latut> I 
rectum of the greater axis may be found as follows. I 

From the foci s, r, draw sz, jz ; alio draw tr at right angldl 
(□ the tangent zi/, meeting sz 
produced ins. Then, by conies 

— = ^la* — b\ and - = 

= cos'vTs X r. And 

oc ^ 

by Tiigonometry, a : ^[a*— 
*') :: /(s' — wV) : •(» 
— . o'j :: s I tin jttz = / 

1/ -r "i-:. »i'l c"* y* = V - V ~ t -; 

OK \(s4-»j)(» — vs)/ 
By using the sine (s) of the greater latitude we have 

But, by Trigonometry, 
(s + *) X (s — i) = lin (a -t- B) X sin (a— bJ, 
(s + vj) X (s — wj =: iin (a 4- s> x »tn (a— »), 
(tc + c) X (uc— c) = sin (a 4- r) X •in {A— f). 




( II ) 

Therefore, by lubttiiution, 

K* _ (vc + c) {vc — cl _ tin (a -4- p)iin(A — f ) 

'«» ~ (a + i;j) ts — vsj ~~ iia{A-\- e) sin (a — t)' 

Ot* (S + j]{8-f ) A.[ A+1>MA-Iih \ 

And thence, 

.MA + «1s.(a-b1\^ ■.fA+B)l.fA-Bl 

*-U.(a+fJ..{a-f]; ^..(A+B}MA-£j'=-57»9^'=-'"'- 
OK_ ^gin (A + F)iinfA— F) y 



■■(A). 



If the earth be a sphere : (lien D = ^, and E ~ f =: b. 
Bencc OE = OK = ^yag, &:c. x d (bJ. 

If one of the places as b, have no latitude, then B and E will 
Ite nothing, and f an arc coireiponding to the co> 1/ — ; the arc 
Irill not exceed six degrees, therefore less than a. 



Then ob = 



r '^ 57'»9. *:c- x </» 



ain(A-t-F)sin(A — f) 

sin A „ . 

OS. = -r-; ; r-j r X 57'«q, «C. X d, 

Hn(A + F)sin(A — t) *" '* ' 

OK_[iin(A+ r)sin(A — F))^ 



■fcj. 



If A = 43°, and B : 
TbenOE =: - 



»(«■ + ')'<>• (45* H 



(•iii(4j'+p)cos(4i°+ '))* 
Oll_(iiil(4j'+r)coi [45' + t|)t 



X 57*89. &c. X ^ 



: 43°, wd 1 tcM than A. 



) "' la ' 






\«n (45' I E) cos {45- 
sin(4i° + , ») cot (45° + ») 
»in(45°H- F) cos (45" + r] 

01 = / ■inf45° + B)cQ5(4,^°+ b) \ 

^sin (45° + f) cos (45" f F.|; 

sin l^^^ + B) cos (4.5''+ b) 

"in (45° + *■) cos (45- + E) 

OK _ /sin (45° + f) cos (45° + f1\ 

01 \ua (45° + E) cos (45* + E)/ 



57-t9, &c X d. 



\ 57-119, &C./V, 



It it plain [ram the data that s ii lest than a. 

In the Trigonomeirical Survey, vol. I. page 300, it it tiiA iV 
C =: cosine and / = langem of a given latitude, 
p = length of the perpendicular degree, 
m = length of the meridional degree, . « 

J = 57'^9> &c. the degrees in the circular arc equal to nd. 

r = f-v.^„ix/t~^=^. Then, 



• l^+O.' 



Sut these expretsions may easily be reduced ti 






■-j) 



J = sine of the given latitude. 

Put t? =: an arc, correiponding to the nat; sin '4/ -z (rad» 
unity]. Then, per Trigonometry, 



• Atwrneofoniiesderi tiaj not h«»e Ihe opportun'ljrofcoiuulli.if IheTiiJ*-' 
Botnetrttil Suney, we (ball lubjointa (hu Aiticlc, the iuTenigatioaof the |----- 
npKiuaiuii giTCnat pKfeSOQ, <ol. I, of ihMwork. 

t ir t Y^bccotuidcreduacoiiM, ihtnthcuneo/a muUbeuitd. 



'I'H^y 



vij^'+.H) im (go'—n] =coi* 1 



cok' Ia(. 



and ot. = dp ; 



slat 



And, by tubstrtutiut 
OK. = (Ivipm) X 

t>E ^M p . . cojy., i 

If ihe einh be fsphtije.„:hea.p^tn^!t.a^ h = lat. Thcrerore 

OK - OE=</«,.,^.,^.,,,, _.,_,. ^.,.. ...^ (c). 

Example 'i,, <;iven X'ir'^l" a8'"46";*B = 51° 5' o" ; 

V ■ ff if '6o8iSg fatli. ; J = 60859 fwhomi. 
Then Ca)-.1-J '" "" " 

'10't= '"s^^iSi; =-,999786 

"'rogimo!B=ji*5'w" - 7-8910133 

*log s in of E = 5i*.4'47'.'84'"=i'89099ig 

.??gV - .....= "1-9999786 

log cos 51° y o" = 17980966 ■ 

logcosofF = 5i*5'8" 11'" = 1-798069S 

log tin A + a =77*26'«o"o*"= 9*9894786 

logiin A— B - o" a3'4o"o"' = 7-8378598 

ar: comp. a + E = ioa"'33'a7"84"' = 0-0105155 

«■. comp. A — £ = o' 23' 52" 36'" — g' 1 583037 

a) 1 9-9961576 

9-9980788 

A + B 9*9894786 

A — B 7-8378^98 

w. comp. A + J = 108° 33' 48" 11'" = o*oi»5fl53 
ar. comp. a — * = 0° 83' 3 1" 49'" = 2-1646502 

57-29, &c = i758iaafi 

d - 60859. ■ ■ = 47843848 
o« = 349i785 = 6-5430401 




( >4 } 

Log lin A + B = 9*9894786 

log no A — B =7-8378598 

ar.comp. A + f = O'oiofia^g 

ir. comp. A — f * = «M646joa 

0*0019569 

A + » = 9-9894786 

A — » = 78378598 

ir.corap.! + £,.,.,>. = 0*0105155 ' 

IT- comp. A. — B = &'i583o^ 

57*19, &c = 1*^5811126 

*'■.. = 47^43H£ 

OK = 3466B66 = 6*5398619 

Log lin A-*- F = 998947^7 

A — ' =7-83S3<98 

ir. comp. A + E = 0*0105155 ' 

ar. comp. a — z = a-i 583037 

*) '9'993fi437 
; * OK -?- OE = 0-9937086 = 9-9968318 

OK J OB :i o*99«7o86 : i :: B31 : B3a*69$ 
; : I t 1*0073449 =■ «3' : fl38*696. 

Example a. Given a =: 51' a8' 40" ; b = 50° 41' o", 

D = 60868 fath. ) d = 60851 fathomi. 
Proceeding as before, we find 

OB = 3491541 I OK ,„ 

OK = 3467687 ! ^ = -MS'SS.. 

Example^. Given A = 51*5' o"i ■=50*4i'o'', 

D = 60859, ^ = ^085 1 . 
Id this cue we find as before. 
OE^ 0401913 ) OK 

ot = 5j688M!^ = "9'3i9^7- 

Emcw^U 4. Given A ^ 50° 41' ; m =s 60851 faiboms. 
^ = 6118s fathom*; 11^57*99, &c. 



Thcnip) 

''«''? = ^'sffL- = ^-99M"« 

log fin A = 30' 41' o" o'". . .. = r'888i479 
log sin H = 5o° at)' 39" 11'"..,.^ 9-8873699 
log cosA:=:50'' 41' o" 0"'....= 9-8oi8i9a 
logco»H(a.c.Jio°a9' 39" 11'".... ^ 0^1964363 

9*998»i55 

■ 

'°* (coTh) "■•.= 9-9965110 

log d = 57'»9, &c ^ i7j8tis6 

log y^(pm) =^[6tiSa X 60831)... = 47854457 
0x^3468008 ,..= 6*5400793 

*»g^ •••^ 17581886 

log^ = 6118a-' "••= 47866137 

■"S^ = 9-99B»S5S 

oi = 3491417 * = 6-5430018 

OK = 6-5400793 

££= 1-0067 js =s o'ooS99a5 

EximfU s. Given A = 50-5', f = 61185, 
ffl = 60859, d^S7'*9> &c. 
Proceeding M in tbe lart example wc get, 

OK = 3467940 5 ^^..O^fi 

EMUnple 6. Given a = 5i'88'4o", r = 61188, 
m = 60868, J — 57't9, &c. 

lo thi* caie we iball find, 

01 = 3491435 i OS 
The Fgregoiiig tiz examplei with their reiulu, If given ia the 



I 



i 



Trigonometrical Survey, [vol. 
lowing table. 



, page 309) are placed in the ful- 



Latitud«. 


DciiMon 
the mari'l. 


Degrees 

alhoms. 


lT»nj«e(je 
01 hi latin. 


Semi-eo^- 
m fttti*. 


Ratio — . 


51" 28' 40" 
51" 5' 0" 




■ ■■ I. 

ottsa 

61185 

6118S 


34017«» 
3491S41 
3491913 

5491417 

3191400 
S49)435 


M67687 

SiBSOOi 
34(57940 
'34080)0 


t;007345 
1-006878 

1-00(1445 

I'OOCJSa 

1 ■008764 
I 006754 


51" 2S' 40" 
50" 41' 0" 


60(568 \ 
BUS51 / 


51° 5' 0" 
60° 41' 0" 


60B5e.-l 
80851 / 


SO" 41' 0" 60S51 
51" 5' 0" 6U859 
61° 38' 40'; ' 608S8-' 


Trigooom^ical Surf y; . ^.,., , ■ ■ 


,3491420^ 


.34«80y7 


iiooflgrsi 



I 



PbobleMi Jlaviog the ipcridj'pnal degree, apd al«) the de- 
gree pqrpeiwiicular to the meridian, in a given latfiude j to find the 
earth's axel, supposing it an ellipsoid. 

Suppose APAp 10 be the elliptical meridian passing tbrou^ 
the point B whose latitude is given ; c^.cp ttecquatorialand po- 
lar lemi-axes. Let B» be iheordinatcof the 
point B, and draw br perpen. tothe<'urve 
at B, which will be the radius o£ ciuva> 
lure of the perpendicular degree 41 that 
point; also draw bd parallel to AC Tot 
c and ( for the cosine xniiaitgcnl of the 
given latitude; p and m f0r die lengthi ' 
of the pcrpenaitu1« and meridional de-- 
grees, respeciively ; and d = sj'^'^g,, ; .,, _ ^ ^ ' 

etc. the degrees in the citculdr aic which u equal'tothe railiui. 

Then, from il(enn^iFnics of the etli^'sc; wer gcr'rc, or bd = 




jcurvature of the perpendicular degree ; and — 7- '-J~—. — s 

= dm, ihe radiui of curvature of the meridional degree : but 
the two latter expressions are as 1 to - 

wre, t : 



; ; there- 



-s — i— : — r- — . : : * : HI ; hence, (puttin? — : — 
ifor 0% and r =p — m), we get CP* : CA* : : m : p -^ r(*, or 
^p : CA :: 1 ; W^^ —.the ratio of the axes. 

» Let a/ ^ =a; then ca' = a'cp* which substituted 

.fer CA*, and we have - 



-iE , 



^{fl*-i- (•) ; and coniequently ca = -^-/{a* \- ('). 

Carol, t. U I — the length of a dugree of longitude at the 
point B, then bd will be its radius of curvature ; therefore, rad. 

! c :: BR : bd :: p : I, hence p = -, which substituted in. 
,the above expressions, we get \/ = a ; and Cp ^ 



(his case. 

Corel. 2. Because 



— : = -r — —~ BK ^(/p; if(«nd 

\<t icpreEcnt the cos. and iang. of lome other latitude, and p the 
rpendicular degree in that latitude ; then t-- , :--- , ■ -t-^^ 'x = 

'^p the radius of curvature of ?■ Hence 

d: and the former equation gives 



ptv/(CA* + T'Cp'j 

d ; these 



^cv'(CA -t- rev') 

Jieing equated, wc get p*J' x (ca' + x'ci-') zr ^V x (ca* + 
fct). Let J, and s, be the jjnw 10 the cosines c, and i ; and put 

and j7 for (' and t' ; and we shall have CA ; cp : : v't/'V 
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■^ pV) : \/{?*h' -^ p^t^), for the ratio of the a^ct i which b^ 
ing expounileil by i ; n, we have ca' = n'cp', this BubElituM 

for CAMn the equation ^^-7^^HL_,_,j = ^' «'«' " 
5cf^^(B* + i*) i whence CA = -^ '/{_n* + (*), But the saam 

v^u« [or the lemi-axes will be obtained by tubnituting in ibc 
other equation. 

Hence if/and Lbe the degrees of longitude in the given laticudel, 
we have p zi -, and f = -, which substimted for p, and i 
and we shall get the expretiiont for the scmi-axci in that caie.,1 1 



ARTICLE IV. 

Mathematical Scraps, 
SyMr.THOM&&'WHlTE,qfthe Mathematical School, Dumfriet 

I. To exhibit the square root of a, 3, j, 7, n, £?c. in affit 

live terms of the powers o/a. 

Lew ma. Whatever a is, we have — = i -f { i — a) % 

r-+4+ ■■■•+-;r=£ + -in + W The trult 
La « a a" ' a"J 

ibis will appear by successively transposing the terms of the and 

side 10 ihc first side beginning with the last term. Hence if a = 

» . _ _ ' _ J _ 1 _ i_ 

?' " > « «"-^ >-'~ , 

also.-;. - ^= -^(»-4) = -V4i + i 

a a a a ,/ »■ La a 

+ + .-^ + j^, + -A- 

s * a J 



( 19 ) 

Now/^(9)^x= •{!+ i) : hence, by the usual proceit 

11 11 

1 + « = (by the lem.) 1 4- -»+ -i ; 

place this below and carry on 



1+1 



.+ii.+» 



+ » + 8» = •(»). 



. + «-id 



2* «» ^ «• 



• + «+?+? 



p-S3 = ('>ytheleni.) 



£' 

1 



1 . 1 






• 5?-|7— j,T7=(l>ythclein.) 



»+i- + ? +5;+pW?-'-? +? +?■- 



t 

8 



- + - + - + - + — 



. « f * _L> J.' J. * 



^»-jn 



-^ = (by the lem.) 



to 






.&» 



--y — &C. &C. 



In like manner. 



&c^ 



eg 



( go ) 

V'{i3) = v/(fiM-«'+2'fi)-8 + i+ 1+1 +!,+-!, + &c. 

&c. &c. 

Remark. If i!ie digit 3, for example, were to be employed, 
similar results will be obtained ; but, some of the terms wilt be 
negative, unless the illgii s be also admitted. Unity is neccssarjr 
in all cases, and is equivalent to 2°, 3°, &c. 

II. To shew that any equation may lie generaled, hy the addition 
of its component eq}tations. 

Lei the simple equations ofa cubic be x- — a —o; 
X —b = o, 
X — c - O. 
The mm of the firtt and second is ax — {a +- l] ^ oi (a) 
first and third is sx — (a -i- e) — o ; fa) 
second and third is aa: — (6 I- f ) =: o ; (cj. 
Now, multiply (a) by i and take the fluents 

*' — (ti + i] X -|- correction =: O ; and 
when X = fl, we have a" ~- a' — ab + correction = o ; 
when X ~ i, b* — ab — i' + correction = o ; 

consequently, in both cases the correction 'a ~ + ai i and, 

we have from (a) ....»' — [a + 6)1 + ab = o; 
in like manner (b) ••••*'— [a + e)* + ae = o; 

and from (c)">'X* — (i 4- e) * + fie = o. 
Again, the sum of these multiplied by x, gives 

^X*i —a[a-hb + c)xi \- [ab + ac-^ic)x = o, 
taking the fluent! 

J.3 _(a + fc + ()«' + (ai +ac + ic) * + correction = . 
Noiv.if *=o, a'— a' — ia^ — fa'+ia'+ca^+a/c+correct. = 

if i — fc. b'—ab* — i' — fi' + ai'+afcc + i'e + correct. =0^ 
ftntl if t-c, c'—ac'-^bc* — f'+aic hac'-f-ic'-i-correct. z 



( .. ) 

iheieiore in all these cases the correction is = — ahc ; and our 
derived equaUoii is 

*' — (a + i + c) *' + (fli + ac -\~ic)x — ale = o, 
the tame at by Harriott's method : and tbui for higher oquations. 



III. 



Concerning eijuationf. 



i". Suppose a cubic 
j' — {a + i4-t)a!* + (a6 + ae+ he) x — ale = o, 
which arises from (x — a) (i — 'j (■^ — ^) = o- 
Then, first, »' — ahc it = o ; 
and, secondly, — (a + i + c) «' 4- {ab + ac -^ bc)x\t = 9. 

Now, nothing can be determined from ihesc latter equationi j 
In their present form, they are paradoxical ; and the ambiguity 
arises from the same symbol x, denoting unequal qLianiiilet 
a, h, and c. 

Let then x, x' and x" denote the roots, to be dctemilned, a, b 
and c ; and we have, by Harriott's method, 
x^s" — iw'*" + air" — abe ^ 





— lixx' 


■f ac\' 




— cxx/ 


+ lex 


Coniequently x^x' 


= ahc 




-nxx- 


^■ahx' 


and 


-to" 


■^aer 




'-ex:,- 


+ bcx 



r 



1 



w 



In [a) and [b) there is no ambiguity ; but, there is a new ttaic 
of things which seems to indicate that Harriott's theory it not 
cufGcient for simplifying the solution of equations. In (B)there 
are three unknown quantities *,«' and j«"; and apparently ooe 
equaiion only; but, this equation will be fulfilled by splitting ic 
into three equations, viz. 

— ax'x" + ahx" = o: 

— bxx" + aesf = o ; 
and, — exx' + lex =. o. 

From these *, *' and «" are found = a, b and c, respectively ; 
aod, what is remarLable, equation [a) appears unnecessary : 
But, the difficulty of applying the consideration! suggested by 



ibese equations to one of the u«ua1 form, x* 4- p«* + ?*+»■ —9, 
remains unremoved. 

a°. Resuming [x — a) (x — i) [x — c) = o; take the Iliixio 
We have 

[x — b)[x—c) + [x — a){x — c)-i-{X'~h)[j:~~a)=o. 
This will be fulfilled by three quadratics ; and, ihe equation 
gt — ale — o, vanishing, leems to become unoecessary, as before; 

Or thus, Mk.e the logarithm, wc have 

log (x — a) + log (I — 6) + log. (x— c] - o, 

— 6 * — c ' . ' 
, and the equation «' -il 



the fluxion of which gives + ■ 

which is equivalent to three quadratic 
abc — o disappears, as before. 

Remark. By taking the fluxion, .the roots of the cquatiolh 
continue unchanged, when the resulting cquaiion is rcaolvei! 
inlo three, notwithstanding the same symbol * remains. Perhaps, 
thii ohservaiioii ia new. If we divide theequauon which disap-' 
pears, viz. xx'x" — akc— o, successively by each of ihe equaiioU 
into which (b) is split; and, make each of the remainders 
relations of ihe quantities will arise which are consistent with 
a^ = fl, a* =; /■, and x" —c; and, the like may be asserted oi 
the quotients. After alU how are a, b and c to be found from f, 
^ and r ? Here is the rub ! 

IV. W iriinsformation of equations by ichtck their roots mny he 
appToxinaied , tspedally when the coefficients and absolute term 
ere considerable. 

Lei the cubic x* ■\- px* + yx 4- r = o be supposed = * -^ 

+ + c ; then we have 

m + X p + * 

x^^px^+^x+r=^ +B^' +.8^ 



-¥Sa{ 



mparingthe homologous terms 
r — ay 4- tt*p — '' 



r— 6?-f-,9'p— g' 



and. 



reqtulionis n< 
-p»'-H.— r 



( '3 ) 

tf transformed to 



in which a and /3 are aisumable and unequal ; let 

±g'P—S' , 

+p— |S = 0, 



+P— " — «=o; 
o, we have 



»+ ; 



and^ may be any number whatever. 

Let then, S — , we have 

H' 



.1 — eLli&_jY:! + p_^=,, 



al^ aincc p, 9 and r ei^r aie^ or may become whole numbers 

in any equation, the terms ■' . . and ,* . may be neglected, 
p'jT- p-}V ' 



which givesa:-i- — '— — ^^ 
a quadratic ; and, hence. 




a: + « a + y 
ttre given equation will be trantlormed to 

, a — ar + a'^ — a'p + «* J — gr + g*7 — g^ + g * 



|.-6)(»-,0 1. + «l 

~ ( I IJ ..1 I., .L 



where a, /3 and v are assumable and unequal : Let « as o, we 
- gr I e'}— fl'p + g* 
g(|i-,) 

■'} — '■'P + 
") (-HI) 



> 



f V4 I 

where fi and v arc assumable and unequal . Now, p, q, r, and f* 
cither are, or may become whole numbers. Let ^ = 
oar equation becomes 



pqr$ 



X + a^ + . 



pqs "^ p^qr's^ 



pVf*^ 



p^q'r's' p'tf^r'^ pqra 
s — vr + >*y — ii'p -t-v' 



P?" 



-►»){. + *) 



where >' is assumable : Iftheafbe found, by 'rial, nearly, equal 
to a value of a", in the given equation, we may deem jt — v u 
small, and x + y at nearly = eir ; and since the second and 

bigher powers of may be neglected, our equation beconiet' 

■ VT + v*q — v^p 



iV^iv 



pqrs) 






a quadratic equation in which v nearly fulfils the eqaition gircn. 

V. About A, l(t a rigid rectiUnenT rod ABC revolve, and Ul 
fiCDE £e a jointed parallelogram having given rigid sides; Nov 
supposing the 1.t> to move in a vertical right line GH, what is 
the equation of the locus of the /.£ ? 

On the vertical drop the perpendiculars ef and CH ; on tlitS 
horiiontai the perpendicular 8K ; and let 
tbc rod cut ihc vertical in i. Describe the 
arc CO. Put AC = a;AC— h; CD — c % 
DZ — d; A8 rr a — d zz e; CK. = ;it: EK 
=; y': then df — y'[ti* — *'). Since Acis 
parallel tu de, the triangles def, iao, and 

CHI are cquuingijlar, x : a ;•. b '. — — 



— ar*) = CI ;■ and BG = y + ^[i* — *') : Therefore di = 

CT — DG = ~— ~ ^{d^ ;[»)_y; alsO, d % /(J*— l') :I 



^ 
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n : */(rf« — ;c*) = HI ; and since CD* — • (DI 

X ax ^ 

+ ih)* = CI* — i 1h' ; we have cd* — (di* + 2Dr x ih) = 
ci^ ; that is» in symbols, 

-, ^ ax — id „ . Wv* • t 

y ] X 2 ^(^ — a?*) = (a l , the equation of 

the curve ; whence y = 3 ^/(rf* — x^) ± v^[c* — ( 'T""*^*^* 
the required equation. Drop the perpendiculars bl and cm; 

thenOM =: CH = ^ — *; i>H = \/[c'— f ^— i)*] ; andBL 

zr-jVC^' — **); consequently y = bl ± dh : hence, take 

QR=: IL ; and make qe and q£^ each = dh ; then E and if are 
in the required locus. 

If x be affirmative, and ti/[(^ — (-^ — 4)*] =0,^:1= — (6 

4- c), its greatest value, and y == « 1= ab. 

(ax 
IT 



o, gives — X = — (4 — c), and y 



+ i)*], which, if = 
s= AB. 

If y be a maximum or minimum, we will find - . — -15 — y 



ax , 



= -4- 



^f^'-CI-*)'j 



; from whence jc may be found, and 



thence the greatest ordlnates. 

It may be observed that unless & =: AG be assumed = ac ^ 
CD zz a "^ Cy the 
branches of the locus . X. 
cannot be equal on 
both sides of ag and 
similarly situated. 

Figures and and 
3rd are adapted to 
AC = a — €• 

VOL, IV, part II. 
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About 14 ycari ago, a young geniltman connected wul 
Mnsn, Bofton and Watt, and once a Pupil of mine, communii 
catcd to me the substance of the above problem, and desired to 
know whether the curve fe (fig. 2 and 3) differed much from x 
circle: He said that they employed an ifon bar eb, which played 
round a bolt r, 10 reiaia the point £ in the curve. On receiving 
ihe solution which shewed that the curve was not a circle, he 
observed that the portion of it which was necessary for iheir pur- 
pose was suHicicmly small to permit the bar to move without 
sensible strain on the bolt and gear ; and added that ihe beam AC 
being 8 feet, the above system permitted a vertical motion of 5 
icet, which answered every purjiosc. Messrs, Bolton and Walt 
have since improved ihc contrivance without, however, produC'' 
ing more than a comparatively rectilinear motion vertically. 

\'I. Let bf cut a given cinU ; and c be any point therein s 
in it another point d be taken, suck, that be •< dj - cd* : Then' 
if any point p betaken in ihe circumference, and pc and pd bt, 
drawn cutting the circU in n and m, pd X ^m x td ii = fc - 

'- '■ 'J- 




Demomtratian. 
By hypoth. ic : cd ■.: cJ : d/, theref. hd : cd :: cf : df; 
by ihc circle pd : df :: bd : dm, hence pd : cd :: cf : dm\ 
by the circle /e : cn : : pc : cb, 

consequently p(/ : dc X cn :: pc : be x dm: 
ot.pd X dm : nc x fie :: dc : be :: df : dc i: cf : bd: 
Hence, we have pd x dm h bd =. nc x cp y. cf. Q. E. D. 
Cot, 1 . Hence pd x dm x be = nc x cp x dr. 
2. pd X dm X cd = ne X cp X df. 

Several curious properties of the lines concerned may be de. 
duccd, and the hope ot solving, geometrically, the ancient prob. 
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!ein, ' the duplication ot the cube,' might seem to revive, by 
considering the point c in the centre of the circle aj in fig. 4 : in 
this case wc have (ic)' — pd X dm x bii ; i.e. U p'dm' be per- 
pendicular lo i/'and p'cn' be drawn, (&cy — {p'd)' / /'J ~ » 
given parallelopiped ; and the side is to be found of a cube 
which IS = to this solid : But the difficulty lies in determining 
p'dmAhd soch, that a circle will pass through b. p' and /so as lo 
make 6c : cd :: cd : dj. This theorem occured 10 me above 
BO years ago : and as it has gotten abroad, I think it proper to 
publish it myself in your valuable work. 



ARTICLE VI. 

Problem. 

fl^ Mr. Peter Nicholson, Architect, No. 10, Oxford 
Street y London. 

7*0 determine the nature of a sarfaee described by a straight 
line macing along two other straight lines tDhicji are not ia 
the same plane, sn that the describing l/'ic may be parallel to 
a plane which is perpendicular to one of the given straight 
lines, and to find the sections ojthe surface, as cut by aplane 
given in position, and also the orthographical projeclion of 
the sections. 
Let AD and be be two straight lines not in the same plane. 

Draw the plane dec psrpendicular to one of the lines ad ; and 

(he plane dec parallel to ad : draw ah paral- 
lel (o the plane dec at such distance from 

« as to be perpendicular to the plane dec; 

through the straight lines ad and AU draw the 

plane a BCD which will therefore be a rcciangle, 

perpendicular to both the planes dec and bec : 

let the describing line beKG which will therefore 

be a line on the surface parallel to the plane dec, 

and draw the plane K.GF parallel to the plane 

DEC cutting AD in K, bc in F, and BE in c. 

In the plane KOFdraw hi parallel to fu cutting 

KG in I and ^F at H : then HI will be perpendicular to the 

plane abcdi 

•^ da 
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Lcl AD or BC = a, kf or ab = d, ce = c, bd : 
«, BF or QK =: y, and Hi = z. 

Then,by5im. As, BCEandflFG, BC : c 

thatii, a : < 

Agaio,byaim.As, KFO and Kill, KF : fc :: 

that is, A : — : : 



Wlie 



c the equation of the surface is : = — .-. 



Now suppose z a constant quamiiy, then will z z 
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abz = rj/x be an equation to the hyperbola ; therefore the sec» 
tion of the surface cut by a plane parallel to the plane abc 
an hyperbola. 

But to find ihe projection of the section of the surface cut by 
any plane upon the plane abcd, the cutting plane being given ' 
position to ihc given plane or to ibe phne abcd ; let bd be th» 
intersection o( the cutting plane in the plane abcd. and let bkd 
be the projfciionof the section bid upon the plane abcd : dra«f 
HL perpendicular to bd, cutting Boat l, and join li, then will ilia 
triangles bda and phl be similar, for the angles hlp and B. 
are right angles, and because ph is parallel to ab the altcrnats 
angles HfL and dba are equal. Now hl represents the base, 
HI the perpendicular, and Li the hypolhenuse of a right-angled 
triangle of which li is an ordinate to the curve in ine cutting 
plane, which will meet ihe surface at i, and HLiwillbe ttis, 
measure of the inclination of the cutting plane to the plane abcd* 

Then, by aim. ^t, dab and dkp, da : ab : : dk : kp, 

that in a : a : : a - V : K.P = t^=h. 

^ o 

Therefore ph = kh — kp = i — - ~ _L - ^ + *>" _ ^ 

Again, by fiim. A», BDA and FHL, bd ; DA :: ph : HL, 

a d 

Now let / be the tangent of the angle of inclinacion ni.1 to"! 
llie radius r, 

then, r : ( : : LH : hi, 

ax \- b y — ah _ ian (- thy — tah 

d '-'- }J' ■ ■' > ' 



that ii, r : ; : 



^ 
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iifhich is the equation of the cutting plane ; from which take the 
value of z, and put it equal to the value of z in the equation of 

the surface gives ^^^ -^ t^-tah ^ cyx ^^.^^ j^ ^j^^ 3„ 

rd ab 

equation to the hyperbola, and from which is obtained yzza^btA 

b — x 
ab^t — cdrx' 

If X be supposed equal to 6, then y z:a*6/ x . » - ^ / , = o, 

therefore make ab equal to 6, the curve will pass through b. 

If X be greater then i, the ordinate y will become negative,' 
and will therefore lie on the other side of ab 
till cdrx become = toai7, then will yzza*bt x 

h ~~" X 

-* iz infinity; therefore make cdrx =: 

ab^L then * rz — t--. theref. make ak = — r- 
' cdr cdr 

and draw gl through k parallel to ad or 

BC, then G L will be one of the asymptotes of the curve. If x = 

Of then y z=. —jyt = ® » therefore draw ad perpendicular to 

AB and make ad = a and the curve will pass through d. 

Let X be taken negative or on the other side of a, and the signs 
of the terms in which x are concisrned will be changed, then will 

,, ft H-x 

^ = **' ^ ab't + cdrx ' 

Lastly, tf X be supposed infinite, the terms ab^i and a^b-i will 
vanish when compared with cdrx and a^btx^ whence y z= ■— ; 

therefore make ae = -j- and draw eg parallel to ab, ge 

wiH be the other asymptote : Therefore in both these positions 
the curve formed by the surface required and a plane will be an 
hyperbola, and also its projection upon the plane abcd. 

Let us now suppose the cutting plane to be perpendicular to 
ihcpUne abcd* 
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Then, by sim. t s, dab and dkh. 

DA : AB :: dk : kh, 
that is, a : b :: a—y: x; 

therefore ax = ba — ty, whence y = r 

Therefore, substituting this value of y in the 

equation ofihc surface, gives z=-V-:= — r^ 




parabola. 



— V— = r, (i* — *') which ii an et^uatioo to (] 



ARTICLE VII. 



/In txpedilious melhod of asecriaimng the Factors of Composite 
fiifnbers, and of finding Prime Numbtn. 

By Mr. P. Barlow, of the Royal Military Academy. 



It has always been a desidrratiiinwiih mathematicians to posiesff 
a ready method oftietermining the component factors of compi>., 
site numbers, and of asecriaimng those that are prime. The first 
attempt al finding prime numbers, that we are acquainted with, 
was made by Eraiuilhenes, and gave rise to the invention of 
he called his x^xkivqv or sieve, a particular and interesting ac< 
count of which is given by Dr. Hotsley, in the Philosophical 
Trantaciions for 1773. This method however, only applies to 
the finding of piime numbers in continuation from unity to any 
required extent, and is ol no use in the case of any proposed 
isolated number. After the work of Diophantus became known 
in Europe, through ihe translation of Bachet, and the editioa 
of Fermat, which laid the foundation of our present theory of 
numbers, a variety ol attempts were made for discovering prime 
numbers by means ot certain algebraical formulae, which 
should cont3in those numbers only ; and though no such 
have been found or indeed can be found (as ii demonstrated by 
Le Gcndic, " Essai sur U Theorie des Nombres," page 10) yet 
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few remarkable formulic were discovered, containing a great 
many piime numbers in succession, aa^' + ;r -1- 41, ax* + ag^ 
a' + X + 17, mentioned hy Euler, in the Memoirs of Berlin, 
for 177a. 

The first of these formula, by making successively 1 = 0, 1, 
g, 3, &c. gives a series 41, 43, 47, 53, 61,71, &c. of which the 
first forty terms are prime numbers ; the second, in the same 
manner, gives twenty-nine prime numbers, and the third, seven- 
teen. Fcrmat also asserted that 2" -|- 1 would be always a prime 
while m was taken any number in the geometrical progression i, 
a, 4. 8, 16, 3a, &c. but Euler proved that it fails when m — ^a. 
These cases show the danger of drawing conclusions from in- 
duction in any mathematical investigation, as there are few caKt 
of this kind, in which we have more reason 10 infer a general 
bwfiom particular results than in the first of the formula above 
tnentionea. 

Waring, in his " Mediiationcs Algebraicae,'' gives a very re- 
inarkable theorem relative to prime numbers, of which the dis- 
covery he says is due to his friend Sir John Wilson, which it 
this, " If n be a prime numher, then will 

_ J ■ a • 3 ■ 4 ■ 5 (n — ') + • 

be divisible by n." 

This property belongs exclusively to prime numbers, and 
therefore offers an infallible method xnabstrado for ascertain- 
ing whether a given number be a prime or composite, but it i* 
onfortunately ot no practical utility, in consequence of the e- 
iiormous magnitude of the product even for a few terms. This 
elegant theorem was not demonstrated by Waring, but was first 
proved by La Grange, in the Memoirs of Berlin for 177 1. 

Such being the difficulty attending the discovery of prime 
numbers, and of ascertaining the factors of composite numbers, 
several eminent analysts, particularly Euler, La Grange, and 
Lc Gendre, have endeavoured to abridge the direct operations 
by investigating the forms of the divisors of numbers;by showing 
that when a number is of a certain form, it can only have divi- 
Eorsofihe same, or certain other forms, whereby the number of 
tentative divisions are considerably diminished. La Grange, in 
the Memoirs of Berlin for 1775, has given several very interest- 
ing theorems connected with this subject, relative to the divisors 
of numbers of the form (' + nn*, t and h being prime to each 
other; from which it follows, that every number comprised in 
»ny one of the forms /* + n',C 4- an', f- — an'. V -I- 31', and 
i' — 5B', can only have for divisori numbers of the same form 
ai ihcmsetvo, excepting only, in the two latter cases, those divi- 



I 
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(tors that are double an odd number, A great vailcly of otilfl 
itileresting theorems iire dcduciblc Trom ilie sdme principles, and 
M. Le Geiidre has very considerably extended ihem in hii 
" Essai sur la Theorie dcs Nombres," and has drawn his+csuiti 
inio the form of a table, occupying 44 <]uarto pages. These for- 
mula;, however, tkoiigh they offer theorcttcaily a great abridg 
mem of Lbour, exhibit many beautiful iheorcmj, and dtsplaj 
ihc inexhaustible tcsourses of the indeterminate analysis, yet i) 
must be acknowledged that they afford little or no advantage ina 
practical point uf view, as it is frequently as di[Iicu1t to ascertain 
the form of a number, a9 it is 10 diicover its factors. M. GauH 
also in his ■' Disquisitioncrs AtiihmeticiB," has given two methodi 
for ascertaining the factors of numbers, but tbci!c likewise tca 
quire prior investigations, and the assistance of extended tablei- 

Such is the present state uf this problem, which ihe latter autboff 
justly calls " oncot ibc moat important and most useful in arittv^ 
tic," and for the solution of which I propose in the following 
pages, to give a ready practical method, whereby 3 personf, 
having the slightest knowledge of aiiihmetic, may discovert!' 
factors ol composite numbers, or ascertain those that are prime, 
about one-tenth ot the time that it would employ an expert n 
ihcmaticJdn to perform the same by the usual operations, 

Without referring to the numerical theorems above alluded! 
In, (which as 1 have observed, would rather tend to lengthei 
than to abridge the operation, on any number of which the form 
is not previously known) the only direct method urdeiermtning 
the factors of any proposed number, is to divide it siiccesiively 
by every prime number less than the square root of itself, and 
if any one of them divide it wiiliuut a remain<!er, it is the 
factor ioughi ; and if, on the contrary, none of them will so 
divide it, it is a prime. Thus if ggoi were proposed, we must 
attempt the division of it by every prime number from i to 97, 
ihe Utter being the greatest prime number under v^ggoi. The 
tollowing method is ilierclore intended to lacilitaic those divi- 
sions, or rather to perform other equivalent opcratmns instead of 
them, which require only addition, and that, such as may bo 
mcntalty pei formed by inspeciioain the following table, which 
being iiiieiided merely as a specimen, is computed only for num- 
birs under 10000 : but a more extended one is given at the 
conclusion o( this anicle. 

The formation ol this table depends upon the following ob- 
vious propciiy of numbers, viz. if any proposed number be di- 
visible by any other number, the sum ot the remainders arising 
from dividing the several pans of the former by ihe latter, will 
be alsu divisible bv that divisor. Thus, if 991 1 be divisible by 




■iiynunibcra,ihenihe5um oFtheremalniiers of 9000, of 900, and 
JOitt divided separately by a, will also be diviiible by a. Tbi's 
property is to obvious as to require no formal demonstration in 
this place, those who are scrupulous, however, may see the dc- 
nonscrati' >n, at page la of my " Theory of Numbers." 

Now in the following tablet, the upper line contains all the 
prime numbers from 7 * to 97, and is therefore marked primts ; 
each of the other horizontal lines contains the remainders of the 
numbers standing on the left hand, when divided by the several 
prime numbers in the upper line. 

Thus the first line after the primes, marked 100, has the num- 
)^[s 2, 1,9, ij,j, &c. shewing that ioo-f-7, leaves a remainder 
JB ; by II, 1 ; by 13, 9; by 17, 1.5; &c. The numbers in the 
^ond line marked aoo, shew the several rcmaindert of «oo 
yhen divided by the same prime numbers; and so on, to 9000. 

Specimen of a Table for finding the factors 0/ Composite Numbers 
and/or ascertaining Prime Numbers, computed to loooo. 
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xs For example 991 1 , be divisible by any nnmber a, the sum 
the remainders of 9000 ~ a, 900 -^ a, and 1 1 -— a, will also fa 
divisible by a. Therefore, to find the factors of any number'; 
add its two last digits to the remainders in the line of hundred^ 
and thousands ot iliat number, and try whether the sum of theA^ 
(which may be done mentally) be divisible by the prime numbet 
immediately above them, if not. try the next two remainders, ant' 
so on, liil you find one that will divide, or, by going through ihc 
whole, show ibat no onewill. In the former case you willhi 
tlie factor sought, and in the latter, the number is a primSk 
Thus in the number proposed, viz. 9911, by beginning in th^f 
first vertical line, and adding tl to the remainders in the tvrA 
lines marked 900, and 9000, wc have 4 + 5 + 11 = EO, whidl 
is not divisible by 7 ; but, in the second column, 94-3- 
:= 3, is divisible by 1 1, therefore so also is 99 11. IF thenuni^ 
ber proposed had bt^en 9901, it would be found, that 1 added tdl 
the sunt of each two remainders, it in no case diviible by tit 
corresponding prime number, and therefore 9901 is a prime. 
Again, let it be proposed to find the factors of 7531 , here going 
over the lines marked 7000. and 500, and adding 31 to the sun 
oFthe remainders, we have in the fourth column, '3 + 7 + gi 
=gi zz 3*17, which being divisible by 17, this number is also 
divisible by the same f jcior. 

Again, required the factor of 9001 ; here all that is necessary 

to add one successively to each of the remainders in the lint 

larked gooo, and to see whether the sum is in any case cqtnl 

to the prime number above it ; we find upon trial it is not, 

therefore gooi is a prime. 

There is a trifling inconvenience attending this method, 1 
Mlding the two remainders together, in consequence of their not 
being immediately contiguous, the intervening figures in soim 
measjre embarrassing the operator ; in order 10 obviate this, ] 
have disposed the above table on five smjll rods, which may b 
ctUeA/aclpr rods^ the disposition of the lines being as follows : 

Factor RoJj. These rods are ivory, five in number, five inchei 
long, and one-fiflh of an inch square ; on the four sides of th( 
fiist rod are disposed the four lines of the preceding lable marked 
100, 200, 300, and 400 ; on the second, tlic lines marked 500^ 
600, 700, and 800 ; on the third, the lines 900, tooo, eooo, and 
gooo; on the fourth, the line of primes, and the remainder* 
of the lines marked 4000, 5000, and 6000 ; and on the fifth 
rod, the line off nwij again, and the remainders of 7000, 8ooo| 
aud 9000. 

Tf^ advantage of this disposition of the numbers is this, t 
wc can bring immediately together the two lines which are 10 b 
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compflrcH, wiihout any figures intervening, as happens in llie 
bMe. And as we have two lines of primes, both on (he ihou- 
sands rods, we have always one of them disposable for fonning 
Che line of primes. Thus, in ihe questions already proposed, 
theiods would be placed as follow, viz. for 991 1, we have 
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' The same position of ihe rods answer for 9901, which is oiu 
iecond example. 

For 7531 ihey are placed thus : ' r 
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Here 7 + 13 + 31 = 
aible by 17. 

For 9341 the rods would lay thus 



7'3, therefore 7531 i> divl- 
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Here 3+fi + 41 = 
by 7. 

For 9001^ we have 



: 7'7, therefore 9J41 is divisible 



JI7|l9p|2Di.3^W(4M4 

;! 7I1JI 7|io|iol -ileilT 



;im7j71i7J|-9|8,'))89t37| 
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It would be uselesi to multiply examples where the operations 
are so obvious, but there are one or two instances in which we 
may abridge still farther the computations, and which it may not 
be amis m notice. 

Firiti When the proposed number contains in it a 9 in ihe 
hundreds place, as 6991. In this case it is better to consider 
the number under the form 7000 — 9, and instead of adding 91 to 
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the remaindeTs of Cooo and 900, to subtract 9 from the single 
remainders of 7000, which is the same thing, or raiher look «m1 
tee whether 9 ia one of them ; if not, as happens in this case, 
the number is a prime. In the same manner if 8989 were the 
proposed number, look for 1 1 on the remainders of 9000, which 
being found under 89 shews 89 to be a divisor of 8989. 

Secondly. When thetwo right-hand figures of ihe proposed 
number approach towards ico, as in this 9'197. Here instead of 
adding 97 lo the lines 9000 and 300, it is easier to subtract 3 from 
those of 9000 and 400, which is obviously the same thin^. 

I have a[ pret>en[ only alluded to the finding of one factor, 
but it is evident that the same will apply to finding every factor 
of the number that is less than 100. Thus in our ihird example^ 
viz. 954 1 , besides 3 + 5 + 4i -49 -7/7, we have also 7 +- 
10 + 41 = 58-2x29; and 30+23 h4izi94-2 X47 ; there- 
fore 7, 29, 47 are all factors of 9541. It. therefore, in any 
case, but one tactor is found on the rods, the other factor or quo- 
tient is a prime number, excepting only when that quoucatU 
again divisible by the same factor. 

By this metliod I have found by repeated trials, that I can find 
all the factors of any ten numbers under 10000 in about a quarter 
of an hour, whereas, I have no doubt, that to perform the same in, 
the usual manner, it would require near two hours. 

At present I have only spoken of theapplication of iheseprio— 
ciples to numbers under 10000, intending this paper merely as a. 
specimen and an illustration of the factor rods, but it is obvious 
that the same method may be employed to any extent required. 

The following table is computed to resolve any number uodi 
100000 into its components factorsi 
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The preceding table is sufficient for ascertaining the factori 
of any number under looooo, one about three times as large 
would extend its operation lo loooooo. ll is proper also to 
to observe, that the table and principli;s above explained are 
equally applicable, whatever method may be first employed for 
diminishing the number of tentative divisions, whether it be with 
reference to the forms of divisors according to the principles of 
La Grange and Le Gendre, or the more extensive exchisions of 
M. Gauss, tor whichever of the above methods we make use of 
in the first instance, we arrive ultimately at a number of division- 
al operations, that must be performed ; in which cases, it is pre- 
sumed, the foregoing table, or one carried to the extent indicated 
above, will become an uselul auxilary. When the proposed number 
it under toooo or even loOooo, the operations are so direct and 
readily effected by the tables, that it would be useless to attempt 
any kind of exclusions, but in larger numbers, such a procedure 
may be had recourse to, and the above principles o/iiy employed 
for essaying the several doubtful divisors. 

Hence it appears that these tables may he generally employed, 
either in conjunction with, or independent of, every other me- 
thod at present practiced in the solution of this problem, and on 
that account, may not, perhaps, be thought wholly unintcrest« 
ins "^ mathematicians. 



ARTICLE vrri. 



On Projectiles. 

Btf Mr. P. Barlow, Rayal Military Acadtmy. 

I. It has been customary with authors on this subject, to de- 
duce all their results from the properties of the parabola, as 
the early writers on logarithms drew theirs from the hyper- 
bola and its asymptote; the latter are now, however, wholly 
excluded from logarithmic investigations, as the former ought 
doubtless to be from the theory of projectiles, as it serves only 
to render what is easy in iisell, perplexed and intricate : I shall, 
therefore, in the following article, make no reference to the 
parabola, except showing that the body in its flight necessarily 
^tcribes that curve. 



ft. When a body is projected into space, either, obliquely or 
parallel to the horizon, it will describe eht 
curve of a parabola. ~ 

Let a body be projected from a in any 
tlircciion ad; and let AC, ad be the 
spaces that the body would describe in 
the limes t and t. from the uniform 
velocity of projection, and CE and db the 
ipaces through which a heavy body would 
descend in the same time by gravity ; then, 
by the cumpoRitioii of motions, the body will be found, at th« 
ends or those limes, in the points E and e. But, by the lawi of 
uniform motions, we have 




AC r AD :: i : T, or AC' : ad':: r : t% 
and by those of falling bedies, cf. : db : : /* : t", 
whence CE : db ;: ac* : ad% which is a known property of 
the parabola ; and as the same has pUce for every point of ihe 
projectile's path, that path is a parabola. 

PftojECTiLES BY Geometry. 

3. To determine the several drcumslances of a prffjeeliUJrom 
geometrical constructions. 

Let Ai be the range ; aC, the direction of projection, its ve- 
locity being c and 16^'^ —S' i^rawAD perpendi- 
cular to the horizon, and equal to — • (or as it is 

commonly called equal to four limes the impetus). 
Craw Bc parallel to ad, meeting ac in c, and 
join DC. 

If now we call t the time of flight, we shall have 

AC — tv, CB = g(*, and ad = — , therefore, 

AD : AC : : AC : CB : consequently, the triangles ADC and 
aCb art similar, having the angles Dac = ACb, ADC ^ CAB, 
and ACD — ABC 

Hence the following constructions. 

4. Tht velocity ami elevation being given, to find the ran^e. 
Tain.- Ao =: -, or equal lour limes the height from which a 



( 4' ) 

bodv mist fall to acquire the velocity k: rrom D, draw DC, 
jDaking the Angle adc = abc; from C, draw BC, parallel to 
^D, meeting the plane in s, and as will be the range. 

5- The range and eUvatioa being given, to find the velccily. 

Draw BC parallel to da, or perpendicular lo- [he horieon, 
meeling ac the direction in c ; from c draw CD, making the 

BAgle ACQ : 

petus. 

6. Tht rongt and vflocily being given, lo findtkt direction. 
From B draw bc perpendicular to the horieon, and on ad r: 

— , describe a segment capable oF containing an angle equal lO 

ABC ; which will be cut by bc in the two points c or c', join 
AG or Ac', and it will be the direction required. 

The demonstrations are obvious ; for in all these caaes, 

we have Ao : AC :: AC : Be- 
lt appears Trom the la-ii construction,' that there arc always 
two different elevations which give the same range, unless in the 
case where bc becomes a tangent to (he segment, in which case 
there is but one, and that such as to fiive the maximum range. 
It is also obvious that in the latier insiancc, AC bisecis the^angle 
DAH, and that in the former, the two lines of direction are equal- 
ly above and below the line which bisects that angle. 

7, In the preceding cases wc have supposed the plane to pasi 
through the point of projection, when it does not, the con- 
is as iollows : 




in F : Draw 

VOL, IV. PART I 



( 4= ) 

ffig. i) making the angle ado — cfb, on fg describe a semf;. 
circle, and concentric wiih it, another, passing ihrough 
latter apply ah = AG, and produce it to meet the other circte 
^ ■ • ■ " ' . shall B 



ind draw Cb parallel to da 



: CK, 



AC : CB, 

s shewn in the prece^ 

apply to the 



Talte AC =: Al, 
be the point on the plai 

For by similar triangles, AD : ac 

andby theconsiruciion, AG : Aiorj 

or by composition, AC ; ac 

consequently, ad : ac 

therefore the piojeciile passes through b 

ing propositiuns. 

The same construction and dcmonstratic 
in which ac and Ef meet each other on the opposite side oE 
DA, as in fig. 2, except that DC is also then drawn on the op-- 
posite side of da, and cc made equal to At. In this caM, 
we have ad : AC :: FC : C8, 

and by the conjtruction, AC : ACorKi :: CC ; fa, 
or by division, ac : ac : : ac : fc, 

consequently ad : ac :: ac : cb tlie same as before. 

Cob. When ihe plane is parallel lo the line of direction, 
is given, and ac is a mean proportional between da and ca. 
And when it is perpendicular to ii. then ac is given, and CB 
it a ihird proportional 10 da and AC, as is obvioui 

If the point B on the plane be given, all the other circuffla 
iliinces will be determined 9s in ihc preceding propositions. 

Projectiles ur A>ialy,sis. 

8. Let A be the point, and ad the direction of the projection |, 
AH the plane passing through A, which also 
represents the range. Let AC be drawn pa- 
rallel, and BCD perpendicular to the horizon; 
let (he angle CAD of elevation = a, the 
angle of inclination of the plane CAB = , 
I/, ihc velocity of projection =: v, the time of 
Jlij^t = i, the range ab — r, and i6t3- = g. 

Then it is obvious from the laws of motion, and those of f^I. 
ling bodies, that Ap = tv, and db = gt* ; and hence we have 
■ , _,_ M lyunia + i) 
■ "'"{«±&J • — ToTl =«'*.... (I). 




C9S i : 



: iv :: cot a 



ly cot a _ 
cotS~ 



,.(.). 



^ 
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b. Now to finJ the greatest height, we must observe that the 
bodjr will continue to ascend till the velocity of descent from 
gjrmty^ is equal to the uniform velocity of asCent from projec- 
tion ; that is, calling the time at which the height is the greatest, 

i^^ WC shall have «ff/' =: v sin a, or z' =: ♦ but the de- 

seem in the time t^ = gt'*^ in which, substituting the above value 

of /^, it becomes • ; and the ascent in the same time from 

4g 

projection is = t^v sin j, or substituting for t^ as above, it 
becomes ; and consequently the di ffcrence of these, viz, 

= A. • ..(s)! the greatest height of the projectile above 



V* sin* a 



4f 
the point a. 

Now, from these three equations (i), fa), and (3), we draw 
immediately the following, viz. 

^ i; sin {a ± b) __ ^ / r sin (a ± i) ^ a sin (a ± i) y/k 



= / 



g cos i ^ S ^^* ^ S ^o* 6 . sin a 



^ tg co$l ^ / 
"■ sin (a±F) "" V 



sin (a± 6) V^ cos a . sin {a ± b) sin a 
gt^coia __ t/'cosa sin(tf r»: /^) _ 4A sin (fl ± 6) 
^ "■ sin {a ± b) "" gcos6 "" Ian a . cos b * 

iff/* cos* ^ . cos* a v^ sin* a r tan « . cos 6 
"" 4 sin* (a ± A) "" 4if "" 4 sin {a ± b) 

These formulae involve all the cases of a projectile as far as re- 
gard the lime, velocity, range, greatest height, angle of elevation, 
and inclination of the plane, while the latter passes through the 
point of projection. It is only requisite to observe, that when 
the plane descends, (a ± b) becomes (a + 6), when it ascends 
It is (a — ^), and when horizontal it is simply a, the angle of 
the plane being in that case zero. When the angle of the 
phine is sought, we must introduce the known formulde, 

sin {a ±, b) :=: sin a . cos b ± sin b • cos a 
whence a quadratic will arise, whose two roots will answer to tfte 
two difierent angles of elevation, noticed in the preceding 
article. 

10. If the velocity of the projectile in the curve be required 
after ^y time t^\ it is obvious that this is compounded of the 

fa 
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conitant horizontal velocity v cos a, snd tbe difference of the 
vertical velocities of ascent From projection ^ v sia a, and tbol 
of descent from gravity r: ag(" ; thil ia, ciriling the reqined 
velocity v', wc have 

v' = */ I f' coi* a+ (y sin a — «£<'!' [ * 

1 1. When the plant does not pass through the point of projection. 
F, which being 



In this case let ihe direciii 
known, the points where it ci 
horizontal and vertical planes e. 
and AF arc also known. Make 
AF ~ m, AE = n, then we have 
ng proportion; 



of the plane be E 
the 



tbe foil, 
(n 



ivc 



n[n 



-tv c 



a) 



to which adding o£ = Iv 
e hav» 




v^)' 



An equuion whence tbe val je ot t may be found, and consequent' 
\y also tlie value of AB = v^lAC' + BC*), or 



• }(/» c 



><■)' 



.(-Z 



There arc six cases to this problem to which the above equation 
applies, 



I and a. When the plane 
as at E, or between A and C ; 



ises and meet 
in both these 



/i' cos . 



L3. If it descends, and when produced n 
yond A. then n it negative and m positive. 
4. If it descends, and when produced 
and C, then la is negative and n positive. 
0. When the plane is horizontal, then n 
lerr 
t 



AC, either produced 
m and » arc positive^ 

ECts the plane AC be- 
meets AC bctwecR A 



I vanishes, and the equatio 
, w sin a m 



6. When the plane it vertical, then m is inllniic, and all tho 



^ 



n is infinite, and the 
becomes J 

inllniic, and all those ■ 
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teniM in the equation in which it does not enter* vanish with re* 
specc to those in which it does ; and we have, therefore, 

mv cos at m n 

=: — , or / =: 



ng g V cos a 

Whence t in all these cases being determined, the range will be 
found from the above equation. 

When the point b on the plane is given, then join A a and all 
the circumstances of velocity, time, elevation, &c» may be com- 
puted by the formulae of art. 9. 



ARTICLE IX. 

On the Summation of Series which are expressible by a general 

term. 

By Mr. P. Barlow. 

Stirling in his celebrated work '* Tractatus de Summatione 
et InCerpolaifone Serierum," refers the doctrine of series to that 
of curves, by conceiving each ot the terms to represent the dif- 
ference of the consecutive ordinates, and consequently the Idst or- 
dinate as equal to the sumof the terms of the series. The following 
general method of summation is also best illustrated with reference 
to a curve, by considering the general term ot the series as the 
ordinate to the curve, and the sum of the series, as consisting of 
the area of the curve, plus the areas of the several exterior parti 
of the rectangles formed on each ordinate at the common distance 
of a unit, as in the annexed figure ; 
where the several parallel ordinates 
ace supposed to represent the several 
terms of the series at the distance 
of an unit from each other; and 
consequently the sum oP the series^, 

will be denoted by the sum of all those rectangles : which is ob« 
viously equal to the area of the curve, plus the sum of all l{ie 
external areas. Let, therefore, Qx denote the genfral term of the 
series, and consequently J{qx) x zi/x the area ; then it is obvi* 
ous^ that 

QX—lfx—/lx-i)\ 
will be a general expression for each of the external areas, and 




46 J 

(IiereFarc calling this last = {^'x], i!iU will denote the genenlfl 
term oF a lecond scries, -whose turn is to be obtained in tiie samcJ 
manner, anil so o 

From llicsc considerations is readily deduced the foilowing gc- ■ 
neral formulic of summaiion.viz. 

Letthcgcneraltermof the scries be denoted by Q*; and make ] 

M"x)i =f'x 

&c. Sec. &.C. 

So sliall/r -yfx + f'x +/"'x + &c. be the sum of the 

sought ; which will terminate when the series is summable, but 
continue Qi/in^BiVum when it is not; its convergency being, 
however, in this case, much greaicr than in its original form u 
will be obvious by refcring to the nature of its geiieraiion. 

1 have only lime to shew the applic»ion of the above principle 
to one or two simple examples, but which I trust will be suffickm. 
for illustration. 

Example i. Let it be required to sum the series of squares., 

)'. a'. 3% 4'&c n^ 

Here the general term qx = x', 
zn<i/{Qx]i=/x'K = {-v'=Ji 
{<lx) — lfx-»/[x — i)\ =*■— }(Jc'— (*— 1)=) = *— i=«'*,« 

M'x) i =71* — t] i = J*'— Jx =fx. 
^x - \fx -/(x- I) ; = -J =; Q"x 
/[,i"x)i = ix=f'x. 

Where the operation terminates, and consequently the mmjx- 
fx-^f"^ — 5*^ + i*' + i-ti which, when x becomes n, ; 
sn' + 3n* + n 
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Example 2. Find the sum of n tcrnii of itie (crici l', S, 

S'-i'.H" '•■ 

Here the general term gx — *% 

s* — JA— /(« - •) J = }i" — « + i = ai, 

e'l — J/x —_/•(, - 1) f = ji — 1 = e"«. 
yia"i) « = ix" — » =j"x, 

S"x — j/'x —/'(I — 1 ) I = J = B"'i, 

yie"'x)x =/ji = ix =/ X. 

where the operation again ceases, for iEwcwere now Co compute 
y"'x, we slioulJ find it equal to zero : therefore by collecting 
terms, we have 

A +/X 4-/"* +f"x = ix^ + W + i*' 
or (when x becomes n) = in* + ia' + i'"- 

These examples arc suflicient for illustrating the principle of 
autnnialion above given; which, to the best uftny knowledge, 
has rot been applied before, to this lubjeci; but, lo much 
has been wrictt-n on it, that ji is difficult lo speak positively 
as to the novelty of any method. I have, however, exaraintd all 
ibc most celebrated authors on series, and find nothing that is in 
any way tantamount to the above principles, yet the simplicity oi 
the conception is such that it is difficult lo suppose it has so long 
escaped the notice of the several ingenious authors, who have 
treated on the doctrine of series. It must he acknowledged that 
in its present form, although the principle! arc simple and ob- 
vious, the operations are not so concise as could be wished for, 
bat I am induced lo think that the operation exhibited by 

ax-l/x-./l'-")} 

[ is reducible to a more ready process than what appears upon the 
face of the expression, and if this simplification could be elTected, 
r should have no hesitation in stating this method to be by far 
the most general and simple that has yet been proposed for the 
summation of series, whose general term it expressed by the same 
iavuiable function of x. 



J 
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ARTICLE X. 

Jl New Properly of ikf Parabola. 

By lAtui. Drum MONO, cf ifu Royal En^ifxers. 

Sir, 

The following propertyof the parabola, which I received from 
Lieut. Druntmoiiii ol the Royal Engineers, has nol, to ihcbeat 
of my knowledge, be^n given by any author on the conic section* 
and, as it h a very curious one, you will not, perlisps, think ' 
tindeserving a place in your valuable Repository. 
Your's, &c. 

PtTER Barlow. 

Let ACB hea parabola, cb the axis, F tfaefocui, eothediro 
trix ; then if the line af be supposed 

lo revolve about p as a centre, while j, ) 

Ihe line ae moves along the direc- 
trix perpendicularly 111 it, the area gene- 
rated by the motion of AE, will always 
be equal to double the area generated by 
I A ; and consequently the whole exter- 
nal area aeod = double the area act. 

For draw a'e' parallel, and inilefinite- 
]y near, to AE ; and draw the diagonals 
A^'and a'e; then by the property of ihc parabola, the an^lea ■ 
k'a'a and Fa'a are equal, aa' being considered as part of the I 
pngent at. A'l and in llic same manner, the angles eaa' aod J 
TAa' are also equal to each other jand since Ea — AF.ande'^'fl 
:= a'k ; the triangles eaa' and e'a'a are each equal to the trufl 
angle Aa'f ; but the triangle eaa' — the triangle Ee'a. bcingfl 
on the same base and between the same parallels ; therefore the^ 
ium o! the two triangles ee'a and ea'a, or the quadrilateral 1 
tpsce eaa'e' is double the trilateral spaee aa'f ; and as this il | 
<he case in every position of fa', e'a', it follows that the whole f 
fXiernal area EACD — double the internal area afc. Q. E. D. 

Cor. Take dG = fb , and complete the parallelogram BUUE, 
which is double the triangle art ; therefore the area ABC-^the 
area hacg, or 4- of the rectangle abch, or| of the rectangle 
ABci, because BC = ^ BC : that is the area of a parabola = -J of 
the circumscribing rccungle. 
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jlnalyticaiDemonslmtioa of the same property iyMr.P.BARLOvr. 

Totheabovcdemonsiraiion of Lieut. Drummond'sl beg lo add 
the following analytical investigaiiun of the measure of the area 

' oF a parabola. 

The area of a parabola being exhibited in a manner so ex« 
tremcly simple, most writers on the Conic Sections have wished 
to demonstrate it in their several worki, independently of the 
doctrine ol fluxions, though commonly by an analytical process, 
but no demonstration I have yet seen is so concise and satis- 
factory as could be wished lor; I beg therefore to propose the 
following, which appears to me to be some-what preferable in 

f both these respects, to the analytical demonstrations usuallj 



To find the area of a ParaboUi 

Let ABC be a parabola and complete the rectangle abcSi 
Make ab =: 6, cb = a, and divide dc 
into any number of equal parts (m) viz. 
CE, EF, FG, &c. each being therefore = 

— . Then by the parabola 



bV* s'a 



b* : a :: 2--- ; P_ = cK, 
wi' m 

&c. &c. 

UuUipty euh of these by the equal distance —, and 
rjiave for the sutn of all the rectangles ch, ei, ivl, Sac. 



ah 



a'ab 



«j mm vt 

ab fim* + gm* + m\ _ tab 



6 y - 6 "^ 6m 6w» 

•rbich it true for every possible value of n. But if now we ai 
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' /' ««' + 3"* + ™ \ _ i 
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poae m indefinitely great, so that the breadth of each rectangle, 
eithe distance—, is indefinitely small; the two last teimi of ^ 

ihe above expression will vanish ; and the first term only -^ or 

^ab, will be the whole exterior area adc; and consequently the 
interior area abc = jab. 



ARTICLE XI. 
ON CUBIC EQUATION!. 

£y Mr. Mark Noble, R. M. College, 

Cubic equations resolved by completing the cube. 

'* AdjunjTere jam licerct reductione* xqiiationum per exttM!! 
tionern stirdie radicis cubicse, icn et has, ut qu£e, perraro utile* 
■ini, brevilalis graiia priCiereo". 

The history of Cardan's rules is familar to learned mathema- 
ticians : but no account of the method of the inventors hn 
xeached our times. Cardan, who first published ihe formulae, 
contents himself with giving geometrical demonstrations. OC 
«hese he was the inventor : but the theorems, he had received 
on the a^ih of March 1539, from Tartagiia, who had discovered 
rules for the solution of the equations, x' + />*' — t, and x^ = 
jw* l r, in the year 1 J30 : and on the icth and i3th of February 
1,535 he resolved the equations i* + j* = r, and i^ = gx + r. 
Tartagiia was not however the first who had found out the 
general solution of the equation x* + ^x = r: for this, if 
Cardan may be believed, had been resolved by Scipto Ferreut 
many years before and the answer communicated to his pupil 
Antunio Maria Florido, who was contemporary with Tartagiia, 
Momucla icenis 10 suspect this account, and with justice: 
Bossiit adds that Tartagiia bimscll, in his violent disputes will) 
Cardan about the invention and publication of these lormulse^ 
denied that Florido was acquainted with the rule. Wallis (Algc. 
bra chap. 46, pa. 187, edit, lat.) describes Cardan's dcmonstra. 
lion as i(i perplexed and iniricaie as to require no small labour 
to examine it. Cardan going about to elucidate the subject bj 
meatu ol solids expounded on a plane. Vieia, and not Harriot, 
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wu the Snt who thought of lubstituting y — 2. fo 

eqauion ^' + y* = r, which ii thus ti'aiisfotmed io_^* + 2_ 

= rj', and may therefore be resolved as a quadraiic. (Wallitt, 
de Algebra Traciatus, cap. 45, Rpist. Leibnitii ad Wallisiumi 
«g, Dec. 1698. Wallisii Opera, Tom. 3, pa. 692. Montucia 
Hist. Math. Vol. 1, pa. 6os.) The same artifice was used by 
Florimond de Beaune. (Cartesii Geomein'a, Vol 2, pa. 113. 
Edit. 1659.) Wallis himself, knowing nothing at all of any of 
these rules, reading in Oughtrcd'i Clavis, (cap. 18, No. 15, pa. 
68, edit. 1648,) ihat (u \- f)' .- m' + u' -\- gai' (a + v), saw 
that the solution of ihe equation t^ = y* + r would be effected, 
if he could find u and v such that guw = 9, and u' 4- n' = r, 
for iheii would x — u \- v. This method, which some will 
conclude could not be unknown 10 Oiighircd, Wallis published 
in the dedication of his " Adversus Marci Mcibomii de propor- 
tionibusdialogum, Traciatus, 1656, (Wailisii Opera, Vol. i, pa. 
S40. Vol. a, prop. 135, 185, 186, 187.) From this iiivesiiga. 
tion of the historian of Algebra, that of Hudden, (CartesiiGeo. 
tneiria, vol. t, page 499, edition 16^9,) and that of Newton, 
(Arithmetica universalis, p. 279. edit. 172a,) do not vary much. 
I'his meihod, the most elegant of any, was extended lo biquad- 
s by Lagrange, Tscliirnhausen proposed a general method 
for the resoluiirm of equations in Act. Eiudit. Lipsia; 1683, 
this he applied to cubics ; and Lagrange to biqujdraiics. Other 
subsiituiion* and suppositions may he sCcn in Waring'i MisceU 
lanea Analytics, p. 38, 44. 45, an. 1762. Bczout, Mem. Aca4> 
Sciences, 1762, 1765- Vanilremonde, Mem. Acad. Sciences, 
1771. Lagrange, Mem. Berol. J770, 1771. Resolution de» 
equations numeriques, p. 263, ed, 1808. Theorie des Fonciions 
analyliqiies, an. 78, pa. 76, edit. 1797. The following methoj 
is new to me, and serves 10 assimilate the solutions of quadratics, 
cubics, and biquadratics as solved by Lewis Ferrari and Waring, 
and some particular cases of quadiato-cubics and cubo-cubica 
(Miscellanea Analj'tica, p. 33, 36, 37, Mediiaiiones Algcbraita, 
pa. 141, 143, edit. 178a. Carlesii Geomciria, vol, i, pa. 490,) 
lo one general principle, viz. completing each side of the equa- 
tion to a perfect power, such that the exponent of the on« 
power, shall be equal to or a multiple of the exponent of th« 
other. 

Let the cubic equation proposed to be resolved be 
J,' — qx — r = o, 
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to each of these equals add [tux + «)', then, 
(1 I- m')x'' + jm'n** t- (^mn= — q)x + n' — r= {mx + nf 
that the side opposite the left hand may be a perfect cube, v 
must have, 






1)' 






If these conditions ate satisGed, by evolution we obtain^ 

^VCm' + t) + Vt"' — r) = mx + n, 
and finally, 



By(S) 

and 

Again by fn) and (c) 

And by (c) (4 
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(o that we have fallen exactly upon Tariaglia's rule, for the sum 
ot the cubes ot the two parts of ihc value ol * is equal to r and 
by (e) it appears that the product ol their cubes is equal (o -^ift 
the problem to which it is llius reduced is the 30th. of the isU 
book of Diophantus' Arithmetic. Find therefore the two rooit 
of this quadratic equation y' — ry \- ■^j' — o, let these be y' 
and y", then by the theory of equationi y' + ^" = r and ^y" ^ 
^1}' therefore* = i/y' + V !/"• 

The equation r*H-pr' — r zr o may be resolved in a manner 
perfectly similar wUkoul previouf Teduclion : and indeed the sain« 
method ma^ be applied immediately to the complete cubic 
A*' — 11* + c J — J> = o. 
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ARTICLE Xn. 



THE BLIND ABBESS. 



To the Editor of the Mathematicul Repository. 
Valeat quanti valet. 

Sir, 

Every body has heard ihc story of ihe good Blind 
Abbew, and what tricks were put upon her by the knowing 
■isterhood under her care. But nobody before mc, I believe, 
has been at the pains to discover in liow many ways it was pos. 
iiblc lo vary the cheat. Neither Ozanam nor Montucia seem 
«0 have had any idea of the extent to which the joke might be 
Varn'ed on ; which convinces me that the story is a dull inven- 
lion of their own, and never had any foundalicm in fact. Had 
Alcb a society ol clever ones ever existed, they would have led 
ttwse frenchmen a iox-cbase they little drejmed of. 

— 'Tis a trifling enquiry. — I know il ; and therefore shall not 
teake it appear more trifling by a prosinj; introduction. Other- 
wise 1 might say, that if trifles are not Irwid lor the intellect, they 
ere exercise, wliich is quite as necestary ; 1 might say, that it is 
tlo easy matter to settle trifling points in — any doctor in any 
tanivcrsiiy can supply the hiatus ; I might say that Killer, War- 
ing. Gauss, &c. are never so great as when tliey trifle ; I might 
%ay — but bless me, your readers very well know all that might 
f>e laid about it ; so 1 say no more, except that I am, 

Your very obedient servant. 

'Bath, June, i8i6. W. G. IIoftNt-R. 

Tlie business is to Ell the external cells of a square with num- 
ber), as in the margin ; in such a manner, 
that whatever (within certain limits) be the 
•urn of the whole eight numbers, the sum 
^f each three which stand in a row shall 
Constantly be the same. For this I shall 
give a rule which canies its own demon- 
stration with it, and will conduct us diteciiy 
lo the calculation ot the limitsand variations. 

Rule. From tbe whole number * to be disposed of, take 
double the number n in each row. Separate the remainder into 



a b \ c 
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any two parts ^ + g, and again into the same or any other tvn 
parts d ^ e. Place i and g, dand e, opposite to each other in 
ihe four middle cells. Then, supposing b to be as great or 
greater than d. e, or g, take any number a, not exceeding n — 6, 
and place it in a conitr cell adjacent to ^. The other corner 
numbers will lollow by subtraction. 

LiiniCi. Those of li are obviously o and «, inclusively ; and 
the correspondijj^ limits of s are an and 41. And since those of 
a are o and n — v, ihe lour corner numbers may undergo r -^ i 
+ 1 changes, while i, d. e. g, remain unaliered. 

Variatwm. 1. When i::-(/—(=:p, the variations, as detiuceJ 
from what was just said, will form a series whose general term ■• 
n — A-v- I ; h vsryuiff from o to n. The sum of this series will 
be i(n + 1 .1 +'2). 

a. If s — 21 were resolved into two identical pairs of uneqil^ 
numbers, ox\i l>—d = i .. ,,», ande — g — o . . ..h — 1; then, 
since a has n — b + 1 values, and e =g has i valuej,and each assump- 

be 
lion for i and e admits 4 varieties of collocation) viz. i t, b ^ 

e i 

b e 
c h, e b; thegencraltermexpressingthenumberof variation* 

e b 
is 4& [n — 6+1). Consequently the sum is 4(1 ■ n + 1 -n + a)* 

3. Let one pair consist of equal, and the other of unequal 

numbers; oid~e-\{h \-g) — \b t— i.or i(i4-i) ., ..b — it 

the former limiii obtaining when b and g arc even, and the latter 
when they are odd. Then (/ will have \bot\[b — i)valuci 
lespeciively. And since here also there are four distinct collo- 
cations, the general terms will be respectively at (n — i + ») 
and 2(6— i).(n-A + 1). 

If n — am, while 6 is aliernateiy 2ii and aji— 1,1:1 represent- 
ing the variable whose limits are i and m, the sum of the seriei 
whose general terms we have just given, will be 5(41* .am — 2r* 
+ 1) I- i{a . 2f* — a . am — a/J- + 2} := — \6s^* 4- (16m + 
«0) J/* — (8ni + 8; su.° — \m^ + a/fl* — \m = i[3n' + 31*-— ' 
an), when n is an even number. 

And, if n — am 4-_ 1 , while i is alternately ba<. and b/j. + t^ 
we shall have s{^'i .am — 2m + b) I- i (4^. . 2m — a^i. + 1) 
— — ifiiVi' I- (i6m + iB)*^i =r 4»i' + 6m» + ^m = Hait'' 
+ gn' — fin — 3) varieties, when n is odd. 

4. The only supposition which remains is, that 6, d, e, g, are 
all different number*. In this case there are eight changes of 

b g b g d e d e 

position, viz. d e, d e, t d,e d, b g,b g, g b, g b, 
g b g b e d e d 



» 
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We may consider h, g, as the extremes, and d, t, as terrai 
Cifuidistant from the mean, of an arithmetical series of b—g+t 
terms ; the common difference being unity. It i? then manifest, 
that I (fr-_^ — i) pairs of numbers may be taicn for i/, f, when 
b — g +1 is an even number, and 4 (6 — g — a), when it is an 
odd number. Now in making g— o ,. . .b — 3, while i remains 
unaltered, these condiiions lake plate aiiernaiciy ; giving \[b — 
i) +i(4- a) +4(6 — 4) >4(i — 4) +....I l-i = i|6.* 
— 2| choices for d, t, when b is even, and \{h — 1) -y \ (^ — 3) 
+ 4(6— 3) + -.--i + 1 -i!*— i)».wben Aisodd." Con- 
Kquenily the general term of the series of variations is zl .{b — 
9) . (» — b + i) in the former case, and s (A — !)'•(" — i^- 1) 
in the latter. 

In the class now under consideration it must be remembered 
that b can never be less than 3. When, therefore, n — am + a, 
b in the last formula; must be alternately z; a^ -h 2 and 8fA+ 1 ; 
(1. representing as before, the variable whose limits are i and tn. 
We have, therelore. 8i (n, . (* + 1 • era — a;* + i) + i6j (/i*. 

•I — ^ + 1) =8 X J — 4*/»' + (4»+ i) V + (2™ + »)'^J 

= \ (b(* + 4m' + 5m' + 2w) ~ T»* . n* — 4 variations, whea 
JB it even. 

When n =: am + t, & is alternately S/i and an •\- 1, and the 
fum of the varieties is 16s [ft — i.fi.m — f + 1) + 8s (n*. 

fra— 2;* + iJ r; 8x J— 4*/<' + (4m + fi) '/** — (fl"i + ajf" } 
= f (am* + 4m' + m' — w) = ^ [n' — l . n* — 3) variations, 
when fi is odd. 

5. The aggregate of all the varieties of arrangement now 
determined is f (n* + 6n' + 1411' + 151 + 6), or, in a mor<. 
convenient expression, f(n.n + l.n +a.« [-3) |-f('f+i X 
(^ -4- a) universal/, whether n be an even or an odd number. 

JiemaTit. i, I have here taken the mean of three general 
Vethods of considering this problem. 

The most extensive view of the question may be thus stated : 

In bow many ways may persons, tkoien oul of n ptopU, be dis- 
posed in Ike external cells of a square of 9 cells, so that there may 
he always n persons in each side of the S(juare, and that no twa 
arrangements may be identical in the united regard 0/ numbers, 
itlectton, anderuuping? 

The general arrdngemeni, as exemplified by the first marginal 
figure, may be contemplated as a cumpages of horizontal (lig. a,) 



L 
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md verltcal rows (fig. 3). In eiiber class, separately considered, 
the exterior rows arc 10 consist of n persons in each, and the reJ 
maining n — bi form a reserve 10 supply ihe micidle row. 

The solution of the question will easily be 
discovered by attending to the practical mode Fig- '• 

of performing these combinations ot the two I , I 

classes; which would be this. Arrange all 1 [ 

the N people once on the plan of figure s, and 
once on the plan ol figure 3 ; then let each per- 
son take his place in tignre i, in that cell which 
corresponds to the intersection of the horizontal 
and vertical rows in which he stood before. 
By this means the conditions of figures 2 and 
3, are combined witiiout any restriction. 
Each clas 



s admits a 



(1 B)[i ")(• (n — 2n)) 

permutations; and as the permutations in each 
class take place exclusively in the direction of 
its own structure, any t)« arrangement of one 
class may be combined with all those of the 
other, constiliiting in all 



Fij.3. 
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As the central cell is not mentioned in the questiiin, ihow 

Ecrsons who happened 10 stand in ibc middle row both of the 
orizontal and vertical arrangements, would consider themselvei 
at liberty (o go wbere ibev pleased. Had the number and selec- 
tion of these persons also been conicmplaled, omit the word 
••external" in the question, and then the total amount wJU be 
expressed by the sum of the series, 
;i .,.N>.(i...3nl \ an f 1 cn + i.3af a «b+i 

(1 »)* f > (i-a)' (1..N 

the successive terms of which arc composed of the number of 1 
varieties deduced from the precceding iormula by substituting! 
Btif^n + I, J:<.c. for N, and ot the permutations of 81, an 
&.C. peisonsout of n. 

As a comparative example in the smallest numbers possible, I 
let n -- 1 and n :^ 4, then on ihe principle I have adopted,^ 
there will Ul 7 varieties of disposition; but on the principle otl 
permutations there may be 144 or even 336. 
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9. Proposing ihe question as an arithmetical puzzle, it bat 
been usual to make the four corner numberj cqml lo each other, 
and likewise the four middle ones. With these limiiaiiuns, il it 
readily found by simple ci^ualliins that a :=: n — J j and ^ = 4 s 
— nj con!ieqiie!itly .T cannot exceed An nor be less than sn, and 
must be divisible by four. Whence it also readily fullows that 
the arrangement may be made in 4 n + i ways when n is even* 
or in ^ (n -h i ) when it is odd. 

g. In Montucla's example, n is — 9, which will admit of five 
'■nangemenis limited as in the last remark. Four of these were 
given by Ozaiam. Momucla, after giving tbe fit:h, adds also a 
■ixth, limited only as in class 1. It is curious, thai having made 
this step in advance, and the remarks by which ii is introduced, 
he did not perceive that the Conditions of the question admitted 
of very numerous solutions. In fact there are 55 of the samo 
class as hii 6 ; and the whole number possible is G035. 

4. Instead of a square, restricted to 3 cells in each side, we 
may imagine any quadrangle having in each lidc any nnmher oE 
CelU not less tlian 3, the other conditions remaining unaltered, 
and the oolution is readily deduced from what has been done 
above. In fact, we have only to distribute the number 6 into 
■»ny portions ft', i" &c. at pleasure, and disposeihsm in the cell* 
between a and c, and so of the other middle numbers d, e, g. 

5. The principle may even be extended to polygons of any 
even number of sides, having 3 or more cells in each side, and 
■o constructed that each of the angular cells shall be common 
to two sides. Suppose, for example, the cells of Buch a polygon 
of 8 9T sides are to be so filled with numbers, that while tb« 
whole Slim employed varies from fr n to 9 v n, the sum contain- 
ed in each side shall be constantly n. To eflicct this by meaju 
of a rule similar to that on which the preceding cakutationa were 
grounded, it i^ sufficient, instead of " double the namhr," 10 say 
•■ « lints tkt niimbrr", instead of " two parti", " n ftarlt", and 
instead of " Pha — onpo'tte each other to the _f our middle etlls", 
to say " Distnhule each oj ihtit teis of i* purls amtng half ibt 
middie eelU, taien alternately* 



ARTICLE Xiri. 



H Jnvrstigation of a Rule j tr finding the Lttitudt. 

B By Mr. John BransbT, of Ipswich. 

W At page 304. (8tb edit.) of Moore's Practical Navigator, is 

I the following rule for finding (be latitude by double aliitudest 

I ■ Vol. IV. Part ii, h 
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*' AdJ logeiber ihe arMimctical complement of the cosine of the 
declination, the ar'ulimetical complcmeni i^f ilic common loga-' 
rithm of the difference of the cosine, ot rlie times frum noon, 
turned into degrees and minutes, and the common kigarithm of 
ihe difference of the natural sines of both altitudes ; ihc sum of 
these three logarithms will give the logaiithmic cosine of the lati- 
tude." The same rule is in iJctieswonh's Naval Mathematics. 

Invesiigation. Let p he tlic 
north pole, qo a quadrant of the 
equator, and m t; a quadrant of 
the parallel of the sun's declina- 
tion. Then, the hour circles vub, 
pec, being drawn at the distances 
from the meridian pqh. answer- 
ing to the times of the two obser- H 
vat ions, it is evident that che simi- 
lar arcs be, BC, are in the same ratio as iheir radii, iliat is, 
QO : ma ; but QO is the whole radius, and ma the cosine of 
urn the declination: therefore bc = mc / he. Then in the 
right-angled triangle Bic, it will be bc (=: rac xic) : BI (the 

differi 




e of the sines of the altitudes} : : radiu 



'■{mo^bc-} 



8in(Zc = ) ZqOH, the co-tatiiude. The rule is therefore cor- 
rcct. But the accuracy of the result depends on thai of the limcfl 
©f observation ; because in equal intervals the arc be will be very 
different at different times ol'the day ; and as the correct lime ia 
seldom known at sea, except in ships where the longitude ii 
calculated from lunar observations, or where there are good 
chronometers ; ihis rule appear* not to be adapted lo general use. 
One instance will shew ihc propriety of ihis remark In Moore's 
third example tor finding the laiiiude by double altitudes, the 
gun's declination is given = 2o''s ; at lo" i7™perwatcb, its 
altitude was i^" 13' ; and at 11" 17" it was ig'^l'. By this rule 
the latitude will be found — 57° 5^' N. which is 7° 54' too much. 
But by the common approximaiing rule, the first operation shews 
that the watch was twelve minuies too slow. If the times of 
observation be corrected, the result by ihe rule above iiiveitiga. 
led, will be 50' 49' ; only ^9' too much. But this is very tar 
from being sufficiently corrcci. By the operation of the second 
approxitnation, it appears that the watch was 
slow. If we repeat our work wiih this correct: 
resulting will be 49° j8' which is 2' loo litili 
in the present instance, that the difTerenco of one minute in the 
times indicated by the watch makes ^I'diffetence io the latilitde j 



13 minutes too 

ion, the latitude 

It appears then 
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vhich is a farther confirmation of the defect of the rule, espcci- 
ally »i from ihe rule itself it is noi possible lo dcitct the error oE 
ihc watch. 



ARTICLE XIV. 

On Ihe Thickntss of Wharf Walls, Sec. to Support a Sank 
of Earth. 

By Mr. JoiiK Adams, of Stonekouse, Plymouth. 

Let ABME be a vertical section of a bank of earth, ihe trian- 
gular part AflE.lhat which is supposed to be supported by mcana 
of a wall, the vcnica! section ol which is represented by aefc. 

Let [4 he the centre of gravity of the triangle abb, through 
vliich draw hk parallel to 
Ihe slope BE, and, at right 
, angles thereto, draw kl, in- 
tersecting NHP, at right an- 
glei to AB, in L : draw uc 
and Kl perpendicular to aE, 
and HQ perpendicular to be. 

From the nature of forces, 
if H L represent a weight pro- 
portional to the area of the 
(riangle abe, then Hc = KI 
=: the force perpendicular to ae, and HI = CK = the force 
perpendicular to the base em. From the nature of the con- 
tlruction AN = EP = J ab, and EK = -f AB. 

By limijar triangles vfe have 
BE : ae :: HL : KH, BE : Aa :: kh : Ki, ab ; ae :: Ki : iH. 
From whence be' : ae . ab ; : HL : Ki, be' : ae* :: hl : iH ; 




Therefore Ki : 



-X HL, and m = - 



-. xhl; hence 



:i>; i AE or iHX I AB = =-xhl. 

3/ be' 

But HL represents a weight proportional to the^iriangle AEB 
r to 4 AE X AB, therefore ki X -j ae is proportional to 
ae' X ab 



X i AG X AB : that it to - 

Xe'Xm»'abb 

T "• ha 



: equal 



Put AE r: tf, BE ; 

a 

6F 



i X = X, then t z 



then r 
We 



)w have the area EC = de x ea = 2 ok = w, 
and the area dkg r:|FD X Dcr;3ar = ai, 
iim E»c=4En = :,andBn = ED+Dii = 2a 4-8 r. 
Hence zm X w h En Je o) ^ i az* '\-6arz-i-6 ar' 



ax 



+ 7- + ; 



S'^ 



^)<- 



(2' + grst + 3r'> x ! 

If » = specific gravity o( the wail, 

n = specific gravity of tlie eaith, 

g — sine orihe angle ACS, to radius 1, and iC the weight* 
9 and R, proporcioiial tu the 
areas ACFEaiul abe, be sup- 
posed to he suspended from the 
centres of graviiyy and h, in- 
tersecting the base fm in the 
points g and p and if these 
weights, appended to the 
itraight )ever g r, balance 
each other on the fulcrum e, 
il it evident that e ^ ^ ft = 
2P X R ; that is. 



* 
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from whence 



Therefore * = ! 1/ 4g£l^'-'" _ , ? ^ 

Cer. 1. If the teetion of the wall be a triangle, x — q, and 

FD = -, and we have from equation (a) 

—r = -r^J and iharefore fd = as \/- . 

Cor. 2. If the ieclion of the wall be rectangular, - =ff, 
and wc then get from equaUon (a) 
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X* — ; and ibcrefore x z: a * a/ — ■ . 

Cor. u. Whiles, m.ff. t, remain tiie same, the breadth of the 
wall will vary as its perpendicular heighl. 

Exami/ie. Given ae = 18 f«t, ab = 15, c = 8, m = 675, 

N = 406, and thence j* = —^; to find the thickness of the 
wall. 

- ~ 4>54=thebrcadthattop, 

idth at bottom. 

According 10 the principles given by Dr. Hution. in the third 
volume of his Course of Maihemaiics, the tbicknesi of the 

wall at the baie = a ^ C^ + S\ , which cxprension 

^ay be found by a simfile etjuation; by which, and with the 

lumbers given in the above example, 

the thickness of the wall at bottom is 5.85 feet, 
and iu thickneis at the lop 3.6 feet, 

less by one foot than the thickness found above. 

When the profile of the wall is rectangular, the thickned 



K — 
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-'\ 


and 


f + 4-54 = 6-79 = 


the b 



'(a sk/ — I ii the same by both methods. 



3« 
It will be observed that the thickness of the wall hac been deter- 

Biined without reducing the expression — ^ — on account of 

Iriction, if such reduction had been made, it is evident that the 
ijckness would have been less ; even as it is, ii would not be 
usted by practical men in the erection of Wharf Walls, &c. 
According to the data given in the preceding example, the ihick- 
nesK at the base would have been matie upwards of Stven Feet ; 
and from the observations that I have had an oppuriunity of 
Biakingon works of this kind. I am ol opinion that (he breadth 
■t the bottom, should be very little, or any thing less than seven 
feet. This, however, will principally depend on the magnitude 

Fof the stones the wall is built with, the quality of the inoriar or 
cement used, the manner the woik is executed, and the kind of 
eanh, &c. it is backed up with. 

In the failures that I have witnessed, the walls appeared first 
to bulge out a little below the middle, and separate a few feet 
from the bottom, and I liavc no doubt but ihji it generally the 



\ 
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rase. Hence, and from other considerations, it appears that tht 
point of application k, as proposed by Dr. Hutl'tn inhisCoiitsi 
of Mathematics [jth Edit.) is more likely to bring out conclu- 
iions nearer the truih tlian the point c, heretofore chiefly used, 
provided the stahililating forces* of the masonry and supporleo; 
earth could be more satisfactorily ascertained. However ern 
iteous may be the results arising from the consideration of lh« 
action ot those forces on the principle of the lever, it is per- 
haps the only mathematical way of obtaining approximate totu._ 
lions. The nature of the question being such as to elude in » 
great measure mathematical enquiry, may be ihc reason of s« 
little having been said respecting it in the best treatises on Me< 

March jjiA. 1817. 

ARTICLE XV. 
Solution of a Dynamical Problem, by A. B. 

To find the motion o( a body animated by two forces one 
which acts in the direction of the radius vector and the other 
right angles to it. 

Let AB be a portion of the curve described by a body b acted 
upon by a force p in the direction of the radius vector bc, and 
by a torce p' acting at B in a direction perpendicular to bCi 
Put a — AC, X ^ AP, y = BP, z = BC and V =; the velodqr 
of the body in the curve at B. i 

By the resolution of forces p will be divided into the tw« 

forces — — p and — <■ p acting in the directions AC and bp j 

and p' into the two p' and - r' acting in the same direc-^ 

lions : wherefore the whole accelerating force in the direction a^ 

a — X , y , , a — x , > 

IS =: p + - p' and in the direction bp = — r — '. 



■^ p : therefore by dynamict 



p + ' P 

■?'-lt 






1(1 a uwd by Cnlond Faille ' in hi* " MiliiBfj lnsTrut:tioni''Vo1 3, 
1 Iteieiniriiii, »iid in which he hn given on accoiurt of* girtt ^ 
»u fjijwtincat! made wiih model* bstked wiUi tbingle*. 
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putting f ~ tlie measure of the angle acb, radius being i, 
~ — CO! p and i; = im^, whence 



= cos f p + sin p ?' . 



< - = cos p p' — sin f p «. 

I* 

Multiplying the first ofihcsc equations by cos if and the secgnd 
\y tin f , and taking the diFTcrcnce of the praducU 
X cos (p — ^ sin f _ 
/* ~ 

Again, muliiplying the Rnt of the above equations by ilo p and 
the becond by cos tp, and <i(tdiiig the results 
X sin $ ■\- V cos ^ ^ 



But lince a — x = 2 cos f and y =: 2 sin ip, by taking second 
fluxions we get 



X cos $— ^sin^ = ;$ — ; 
and a' sin p + y cos ip =^ Bsf + x p 
therefore p = — . ~ — , 



•■(«) 



— w- 

Moreover if equation 1 be multiplied by .* and equation n by / 
sndthe products added, 

^■- ^ - T - X - ? = (jE cos P — / sin p) p + (* sin If -f _x cos p) p', 

•r submiuiing for * and_v their equals — [2 cos^J* and (2 sin f]\ 

p' 9 — F X. 



" + y y 






.Taking the fluents 

■ili-i! = c + ay(p' 9 — Pi); 

■ V 7^ y/ic + ay (p' ^ - P =)) fO 

and the three formulffi a, h, c are sufficie?it for determining all the 
circumstances of the motion in any proposed, case. 
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If If be put for ilic velocity in ihe direction bc, and u for (hi 
angular velocity at the distance r from the c«ntre, then v =: 

and B = ^; therefore by Bubstiiuting in formulae a and i, v 

t 
have 



the Mir.e expressions that Landen has found at the beginning o 
his /ih Memoir by a very different method. 



ARTICLE XVI. 
jin IndHerminate Problem. By Mt. Cun li i 



FC, R.M.C^ 



PROBLEI 

To find a pljne triangle such that its sides, perpendicular! 
and lines bisecting tlie angles may all be expressed by raiioi 
numbers. 

JOLtTTION. 

Let ACB be a plane triangle, ci,, am 
and B N lines bisecting the angles and ter- 
minating in the oppiisiie oides, and inter- 
lecting in s, the cenireof ihc inscribed 
circle(Euc. 4, 4.) Diaw so. sr and eb 
perpendicular to the sides Ab, ACand bc; 
ihen will so = SF ^ be; ce = CF, be 
=: BD and ad = af. 

Put CE z; t: F -r »n' — n% and SE = sr = imn 

AF = AD =: r' — «*, and so =: ftF = ar«; 

B E := B o = p' — y% and s e = s d = ipq ; 

then cs" = ce'-i- se* = (n* — n*i' 4- (amnf^ 

AS* = ad' \- Ds* = {r* —sy + IzTsS" = 




BS' - be' + SE* =: (^' — J*)» + [spi])* 

vrhence cs = m' + n, as = r* + s\ bs — j»* 

and hence we get 

AU ::= AD + DB = r* — s* -\- p* — y*, 
AC = A F I- ic = r* — j» + m"— n\ 

BC :^ BE + EC = ^' — 5' f «|' — n', 

'And 2tm = ar« = a/rj, or mn — ts — fg- 



+ ri 






rtr 

Now 14 ■/ 1=6x2—3x4, from whence it is tvident 
_ that we may take 

'»i=iB, K^i; r 1=6, J = 2; p=4 and ? = 31 and hence 
!AB=:3a +7 = 39; Ac = 3a h 143 = 175; bc = 7 + 143 
= 150. 

It will be easy to shew that the sides, perpendiculars and 
lines bisecting ilie anijles of triangles, drtermined in ihe foregoing 
manner will be expressed by ra[i[inal numbers. 

In rhe first place to show that the perpendiculars will beex- 
■ pressed by riitional numbers. 

, . ,, 1 , 1 - 1 AB+AC + BC 

11 IS well known and pretty obvious that ■ ■" 

X sor^the perpendicular from C upon ab, which must be 
rational, because ah, ac, bc, and so are all rational; and in 
the Sdme manner we may shew that the other two perpendiculars 
must be rational. 

, Stcondly. To show that the lines bisecting the angles must be 
nuional- 

CL bisecis the angle acb; therefore ac : bc ;: al : lb, 

and by composiiion, aC + bc : BC : : al -1- lb = ab : lb, 

and bv ahernaiim, ac+ bc : as : : bc ; lb. Also the line 

'bs bisects the angle cBL icba) ; therefore fiC : lb :: ca:SL; 

, , AB X ca 

wheretote ac f cb : ab :: cs : sl — . 

ac + bc 

N'lw AB, AC, BC, and cs, are all rational, thereiore SL, and 
ConKequrntU cl will be rational. And in the same manner it 
may be proved that the other two tines am and bm will bc 
rational. 

The lengih of ihe perpendicular from c upon ab will be 



39 

B upon / 



: will be * 



The length of the perpendicular from 
iLiii = SLJLy. And .he knglh 
_ of the perpendiculir from A upon BC will be »l-3 — — 1-3 

I '^ 

Hi Again from what haf been deduced, CL^CS f SL:=C3-f 

■ Aw X cs AB f AT ^ BC 364 / 14,^ a 8 X «9 

■ An< 

L 



AC + BC Ai: I- BC 

And in the same manner we get am 
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3=5 

AB + AC + BC 

: ■ ■ > 

AC + All 




i8y S7 

We shall now arid another example of finding thj sides of a 
triani^le. whose perpendiculars, and lines bisecting the angles 
are all rational numbers. 

12 X2 = 8 X 3 = 6 /4, wherefore we may lake m = 
ti = fl; r~ 8, J = 3; p:=6and^=:4. And from wliat h<u 
been done ab =5,5 f 20 =7,5; Ac =55 + ,40 =1951 
BC :=ao+ 140= 160; SD;= SF, := SF := amn =48 ; 
n* + n' = i48; As=r' + ^' = 73; be =j5» h 9" =j; 

The length of the perpendicular from c upon ab is 42 z. 

_ 86 X 16 



The Icngtii of the perpendicular from b upon 
__ 86 X 16 

And the lengthof the perpendicular From a upon bc is 

= 43 X 3 = 129. 

-, 430 X 148 86 X 148 

Moreover CL =: ^^ — *- ^ — — " - ; 

355 7> 

• M — 430 X 73 _ 43JiX3. 



430 X 48 
'95 



430X48 



870 



_ 430 



52 



86 X 52 
235 ~ 47 * 
When the iide« arc rational, the segments of the sides made 

by perpendiculars from the opposite anijles will hi 



For it is well known, that ihe difference of ihe s 

sides h 



of any 



(he rectangle under the third side and the 
difference ot the segments thereof, made by a perpendicular 
from the opposiie angle; therefore, when the sides are rational, 
the difference of tile segments of ihc sides will be rational, and 
tonsequently the segments ihemseives will be rational. 

Also when the sides of a iriangte are rational, the segments 
of the sides made by lines bisecting the opposite angles will be 
rational. 

„ AB X AC , 

For AC 4- bC : AB : : ac : al =: — — — ; and ac + bc 

AB / BC 



( 67 ) 

Which expressions are both ratiunal, because ab, AC and BC 
are all rational. Anil ihe segmenix am, MC ; and bn, NC, 
may in the lamc manner be proved 10 be rational. 

Therefore, we have compleiely Bhuwn, the method of finding 
numerical valups [orthe sides of a plane triangle, whose perpen- 
diculars, lines bisecting its angles, and segments of the sides 
made by the said perpendtctilars and lines bisecting the angles, 
will all be expressed by rational numbers. 



ARTICLE XVII. 

Mathematical Scraps. By Mr. Thomas White. 

I. Dynamics. 

The principles of Dynamics, that is, the eletnenis of the 
doctrine of powers, do noi requite the aid of geometry for their 
establishmenr. Oi power or force we know nothing, except 
that, by it the state ol a body is altered as lo either motion or 
rest : And this alieiaiion in the state of a body, that is the effect 
of the power, as to the change of place, and generally, of ill 
motion during the lapse of the time employed, is capable of 
mathemaiicdl estimation. Of two powers, the energies may have 
cither a hypothetical or other relation to each other; and this 
relation is the same as that of their effects. The ratio of the 
energies of two powers may be denuted by the ratio ol the abstract 
numbers i and o' ; and the ratio of the effects of these energies 
by the ratio of the numbers g' andg'n = o, suppose, where g' is 
= a number of feet (to be afterwards assigned) passed by the 
body in a second of time, and is the measure of the effect of the 
energy of the first power, as n is the measure of that of the second 
power in feet : the botiy being, in both cases, the same. By re- 
stricting the word puwer to mean that agency, wliatever it is, 
which changes the state of the unit gf the mass as to either mo- 
tion or rest. — And the word Force to either the abstract number 
which marks the energy, or, to that which measures the effect, 
in feet, of this energy acting on the unit of ihe mass, it ts pre- 
sumed that, clearer notions will be acquired ; and, indeed, the 
use ol even the word lorcc is whollv unnecessary in treating 
dynamics. Thus, then, the energy of the power acting on the 
' unit of the mass is denoted by an abstract number; and, its effect 
by a number denominated feet passed by the unit in a second of 
time : The space passed by ihe tJnit and the time employed pre- 
sent themselves iiatumlly to the mind while contemplating tho 
•ffect of ihe energy of power. 



j_i 



The following way oF arranging the subject it UBUsual ; but 
il is presutned to be more suited to our first notions than the 
Previous consideration of restricted and regular agency, whicli 
results IVom a more maiure examination ol the subject. 

In general, then, the unit ol the mass may be urged ov« 
the space of s feei, during the lime o! ( seconds, by an inces- 
santly varying energy: TLis admits of two mo dili cations, or 
<;asei. 

Case r. The energy of the power may be conceived to be 
ahogeiher suspended instantly at the end i-f ihe time t : In thi» 
case, the space, in fiet, afterwards pa!^sed by ilie unit during the 
second interval of lime I will be uniformly described (Law I.) ; 
and, any part of this space which is passed in a second ol lime it 
called the velocity v of the unit at that point of 5 where the 
energy became suspended. 

a- Hence, i" : i/ : ; t" : v . —, — vt ^ ihe space thus uni- 
formly passed in t seconds with the acquired velocity v. This 
i% (he law of uniform motion ; and, applies to the motion gene- 
rated by one body impinging on another : For, time elapses and 
velocity is acquired during their coutact, 

Case ii. At the same point of *, the inccjsantlv varying 
energy may be conceived irisianily to cease lo be variable, i hai is, 
may become constant. Then, the velocity, in Icet, uniformly 

f;eneraicd, by the supposed constant em-rgy, during ihe unitorm 
apse of the second of lime neKt succeeding t', that js, during the 
lapse of i" Irom o, is the nulurai measure of the intensity ol (he 
incessantly varying energy oi the power acting on the unit ot 
tite mass at that point ot its paih s; and, maybe called |for 
reasons soon lo appear] the radical velocity, and be denoted by 
• feet. 

a. Hence, during the element / of the time, which is supposed 
to ehpse uniformly, the elemeni s of the path will be unilormly 
passed by the unit with its acquired velocity v : Hence 

■ we have . .1" : v : : t : s; and, therefore, v = -^ and a — ~i 

(he increase of velocity in ("; 

and, by H,. . .1" : o :-. i : v =: o ■ -j-, = til the increase (from 

. 1" 1" i" 

the rooio) of velocity in ("; hence o =: e J7 ■= *. -;7 . T7, 

where the homogeniiy of the terms is visible ; that is, b is = to either 
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F-r^, wtere v is concerned, or to ~, where v is unnecessary; snd 

IE the most general measure, in feet, as s is cxpressetl in feet, of 
the incessantly varying energy of a power acting on the unit over 
tbe ipace s during the time t. Both formn require the integral 
calcuhis. Ii Hitiit be kept in mind ihai, of the symbols o' and o, 
the former is what is usually called the " acceUralive/orce' i 
and the latter is the absolute measure of it in fett; i. e. of the tame 
denominatioti as s. 

b. If ai the end of the first interval t", the incessantly varying 
energy of the power become constant, (as in I. a.), and continue 
so during the lapse of the next t" '. Then, the vcluciiy, uniformly 
generated from e as a root, increasing as the time ( uniformly 
increases, will, in this and portion of time, be ot. ; for, as be ore, 
l" : o ;: tint; call this acquired velocity i;'; and ihe space 
Itius passed in this and portion of time, call / ; Then ,. ..i" 

S f ' : : t : f I and c' — ^- ; also . . i'' : b : : t iv' —of, and iheref. 



f ^ btt; and s' = o .Jtt = » . — , when the unit proceeds from 

rest. Again, if we put s" for the space uniformly passed by the 
vnil, wiili the unitormly acquired velocity w', in the 3rd portion 
of time /, we have, as bitore, U — li \ and, (b) I. n.) i" : t^' ; : f 
^ a" ;r V t, the spd^^e uniloimly passed io t" with the velocity v z 



Hence, s" : 



; I'o : Now we have found s' — o . 



, heocc 



j" = 2s' ; that is, the spaces" uniformly passed with the ve- 
lociiy v' during the time f, in which v' has been uniloimly ac- 
quired from rest, is double ot s', the space passed in acquiring 1/ 
in the same time t. 



: 



c. Hence, the radical velocity is = -^- (without involving 
ij)e vel.) = — (without involving the space] = -^j andir/=i 



/', we have » = cs' = double the space passed in 1", in which 



icqui 



ed frc 



I 



:nce, also for any time t, in which the velocity v is 
uniformly acquired from the tame rout o, the unit passing 
uniformly over the space S with (he velocity v, we have s 
=. ot"; iheref. [II. I) s" : S :: v'l : VT : : of' :ot' :: (' ; t' 
1: I/" : v"; ioT,l : T :: v' : V . These results include all that 
iclongi to what ii called um/orm accdaation. 
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e. These re»ulis arc yet lo be adapted fo ibe known measurci 
in feet, ot ihe energy of some natural power. -By cxperiment»| 
the measure of the enerjTy of (he power called gravity bas been 
discovered. For this energy is found to be cons'ant near the 
eartfi ; and such as to urge any mass wbatever over iStf fc" irf 
the first second of time, in our latiiude. Hence, of two homo* 
geneous bodies, the energy of the power called gravity on thC 
one is to that of gravity on the other as cither their weights or 
their ma'se^. 

J. At the ends of a flexible thread banging over a fixed pulley 
(neglecting Iriction, &c.) conceive the homogeneous niasges K 
and n the IciS, to be attached: Then, the energy ol the powct 
producing motion in the system is, in this case, denoted by thfr 
weight (II. e. J of the mass A — B ; and the energy of the powev 
opposed lo ihe power producing motion, by the weight of thrf 
mais A 4- B ; 

Hence., A + b, the weight moved, usually called the mail 
moved which may be designed by (m*) ; 
: A — B, the moving weight, called usually the movinj 

force, and may be designed by (m/) ; 
:: I, an abstract number, denoting the weight of the unit 
of the mass; 

A — B (mf) , . J ■ L 

: — ; — = ; — r-, an abstract number, denuting the 
A + a (njj) * 

reitrictedcncrgy of the power acting on the unit - «'; and is, in 
this case, imaiidblc ; lor a and b are kno**n. Hence, if (»»/") be 
^ (raj), then ii' = i, an abstract number denoting ihc unrb 
ilrictedcnergyof ihe power of gravity on the unit; consecincnily, 
if we denote 161-V tcet by 0, the velocity generated in 1" is (bj 
II. h.) — &g ; consequently i (energy of gtav.) ; ajf (in efTea 

in feell ;: 0' — — -r-fthe restriLL^,.^.,^, = ,<..*; . 

(its measure in feet} = 0: Hence, g' {used at the 

nient) is = ag' = 33^ feet j and, hence, the absolute velocity 

ac«]uircd in /", by a constant power, is (H. 6.) z 

ig.^'.rt'x where 0' is an abstract number called usually thS 
dcceleralive force. 

Vi J '--■=. b' be expressed by a function of variable quantities, 

we have 1 (energy of gravity) : Sj^(iti cITect in feet) :: o' = — -X 

(the varying energy of the power) : ag .o' = its effect in fee*,. 
iienit must be remembered that 0' is an abstract number; and 



< ag.o' = oii = ~, when a function expressing w is known 
■and ag ■ o' - c i; -, wiihout the expression of v. 

A Synoptical vieiu of the above Method and the Results. 


' * 
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• The space s, described with an incessantly varying motion, is 
trepresenlcH by a curvilinear area: because, the abscissa represeins 
the lime elapsing unilormly; and the ordinate, at any point of 
lime, represents the velocity v at that point of time ; and j. being 
=: vt, J is — /lU. The space s', passed with an uniformly ac- 
jceleratedmoiion is represented by aright-angled triangular space; 
'because s' = ^ base x _L; and, thespjcej" is tepreieiued by 
ja rectangle; ioT s" = v' A i - J- a bate = zs'. 

ScHOLiDM 1°. IF tr be the velocity of the unit ofthe mass 
«t the end of thclime /" in which it has passed the space s ; and 
-»'. an abstract number, denote the energy of the power, usually 
LCalled the acce/eralive force, at that point of,?, and., which is 
■measured by o feet passed in i", as i (unity) denotes the energy 
pof gravity which is measured by ig — 32^ feet passed in 1" : 
■Then, 

i". lio=^sg .0' = 0; J is passed uniformly with the velocity 

acquired, and is = vl. 
»". If = 2^ . 0' be constant, w is uniformly acquired andis = 
to = ag.t.t,': Also, J. passed with ail 
uniformly accelerated motion, is — 

It./' = fig .&'.-- ^ ./'. t.'. 

1 3% If » = a£.»'bevarUblc,w = »/-2^.&',/; And. i = i,(. 
; when wis expressed: Also, in thi« 

r case, s = b.^ =2g.t' . t'; which is 

- independent of v. 



Scholium b 
the equation v - 



Varioua opinions have been entertained I 
► . -;;■, t. e.v-^ »l, which is admitted by all 



to be fundamental. D'Alembert. Bezoui, &c. consider it to be 
a delinitiun or an agsumpiion and are followed, in this, by some i 
celebrated names in this country : The reasons given appear, to 
me, singularly unsatisfactory; and, if well founded, reduce the 
whole system ot dynamics to a dependence on definition or a«- 
(umption. To deny the theoreraaiic nature of the equation v i 
t>l leads to a suspicion that, due attention has not been paid to lb 



, is a theorem, if we consider 



jubject. Surely, v z 

merely as the expression of the increment of velocity uniformli 
generated during the uniform lapse of i', without any ailcniioo 
whatever, lo the cause ol this increase, which is, indeed, uni 
known lous. By this theorem, doubtless, the energy or the in 
tensity of the cause is measured, whatever the cause may be. 

To rest on a definiiinn in physics, is certainly not so safe as M 
do so in matteis purely geometrical. The above equation shewi 
the relation between the measure b (in Icet, tor instance, ot thl 
energy of the power ; — the element v ot the velocity generated j 
— and, the clement / of the time employed : Of these nothing 
seems in be obscure; and, the equation itsell is bottomed on thl 
tud case or modi6caiton of the most general view oi incessantly 
varying energy, iviihout the consideraiiun of power at all 
If the modilicatinn, cirwh'\ch the radu a/ veiocily or 
teei ot the energy of a power is rested, be calleii a defiiiicion) 
because it is assumed ds the measure nf the energy by which the 
unit is urged at that point of its path — and, liert their argument 
should have begun — it is an assumption which is so consonant to 
the laws by which our judgment is reguUt' d thai, it possesses the 
simplicity and cliaracier of an axiom ; and, admits ol explai 
but not of proof. 

II. Comics. 

To derive the properties of the ellipse, the hyperbola, and l1 
parabola, by means of ihc circle, independent of either their 
"deiermining ratio," or the " cone." 



Prop. I. The ba'^e be of the 
trUngk cab (tig. I. a) is bi'^ecied 
in * and both ways |iri>diiced to 
g and A, so that, » + oi ^ ^ge 



Prof. I. Tlie base be of th« 
triangle cai (lig. 1. 6.) \% biieCitid 
ill «, and the points ^ sod A are 
taken therein, so that, ca — ab^ 
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dropping the peipendicular 
ittca^ab :: ge:2eb. 

Tirjta. 




b) (ca — fl*> = (ed+db) {at - fcO 

>ge .{ca — at);=Qte.2eiii 
i: ca — ab :: ge: 2eb. 

11. If about fr as a cenlrr, and dls- 

= eh, B perpendicular at e becutin 
be drawn, and Ihc lin? and cosine 
leiiMbecalledreBpeclivelj f'and 9; 

.»= '-^ . 

gc — «b. t 
tdxea — ah :: ge ■ 2eb, 
H:ge — ab :: ge : eb, 
hbfe— oi .f.ge — ab :•. gi: eb; 
\^ge—eb. r)=g^~eb^=^: 

r 






■B — rb . 9' 



L ffif,, 1, a). On gh deacribe a semi* 
I and produce da and eflo cut it in 




I. Hence a<f : 5/"" : : </*» : «■« ; tliat 

* :: gd.dh -.ge*; 

f*=:lgt + eb)i£e — eb)=:bh .bg 

nf a X from A la the circle. 

VI. PAKT lit 



= 2eA; then, dropping tJie perpendiculu 
td : ca ^ ab ■- : ge : 2eb. 



For, (ca + ai 
that ii {ca ■ 
hence ed : 



I Cm — ai) = (cd+dt) (cd~di), 

- at) . -ige = 2de . 2eb ; 
a + ai :: ge : let. 



Pkop. n. If about f , as a centre, and 
distance iff ^ee, a perpendicular at e be cut 
In/, and j/ be drawn -, and the sine and cosins 
ofihe angle M be called respectively f* and f> 

then, ai=^^J^ p. 

Bj I. ed:ca-\-ab : : ge : 2eb, 

that ii ed : ge -^ ab ■ : gc : ei, 
QT.tb-\-bd = eb-\-ab.t:ge^ab :: ge:et; 
llietef. fli.tee — ei.9)=«i*— «*' = S''*; 

Consequently ai = ^7—^7^- 

Cor. 1. (fig- '■')■ On^ft describe a temi- 
circle ^7j -, and draw the tangent if A. Then 
because e/^'t=*e' — «g' i 

and hence 
di* = hd.dg=eg*.(: 



that is, dk=tg.ef. 



fCtos^; 



- ; which it to 



eb.tf' 
lliat is, as ei to e/, a given ratio ; Hence j^may 



be dihcr > 



( thanef. 



Cor. 2. Hence ai' ; «/" :: a*'=:grf.(tt 
■.ge*: Hence, aliO,^'=r (4« + eg) (ie— eg) 
— A£ . £; = to Uie square ot a tangent from b 
the circle, 
II 
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pR.iy.IlI. A point « may be foimtl in A^ 
prciilu''ed, tuch thai, drawing a peqiendlcular 
R to gh, and a^ parallel la it, 
bg : gx : I ba : ay. 

By hyg. hg-.gx -. : ba : ay = dg + gx : : 

hg — bg-^ — ^^-T bg:hg.ge. ■ ''*'^ _ 

.. eJi^_,.„._-L±*_ 

' ^c ~ e* . e * ge — eb.f 

Cimsequently bg-.gi : : eb:ge; 
hence ,f« i; found, and the ratio J^ to^* is 
IIibI of minor to major, and it called ibe deter. 

Scliol. The locui uF a is called an ellipsis of 
which £&nd«arc the foci; « and g/'thesemi- 
iTiM anri j(2 the direcUix : Hence all the pro- 
jcriieE of the curre may be found. 

Prop, !V. Produce h^ bolh ways; take 
iV'^igb; and in it, lahing any point tf, de- 
icribe a leroicircle on fiV culling the perpeii- 
JicuUr^A-i in k, and draw ka paralli^l to gd, 
and da perpendicular to it ; meelinK ka'ma; 
;henii U plain that, rfa' = fit* = % . g'rf = 
ibg.gd; therefore, the puini a is in a para- 
bola of which ^ is the Terleit, and b the focus. 

The above II atimple method of describing 
a paiabola. 



'L^gi) 



Paop. III. A point* 
such that, dmwingi^peipendicularto jl 
ay parallel to it, 

h-gx ■■ 

By hyp, bg: gx: 




' ' ge~cb.9 

Consequently bg : 

hence gx is found, md the ratio of & 
that of major to minor; and is called 
lermining ratio, 

Schol. The locus of a is called a faypcrix 
of which b and c are the fuci ; ge and ff I 

And, hence all the propertiea maybefouac 
Prop, IV. Produce ^ both wayi; b 
gi^=iigb; and in il, lakineany point tf, d 
scribe a semicircle on gd^ draw a tanmt I 
with which cut, in A, a perpendiculiu' |J 
draw ka parallel tO'b'd and da per^teRdicDl 
to it, meeting in>a: Then, a is in a panbot 
Foi, gb-.b-d=b'k'' = ik'i that U4im.n 
+ gd) = b'k-' = gk^ + [igb)* ; th^t is J^ 
^d = gk' = ad^: ajidg- is the vertex andtV 



r,>. 


J 


ir 


^A 









! 



In both figures fa. a. and a. i,) draw 6a ; and put the sine and cosine of i 
ing\c aid =f' and If ; then, ad — ab.f, and^i/— ai . ^j and because rfia" =46; 
^i + hd) i we find n J = —^^~ • AIeo, a point x may be found such, that < 

: ^r : : ia -. ay ~ gd + gx ; and, this ratjo will be found that of equality ; ai 
the perpendicular from * is tlie ditecirix. 

By conceiving the points^, Zianda(tig. i. a; 1. b.) to remain fixed in t! 
ellipse and hyperbola, while gf is- indefinitely lengthened, the arc ^4 will co; 
:iniia11y tend to, and will ultimately coincide with a perpendicular gdiig; ai 
(a will continually tend to be and will uliimatciy become parallel to gd; and w 
intersect the perpendicular Ja in a, a point in the mvi curve ; And, as the ellip 
Hid hyperbola require eaeh a fixed circle, so their parabolas require each anrfi 
^usly, eacha vuiiabte circle; the one i'/i./ originating at 6' ; and, the other jil 
>riginaiing in g ; and, tlie liypeibola iind its parabola require each a fixed cxten 
point c and 6'. 

If we conceive another ordinate II V drawn to ibe ellipse, we have (II. cor. 9 
id^ -.a'd" i: gd . dh: gd' . d'h: Now let A be in.Iefinitcly removed, i^it will uli 
nately be = d'k; and, hence nd' : t'd'^ :: gd: gd' :: \l>g.gdi ^l-g .gd'; an 
■ciicc, if /jJ' =: ihg . gd ; iheaa'df* = \l'g. gd', aparabola: And, thu» for tl 
perhoh. 
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ARTICLE XVIII. 



To the Edilar of the Matkmalical Repository, 

Sir, 

My letter, containing the result of an iraprovetl method 
of treating the problem of tlie B li n D Abbess, reached you, 
I presume, too late tor the use of your i jlh Number ; you will 
therefore oblige me by allowing a place in your next, to the 
following remarks, which are supposed to follow immediately 
after the Rule. 

Calculation. Every thing hinges on the number we 
have denominated b. The limits of this are o and n inclusively. 
Those of aare o and n — J J admittingn — i + i choices, while 
i remains unaltered. Those of daie oandff, which admit b — g 
-4- I choices, while i and ^ remain constant ; or ^(6 — g + i) 
choices, while b remains constant ; g varying from o to 6, 

Speaking generally, ^ may occupy either of 4 diHerent situa- 
fions at option, viz. either of the middle cells. So that for 
each value of i, we may now infer the number of solution! t* 
be equal (o 
( 4 X ckoicts of a X sum ofchoiets of i. 

But in the h — g -t- 1 assumed choices of d, are included thtft J 
feases d — h and d = g .-. e — b ; and by each of these it is ob*fl 
vious that exactly halt of the 4 situations claimed for ^, are 
Occupied; so thai these two cases are, in calculating, just 
equivalent to one. We must consequently estimate the choices 
lof d at b — g only. 

And as by this arrangement we exclude the class of solutionf 
in which b — g, and .: d — f=. i — g, which includes one so- 
lution appertaining to each value of b and a, we must account 
for this class separately. 

The correct number of solutions, corresponding to each value 
ot i, or the Terminus Generalis of the whole series of solutions, 
is therefore 

tlie correct valueof which, when g varies from o to £, il 
{»*■ + aJ + 1) . (n — 6+ ■). 
Hence the whole number of solutions is 

;j(.i'+«i+ t) . (» — « + !)] 
k I 
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whose correct value, when b — o «, is the »ame as wu j 

dctennined \a my paper, but may still more neatly be cxpreued f 
in the form 

I am, &c. 

W. G.Horn £K>^ 



ARTICLE XIX. 
To tie Editor of the Mathematical Repo»torym 



Sir, 

Baron Mascrcs, in the second volume of hU Scriptoret J 
I^garilhniici, has reprinted Euclid Spiedcll'i Logarilhmotechnia, ] 
but, by comparing his text with the original, 1 find that there is aaJ 
omission. The pamphlet was primed in small quarto, and there! 
was annexed to it a lolio leaf which folded up. — This, most pro«fl 
bably. had been lorn off from ihe copy, which the Baron printedl 
from, aiS it is not to be Found in his book ; and I therefore Knd V 
you a copy of it. He is too liberal a man to suspect that thel 
insertion of it in your Repository can be intended ai any n*\ 
proach to him. In a great work like his, it was impossible to 1 
avoid Ruch an oversight, and I do not know how it can be ta 
well repaired as by reprinting the leaf in your valuable mts- 
cetlany. 
i)«.9. 1818. S. 
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The Infinite Seriei of 
Numbers Proponional. 


The Quotej lo be Added. 


A 


50.0000000000000 1 


* 50,0000000000000 A. 


B 


9S II 


— IB5 B 


C 


..5 "■ 


• 41666666666666 c 


D 


6^5 IV 


- 156=5 » 


B 


3'«« Y„ 


• 6fl5 B 


F 


IS6'S VI 


— 2604166666666 F 


« 


781=5 y I 


• 1116071428571 


H 


'3506.5 VIII 


- 488=8165 H 

• cicioaaa ^ 


I 


•9S3'=5 \^ 


' 21701388^88* t 


K 


9765625 X 


- 976,50^5 K 


L 


488«8,»5 XI 


• 44389B04545 I. 


U 


"44H<='"5 XII 


— a0345O52o83 u 


N 


,..20703. «S XIII 


• 9390'"4°37 « 


O 


61035. 5625 XIV 


— ■ 43596540'7 <» 


' r 


305.757s.ss XV 


2034505206 p 


C 


Vj25878906< XVI 


— 953674316 « 


R 


76«999453. XVII 


• 44«7»79'4 » 


S 


38m«97265 Xyill 


— 8119/7635 s 


T 


,507318632 XIX 
953»713'6 XX 


• 100386770 -t- 


V 


— 476837<5 


w 


47gS37i58 XXI 


• 119706531 


X 


r384.8«9 XXII 


— 10837208 


Y 


,1920928, XX I 


• 5'83o«S 


' z 


59604644 XX V 


— «4835«7 




20802322 XXV. 


• H92093 




,4901.61 XXVI 


— 573»2a 




y'lVsSo X.XVII 


* 28335s 


. 


3725290 xxyiii 


— 133046 




.862645 XXIX 


64299 




93.322 XXX 


■7 3>044 




46566. XXXI 


15021 




,32830 XXXII 


— 727S 




1,64.5 XXXIII 


* 85 "7 


^^^ 


58207 XXXIV 


— 171B 


^^H 


L 29,03 XXXV 


fei 


^^H 


m ,455. XXXVI 


— 404 


^^1 


K 7275 XXXVII 


* 19S 


^^1 


K 3637 xxxvm 





^^1 


W tsis XXXIX 


4« 


^^1 


^E* 909 XL 


— 92 


^^H 


■ 454 XLI 


• 11 


1 


■* 277 XLII 
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to.oooooooo := 

The whole Sum 

A — B : A -. i A = 

6,66666666 = 

A — c : A :: A = 

Impares 



■ 693i4;>8o559945 



"Hilf IheLo-? £ 



^^f-^io986.2i 



j^ — B . C — D . E — f . C — H Loprilhm J 

^ 3-333333333 betw«n3&> *o(;d6i;i< 

A-B + C - D + E - F + ^;V,^''"-°«- ^ * ''^ ^ 



= 3-333333333 



A+B+C+D+E+F+C 
A — B + C — D+ E — E + G 
r ^•■s +tV+tt 



143841036325898 
08768207243178^ 



r 



ARTICLE XX. 

FOUR PAPERS. 

By Mr, Thomas Kkicht, Papcaslle, 



No, I. Of the summatioD of tjie sericl represented by the 
expression 






Ii is well known ihat the most elegant method of summing 
comple;c series is by comparison with others of a simpler kind. 
Those made by the earlier analysts for [his purpose were confined 
to "circular and hyperbolic series, or circular arcs and loga- 
liihnis. This method of summation has of late been very much 
extended by Mr. Speace.f and a still larger class of simple series, 
than those he has so ingeniously treated of, will be necessary 
for our present purpose. 

* Jtauuhrt, MicMlL An«lf t. p. 1 11. f Cmjr m Logirittuaii: TrasiceudeaCf- 
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ARTICLE XXI. 




Certain properties appertaining to a Triangle inscrihed in tt givtn 
drcle, hamng two of its sides in a given ratio. 

By Mr. Cunlipfe, R. M. College. 

ACRBM, and CwL, are two given circlci, touching each 
other inwardly atc; cl, cm. 
the diameters passing tlirough the 
point of contact c ; A'^nk, im 
chord of the greater circle, cul- 
ling CM, witliin the lesi circle, 
at right angles in q, and the cir- 
cumference of the less circle in 
N. Draw the lines CA, CR, 
CNB, AB, AM ; also draw the 
line N LP meeting am in r, and 
join cp. 

I. The irianglei ACN and BCA are similar. For £. CAR = 
/. CRA= jLcba; and /. acn (acb) is common to bot!i the 

triangles; wherefore the triangle acn is similar to the triangle 
BCA, and consequently aC:cn::bc:ac. 

II. The sides ac and CN, or bc and CA have a given ratio. 
For by obvious propenies AC* ;=CM / CQ.andCN':= CL X. 
CQ; therefore ac': cn' ; : cm : cL : : flC* : CA*, a given ra- 
raiio, because CM and CL arc hoth given; wherefore the ratio 
of AC to CN, or of BC to AC is glveH. 

I III. CP it the diameter of a circle passing through the points 
i, c, N, P, and is given. 
For Z CAM (cap) bein^ in a semi-circle is a right angle ; ai 
also Z. CNI. (CNP), therefore cp is the diameier of a circle 
passing through the points A. C, N, P. Now ACa«( (caq) = 
Z. CPU, and Z CAQ = Z-CMA, wherefore ihe right angled tri- 
angles c-jp and CAM are similar, and therefore ac* =: cm X 
C2 : cs':=cL / cq : : cm ; cl : : cm* : p'irci. / cm ; 
hence it appears, thai cp is a mean proportional he'wecti ex. and 
CM, which are both (^ivcn, cunseiiuetiily Cp is given also. Or 

I we m^y prove (hat cp is given js follows. L. CAS (CAq) := 
Z. CPN (cpl); and L. caq:=Z. cma (cmp), wherefore the 
triangles CMi", and ui':. are similar, ".hereiorc CL:t;p :: cp 
: cu,' that ii cP is a mean proportional between the given lines 
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CL and CM, and is iherefure given ; consequent!)' the locus of P 
is a given circle whose centre is c. 

IV. The triangle lmp is similar to the triangle aCH or 8CA 
and therefore the sides lp and MP have a given raiio. 

For Z. ACN (acb) is the supplement of Z.APN ; also Z.MPL. 
is the supplement of the same Z. apn ; wherefore the L. ACfl 
= i MPL : also angle CBA = Z. cma (lmp). and therefore 
■ he triangles acb und lpm are tiinilar, and as the sides AC and 
EC, have been shewn to have a given ratio to eich other ; there- 
fore the sides, LP and MP, of the triangle lfm, must have the 
same given ratio to each other. Or we have preved ■ 111.), that 
the triangles CMp and cpl are similar, that is cl : rp : : lp 
: MP, a given ratio because cl and cp arc both given, 

V. Let ECF be a langent to both the given circles at C, or 
which is the same thing, a line perpendicular lo cm ; Cae a 
langent to the greater circle at a, andcNF a langertt to the less 
circle at n, and draw the right line Gc ; then CC will bisect 
the angle EOF, ForfN = FC, andEA=z£c; and became of 
thepaiallels an, ef ; fg : GE : : fn =: fc : ea~ec, whcre- 
fcre by 3 Euc. 6, cc bisects the angle egf. 

VI. s, the middle of CP, is the centre of ihc inscribed circle, 
of the iiidngle egf. 

Draw At and ES ; then in the triangles ECi and B A s. cs =: 
k%, EC = EA, and ES is common, theieforc the triangles ici , 
and EAS are equal in alt respects, and consequently /. AES ^ ' 
L. CES, that is the angle cEG is bisected by ls. 

And drawing fs we may in the same manner prove that the_ 
Z. CFG is bisected by PS : wherefore s is the ceniie of the ■"- 
scribed circle of the triangle egf. 

VII. cs, the distance of the centre of the inscribed circle <^,' 
the triangle egi-, from the point c, ii given. For cs is the 
half of CP, which has been shewn to be given. 

VIII. The points f, p and g are in the same right line. We' 
have proved that gc bisects the angle ecp, (V.), and it is well 
known that the lines bisecting the angles of a plane triangle in- 
tersect in the same point ; consequenily cG mutt pass through 
8 ; but H is the middle of cp, therefore cc musi pass through p. 

IX. Draw PR perpendicular to ef, culling an in ^; also, 
draw vt perpendicular to cM : then it is evident that vq-:=. yl,, 
and^K^ijc; and the circle whose diameter is tp, will ob-, 
viously pass through the points c, N, /, P, a. K. Bythepro-.' 
pcrty of the circle Ay / yN = Py x ys. = q/ /( qc j also" 
Aa /fiN ^Q/ j((iC and therefore aj/ i/n = aq / ^n, wherefore. 
jN =: AQ, Af = (^N. Foi if the Mine right line he cut ai iwO; 
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different points, into two paru, whose rectangles are equal to each 
other; then the two j^reaier tegmenta in each case will be equal, 
and contequently, ihc two less segments will be equal also. 

X. QL X QM =: Q(', and therefore Q/ J* equal to a tangent 
from tj, to the circle whose diameter is lm. 

Because of the parallels p^, qm. 

AQ : A^ — QN ; : QM : p^ = Qt ; also nq = AQ : QH :: 
'? ^=Q' - Qi-i wherefore (JM : ( : ; q' : ql, and hence Qt, 
X QM=:Q('; therefore Q/, ii equal lo a tangent from Q, to the 
circle whose diameter is lm, as is very well known. 

XI. AB cuts cp at right angles. 

Let X, be the point ol tnierseciion of ab and cp : then ^ipc 
(apx)= z. anc (qnc); and /. m\ii(faji;) = amcn (qcn): 
bence l. atx + ^p\x = z. qnc -|- z. qcn ; but Z-flNC + 
Z- QCN = a righlangle. and consequently Z. AP;t + ^ paJ:= 
a right angle, and therefore Z. px\ is a light angle. 

XII. Imagine the sides EG and Fe, of the triangle Ecr, to 
be bisected at the points of contact A and u, of the given cir> 
cles ; then it is well known that the triangle egf will be the 
least that can be so described. (Ste schol, to theorem 8, Simp- 
ion on the Maxima and Minima.) 

It is moreover well 'nown that the triangle acn (seethe 
said schol.) will be the gieatest thai can be inscribed in the tii- 
angle ecf, and consequemly the triangle acn will be the 
greatest that can be described to have its vertex at c, and iti 
base AN at right angles to CM; and the extremities of itie base A 
and N in the circumferences of the two given circles. And 
fuithermore the triangle ACM will be inscribed in the circle whose 
diameter is CP. 

XIII. Let r, be the inierieciion of cp »nd a(J ; then ga = 
AB =: EC, or cz — bec : and becduse f.s bisects tlie angle ceg* 
£C : CE = SEC :: i ; a :: cs : 8cs = sc = cp, therefore 

cc = ^— : but cc is bisected in r, therefore cr =''--■, and 
9 ' 4 

hence rp = — . Moreover because of the parallels pMnil 
4 ^ 

3CP CP 

rQ, cr = 2^ : rp = -- : : 3 : 1 : : cft : Q^ 
4 4 

In article (XII.) we have made out the following remarkable 
property of the greaiest triangle that can be inscribed in a given 
circle, having two of its sidei in a given ratio; viz. The base 
of the greatest triangle that can be msciibedin a given circle, 
liaving the ixber two lidei in a given latio, cuts the diameter 



to m, n and ^^ E- 

5 given be- /\ \ 
efore v be- j \ [> J 




( 1*0 ) 

pissinj! tlirough the vertex, at ihe distance of { of the diameter, 
.'from the vetlex. 

We shall now go on to determine the greatest trian^jle that 
can be inscribed in a given circle, having two of it» sidrs in a 
given ratio; and in order to proceed clearly, it appears necei 
*ary to put down the following problem wilb its coDSttuctitw^ 
viz. " 

■ XIV. LTM (Fig. B.) i« a given circle, and c a given poiih 
Without the circle J it is required to find 
* a point Q, in the line CLM drawn through 
Ihe centre O, from whence a tangent qt 
being drawn, qt may be to Q_c in the 
given ratio of m to n. 

Draw CP perpendicular to CO, in which 
take cv a lounh proportional t 
lo = iLM ; then cv wiH ' 
cause LO is given, and therefor 
comes a given point. From V, draw the 
tangent v r to the circle, cutting CO in q, 
and the thing is done. 

Demonstration. Draw the radius ot, to the point iX 
contact T, then the right angled triangles qto and qcv being 
■imilar, qt : qc : : OT = o L : cv * but by the conslmciioa 
m : n : : ol := ot : cv. Consequently qt : qc : : jn : «, tfa* 
given ratio. 

XV. In a given circle to inscribe the greatest triangle pot> 
•ible having two of its sides in a given rr'" 

Draw a diameter CM [F'g 3.) upon which take CL, so that 
CM shall be 10 CL, in the dujjli- 
catc of the given ratio of the 
Bides. Upon cl and i,m as di- 
ameters, describe two other cir- 
cles, which will touch each 
other in l. Draw cf perpen- 
dicular to CM, in which uke 



cv =: 301, = • — : from v 




draw a tangent vt, 10 the circle 

whose djameter is lm, cutting 

CLin Q. Through q drjw aqs at right angles to cm, cutting 

the given cir.le la a, and the circle whose diameter is cl in j». 

Draw /iM and nl to meet am in p; draw cp and cn; produce 

CN till 11 meets ihc given circle in u and join ab ; then ac« 

II the greatest triangle that can be inscribed in the given circle. 
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sn tliM Bc* : AC' : : cm : CL or bc : AC :: cm i CP, CF be- 
ine a mean proponional between CL and CM. 

Draw 1'/ parallel lo an, meeting lm m / : by (he constrac- 
tion cv : OL := OT : : 3:1. and per itmilar righi-angled trr- 
angles cv : uT = oL : : eg : Qt = qC. Also by reason of ihe 
parallels aq, ?t, cq : Q( :: cr : rp ; consequenily cv : ot 
:: cr : rp :: 3 : I ; wherefore [Art. XII.) the triangle aCW, 
is tlie greatest tha'. can possibly be inscribed in the circle whos* 
diaoieler is cp, having the sides ac, Cn in the given mto of 
CM to cp: and therefore the triangle bca being similar to acn, 
will be the greatest that can be inscribed in the given circle, 
having the bides bc, AC in the tame given ratio of cm 
to cp. 

That the triangle ACB is amaximiim wbea acn is a maximum 
may be shewn as follows ; 

Area of the h acn : area A acb :: ch : CB :: cl ; cm 
a given ratio, because CLand CM are both given. Therefore 
When the triangle acN is a maximum the triangle aCb must bc a 
maNimum also. 

XVI. In a given sphere it is required to inscribe the greatest 
oblique cone possible, having its greatest and least slant sides ia 
a given ratio. 

Let AN [Fig. i), represent the diameter of the base of the 
greatest oblitjuc cone, that can be inscribed in the sphere whose 
diamcier i-t cp, and having the greatest and least slant sides, Ca 
and CN, in the given ratio of CM to ci'. 

From the Schol. to Theorem 19, Simpson on the maxima and 
minima, we gather that in tbe case of the greatest inscribed cone^ 
AC s, Gr r: acr, or cr — jCC, and therefore by reason of the 
parallels Ar, zc ; ca = &ae = 2£c ; and hence eg =: 3A& 

= 4 EC : CC 

and CP = scs = — , and hence cc — 



tcp. Thcrcrorc rr ~ cr- 



, acp 
6 



3 3 3 

Then because of the pai^Uels rQi rt, and from what has been 

deduced, co : at :; cr = ; ts — — :: fl : 1. 

.3 3 _ 

From which conclusion we derive the following method of 
constructing the problem. 

VOL. IV. PART II. q 



.. XVir. Upon CF (Fig. g.) take cv = bol = lm, and draw 
the tangent Vt cutting CL m q : through g, draw aqk at right 
angles to cl, meeting the circle whose diameter is cm in A, 
and llie circle whoie diameter is cL in n. Then in the triangle 
ACN, the base an is the diameter of the base of the greatest 
oblique cone, that can be inscribed in ihe sphere whose diameter 
ig CP. And AC. NC are the greatest and leagt slam sides of the 
cone, and arc in the given ratio of cm to cp. 

Demonstration. The right angled triangles vcsj and 
oT<j are similar, therefore cq ; qt = ft* : : cv = eoL = aoT 
r OT : : 2:1. And by reason of the parallels tq, vt; CQ : q( 
:: cr : rp :: 2:1; therefore (Art. XVI,) in the triangle acm 
the base an, is the diameter of the base of the greatest oblique 
cone that can be inscribed in the sphere whose diameter ii cp ; 
and AC, NC, the greatest and least slant sides of the cone, are in 
thegivenratioolcMtocp. (Art. XVl.) 

Produce CN to meet the circle whose diameter is CM in B, 
and join ab, mb ; then in the triangle acb the base ab is the 
diameier of the base of the greatest oblique cone that can be 
inscribed in the sphere whose diameter is cm, and uc, AC, are 
the greatest and least slant sides of the cone, and have the given 
ratio of cm 10 cp. 

That the cone acb is a maximum, when the cone acn is a 
maximum, will appear as follows. 

The contents of similar solids are well known to be in theiri* 
plicate ratio of thetr homologous sides; therefore 
cone ACN : cone acb ; : Ac' : bc'. And per sim. triangles 

cap, cbm, AC : bc : : cp : cm i and therefore 
cone ACN : cone acb ;: cp'tcM', a given ratio, because CP 
and CM are both given. Consequently when the cone acn is a 
, the cone acb will be a maximum also. 



By help of the foregoing properties, the geometrical con- 
struction of a great number of problems may be effected in a 
manner materially differinK from the constructions usually 
given to those problems. We shall put down a few problems 
and refer 10 the properties upon which the • 
founded. 



XVIII. Given the diameter of the circumscribing circle, 
the difference of the segments of the base made by a perpendi- 
cular from the vectical angle, -and the ratio of the other two sides 
(o construct the plane triangle. 
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Lcl the triangle acn [Fig. \.) which is circumscriLcd by the 
circle whose (iiameter is cp, re- 
present ihc rcquirerl triangle ; 
then cp is given by ihe qiiesiion, 
And Ay = qn (Art. IX. 1 there- 
fore 9Q — ft is the difference 
of the segmenisof the base an 
tniide by the perpendicular Cq, 
and is given by the question. 

.Wherefore in the right-angled 
triangle cp/, the hypothenusc 

,ci> and leg p( being giveji, the 
triangle iiielf will be entirely 
given. G- 

The right-angled triangles cap and cnl arc similar, there- 
fore CA : CM : : cp i cl and when ibe ratio of ca lo CN ii 
^ivcn, CL becomes known; whence the following construction 
IS derived. 

Form the right-angled triangle ci? ; and in c^ take cl such, 
that CP may be to cl in the given ratio of the sides; upon cl 
describe a semicircle, and through P and l draw plk meeting 
its circumference in N; draw nq perpendicular to cl. meeting 
the given circle in A : and acn will be the required triangle, as 
is evident from the analysis. 

XIX. Given the diameter of the circumscribing circle, the 
difference of the angles at the base, and the ratio of the other 
two sides, to construct the plane triangle. 

[Fig. I.) Z-cna = ca8 = (ca;(); therefore ^cna—^CAw 
=: Z. C\x — ^ CAT ~ Z. TAX. Also Z. Ar,r— Actq; and 
Ihe angles txk, tqc are right angles (Art XL); therefore £,tkx 
— i- rcQ (pc;); and hence A cna — L. can — ret, the dif. 
fcrcnce ol the angles at the base, which is given by ihe question. 
Wherefore in the right-angled triangle C/P the hypothenusc cp, 
and angle pc(, being given, the triangle ?ct becomes entirely 
known ; consequently the problem is now reduced' to the pre- 
ceding problem, and may therefore be constiucted in the same 
manner. 

XX. Given the diameter of the circumscribing circle, per. 
pendicular from the vertical angle upon the base, and the ratio 
of the sides, lo construct the plane triangle. 

Let ACN [Fig. I.) represent the required triangle; then cp, 
the diameter of the circumscribing circle, is given by the ques- 
tion. And per sim. triangles cap, CNl; ac : cn :: Cp : ci,, a 
given ratio, wherefore CL becomes known. Also cp : CL ;: iw 
: CP, and hence cm becomes known ; and the construction will 
qa 
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be as follows : Upon cu and cl, describe two. scmicircleK. ani 
upon CL, take cq, equal lo the given perpendicular Irinn tUe 
vertical angle upon the base : through q draw aqn at rigLii anglti 
to C L, and lerminaiing in the semicircles in a and N ; join CA, 
CN, and ACN will be the required triangle. 

XXI. Given liie diameter of the circumscribing circle, ratio 
of Ibe sides, and raiio of the segments ol ihe bate made by a 
perpendicular from the vertical angle, to construct the plane 
triangle. 

Let ACM {Fig. 1.) represent the required triangle ; tb«> CP, 
the diameter of the circumscribing circle being given, Mtd ibc. 
ratio of the sides CA.-CN ; whence CM and cl become known, 
■ee the solution to the preceding problem. 

The triangles acn, MPl are similar (An. IV.) and thereCnre 
p( divides ml, in the same ratio, as Cq divides an ; that is Aq 
: QS : : M( : /l, agiven ratio by the ([uesllon ; wherefore Ml. 
is divided in a given ratio at /, whence N( becomes known, and 
consequently c(; and "therefore the right-angled iriangte cet 
becomes entirely known. Having formed the triangle cPt, t|ie 
the remainder of the construction will be the same as p coble m^ 
Art. XVIII. 
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A wKlhod ofohtaining ihe sum of ai iitjimte series of thir 

n 11+1 ii+a n + 3 n + 4 „ , . i 

AX + flx + CX + Dx + EX &:c. in wai(h ' 

the quantities A, b, c, d, &,c. are expounded hv a series of ikt ' 

sines or cosines, of circular arcs in arithmetical progression t 1 
iogecker with some other curious particulars deduced tker^rom. 

By Mr. Cunliffe, R. M. College. 

Before we proceed to the summation of the series, it will be J 
necMsary to premise a few properties, of the sines and cosines J 
ot circular arcs, for the piirpuic of explaining the various jtepi 1 
in the course of il)e subsequent calculations. The propeiiiei ' 
bcre alluded to, are contained in the following Lem 

Lemma i. If there be three circular arcs in arithmeiical pro- 
gression, radius being i ; and if the sine of the mean arc be 
inuitiplied by twice the cosine of the commoa difietence, and tht ^ 
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^ sine of eitlier extreme subtracted from tlie product, the remainder 

will be the sine of the other exireme. 

Demonstration. Let ab, ac and AD n 

be ihrec arcs of the same circle, in arilh- 

meticdl progression, arc sc :::: arc CD, 

being the common difference. From the 

coitre o. draw ihe radij OA, OC; the lat- 

ter of which will bisect the chord bo. at 
■ jighi angles in m, as is very well known. 
I T>raw BE, cF, mn. and dg perpendicu- 
:<jar to Ao ; also bh parallel to aO, and 

meeting do in h. 

By reason of the parallels cv, mn ; oc : on : : cf : ^nn, 

whence Cf / o« =. mn A oc, or cf X aom =: imn X oc. 

.... , , , - BE + DG 
And It IS very obvious that mn :r a 




r smtt 



: BE -f DC, 



I =: 2BinX oc -ZZ (be t-Dc) X OC = BE + DC, 

1 r; BE -I- DC because radius oc = i. 



therefore cf / 

[hai is, CF > 

Now B E is the sine of arc AB ; and dg the sine ol arc AD ; 
aUo CF is the sine of the mean arc ac ; and ont the cosine of ihe 
common difference BC ; wherefore from the expressioo CF A 
20m = BE + DC the truth of the lemma is manifest. 

Lemma q. If there be three circular area in arithmetical 

Erogression, radius being i ; and if the cosine of the mean arc 
c multiplied by twice the cosine of the common difference, 
»nd the cosine of either extreme subtracted from ihi product, 
the remainder will be the cosine of the other extreme. 

The same preparation and figure will serve here as in the pre- 
ceding lemma. 

Demonstration. By reason of the parallels cf, mn; oc : oni 
:: OF : on, whence om X of = ok X oc„ or nam x or ^ 

_ . . , , , OE + OG 

son X oc. But It IS obvious ihat os = • — , arsons 

a 
OE Hoc; and therefore flOM /of=:bo«XOC=: (OE4-OG') 
X oc = OE 1- OG, because oc iz i ; that in, aom x of rr 
OE + oc. Now OE is the cosine of arc ab, and og is the co- 
line of arc An : also OF, is the cosine of the mean ar; AC ; and 
om, the cosine of the common difference, or the cosine of arc 
pc = arc CD; wherefore the truth of ilie lemroa has been de- 
monstrated. 

Lemma 3. If a and b denote two circular arcs, radius i« 

ot which, a is the greater ; then bui. a — sia. i :;: 3 sla. — ~-r- 

(a 4- 6) 



C "6 ) 

Demonstration. (Fig. t.) Let arc AD=<i,arc AB=:i; thcnit 
a + A 



ii obvioui that arc ac 
a — h 



and arc BC = 



BD = 



-. The triangles dbh and OFC are similar, therefore oc 

-: DB =rtt DOT :: of : dh, whence dhxoc = dh=2D«x 

OF. Now a Dm — 2 sin. '— i; of = cm. : an. I 

a 

DH =: DG — CH = DG — BE =: sin a — sin h: and writing 
tbeie values in the expression ok = eon x of, it will becon 

. . . ia-b) 

■m. a — tin. o = a tin. i- — - ) 

B 

Lemma 4. fFig.t.J Letaandj denote the same things as if 
the foregoing lemma j then cos t — cos 4 = s sin K 

a 
Demonstration, The triangles daii and ocF being similstl 
oc : DB := 2Dm : : CF : bh, whence bu X oc = bh = bdiI 



X CF. Now cr = sin - 



I and B H = EC = oc — OC 3 



cos i — cos a ; the rest as in the preceding lemma ; and writiM 
these values in the expression bh = aom x cf, it will becoi 



.(£. 



^' X .in <liA). e.£.o. 



, radius 1 ; ttien t 



COS 6 — cos o = a sin 

Lemma 5. If z denotes a circulai 
. = .X(.in;)". 

Demonstration, Let db rr z, be ihe 
arc of a circle, radiLts i, O its centre; 
draw the radius ob, and the sine dg 
perpendicular to ob ; also draw the chord 
BD, and the radius omc, to bisect the 
chord B D in n. 

Then oc — cos z j and BC = ob — 
00 = I — cos z. Also hm — Dm — 

•in -. And per similar right-angled triangles bcd, Bmo ; bq 

: Bd = SB» : : BRi : bg, whence BC x bo = bg = a x Btx* 

that is, 1 — cot z = s X (tin - j . g.£,D. 




^ 
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The preceding properties maybe found in most treatiui on 
trigonometry, bur it has been deemed expedient to annex them, 

Siroperly adapted to the subject, with concise demonstrations, 
or the purpose of rendering what follows more complete. 

1. To find the sum of the infinite series AX -1- Bi + 

•ex + DX &c. in which the quantities A, B, c, D, &c. 
denote a series of the sines, of circular am in arithmetical pro- 
gression. 



Assume 



*J — gx 



>+! , 



+ njc 



+ e/** &c. 

Multiplying both sides of the expression by i — sex 4- > 



pves A* — 



-■l-i 



S^ 



+ E* &C. 

0+3 «+* - 

— 2fDX SK, 

3 a-t-^ 

+ CX &C, 



H-1 1+2 »+3 « + 4„ -I 

or BI -h CX + DX 4- EX &c. J 

"+1 "+2 "+3 -+*, f _ - 

,- 2CAI aCB* 2CCX 2CDX tc. / — * 

' B+t »+a . 11+3 »-f4 , \ 

gX^ Jf XX 4- BX ^ + CJt ^ &C. ) 

By making the coefHctents of the like powers of x = o, we 
have B — icA — ^ ; c = BCfl — A ; d = ace — B j i = 

acD — c, &c. &c. 

Now let y and i, denote two circular arcs, radius i ; and let 
c, denote the cosine ol z j also let a = sin. y + (« -f j} j, and 
g=.iin. y + nz. 

Then from what has been deduced above, and Lemma i, 
a=2<rA — g = 2i:y.siny + {n-¥-i)z — siny-\-nz=siny + {n'i-a)z : 
C = icB—A = -iCj(iiny+{n+2)z—swy+{n+i)z = sini/+[n+^)z; 
r=acc— B=2cXsiny+{>i+3)3— siny+(n+a)3=sinj/+(n+4)z,&cj 

And these values being written in the assumed expression give 



gx __ X X sin.y + (n \- i)z — x 

1 — xcx "t- X* 



-acx + X 
P*"x sin.jf + (n + i)z + * 



X sin.y + {■ + 2)z + 



sm.y + nz _ 



X iin-y + (« + 3)i + « x »in. y + {n + 4)j,&c. &«, 

jm iDfiniCBin. 

, . _, J , . , iJnV+a— .rslny 
(9) Take « = o, and tlie expression becomes — ■—■ 

= sin. jr-f 2 + X y sin. y '^-sz-\- x* X sin. 1/ + ^z -h x* 
X sin. y +- 4* -*• J<f* / sin, y -»- 51 Ac ininfinrtftm. Tikinj 

thetdifferenccbeiweeatbe two preceding expresiiojiB tviz.aand af 

there will be had 



f„^gin.j> + B — J sin^^-t J 



"+' . 



1 y + nt—T°X»in.^-h{n+i)j 



= sin. _>> + z + -T X sin. y ■\- 2Z -\- x^ X sin. y + 36 -f a* 
.X sin. p + 41 &c. + » X sin. y+ m. 

Takex ^ 1 and the preceding expressiort becomes 
sin, y + z — sin<y + sifr - y + nz — sin.j- + (n + 1) z 

a /( (1 -<r> 
= sin. y + 2 4-i»n<y+ 2» + sin. y ■+■ jz + sin.jp + ^ 
•^■in. ^ + B2. Now, by Lemma 3, sin. j" + 2 — 'in* 9 

= s sin. - / COS. (>• 4- - ) also si«. y + (« 4- i) z — sini 

y -Km = a sin. - X cos.y + [2«-l- 1) - .andbymeansoidieM 
sin. ^ -f. z — lin. y 4- sin , y + » : ^ sin, v + (11+ i)x 

sill. - X CO*. y-{-- ^ sin. - X COS. y + (an + 1) - 



Mortover, by Lemma 5, 1 — cos. z — s (sin. - ) ; 

■in. - X COS. y 4- sin. - < co%.y + (an + 1) - '* 



lin, - X COS. (y + 



i) — sin. ^ X cos.^+ {E« + 1)5 \ 



t 




Again, by Lemma 4, 



cosy + - — COS i/-J-{EH+i) -= 3sin— X 5iny + [a + i)3 
cosy-t-f'-cosy + fau+ij- sin -^ /lin> + (»+l)- 



&Bd hence - 



-.siayi-iVtiniflit Viloy+^+ &c. + »iny + a£ (4J. 

To find the sum ol lUc infinite scries ax -\- ax +cx^ 
•4- DC + zc &c. in which the quantitiei A, B, c, s,&c. 
donntea series of the cosines of circular arcs.in ariihincticdl pro. 
gr£»sron. 

WhJi has been deduced in Art. 1, may, with very little ad- 
ditiunal tiouble. be applied in ihe present cut' 

Let y and z, denote two circuUr arcs, radius 1 ; and let c 
denote thecosijieol s, as befi^rc. Also, put A — cony Km 1 i)r, 
and g = cos >/ + az. Tbi:!) by Ldngid a, and what has beea 
deduced in Art. 1, 

B=2fA — g =ac / cosy-t- [h + il2 — coa )F 4- m =rco•y-^- 
(n f e);, c =acB- A= ic/ eos;r+(n-t-a)i — co»;f + (■+ 1)3 
=:coByf (n f3}z.D=:acc-B;:Bexcos(y + («+3):-cosy+[o+a)s 

= cosy t-(n ) 5)z, &c. &e. 
(3). And thfrefore, 

AH — ^Jr _ X X co» y + fit -t- ||z — Jt X m* T;+ng 

1 — Bcjc f x' ~ It- act t- «• 

n N+ 1 a+S 

=: a- ;< COS y + (n + i}2 + * X cpi y + (s+^lJ-fa 
X cosy [-{n-t-^)i + x A cosy4-{a f 4,/ \-X X cos j + 
(h-J-^Iz&c. in infinitum. 

(6). lake n = o; and the last expression becomea 
cos V I i— rXcfjsy 

,_ac/f ' ;j =posy + /4-J:/co(yH-a»4-*V?06yty 

+ i' X cos y I- 4; 4- j:* X cos y -f. 5j ftc, in infinitum. 

And taking the difference between the two preceding expret- 
sions, (viz. 6 and 5) there w.ijl bg |i«Ld 
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WMg+*—i >f cOTy + « X coiy+HZ — *- x co«y+tg+ 



t — aci + X* 

z: cos y+r+« / co«y + az+** x cosy + 32+*' X cosy + 
4 «* X cos y -I- 52 &c. + X X cos y + nz. 

(y). Take X := 1, and the last expression will become 
cos V + 2 — COS y + COS y + Bz — cos y + (w -t- i )t 

a / ( i — cj 
_ cos y + z — cos y + cos y + Bz— cosy 4- fn+ i)z 
~ a X (1 — co»2j 

==coiy + « + cosy f a»-*-coiy+3z+coiy+4J+cosy+5z&fc 
+ cos y + nz. 

Now, by Lemma 4, cosy — cosy + z=asin - X uny + — } 

ud cos y + «r—co<i( + (« + »)« = a sin — X »iny + [ii» + i)-i 

Also, by Lemma 3, 1 — cos z =s(Ein — 1 , ano therefore 



coiy + z — cosy+cosy + Bi — 


coiv +(n+ t)t 


« X (1 — cos «) 




•in ' x.iny + (y« + i) i — .i 


» J X sin y + i 



liny + (sM + ») - — •iny+ - 



= COS y + ' -1- cos y + a< 



.xsin.-- 


_+ coi y + 32 + COS y + 4z &c. 4- cos y + m. 


But, by Lemma 3. sin y + (an + i) - — sin y + - = » mh - 


X cosy+(«+ 1)1. 


And therefore, 


■iny4-(2n+ i)| — siny + 1 sin — X cosy + (B+iJ* 


S tin - sin - 
=coiy + «4-co»y+sz+co»y+3ifcoiy+4i&c,+co»y+ M« 



J 



By dividing the expreition tor the sum of the ainei, obtained 
in An. 4, by the expreiston for the sum of the cosines juM. 
.deduced, w« shall have the followitig remarkable formula of- 
tbeorein ; 

tiay + (n + i)t ^ 

jj- = Ungent y +(« + ,) - — 

cosy + (« + i) — 

«in V -I- 2 + sin y + 2Z + sin y 4 32 f &c. + sin y + h< ' 
cosy + z + cosy + az + cosy + 31 + 6ic. + cos y + tiA 



ARTICLE XXIII. 

On tht popular melhods of approximation. 

By Mr. W. G. Horneb, Bath. 

If the following concise investigation, and the subsequent 
remarks, shall be so furlunate as lu induce a more correct esti> 
maie of ihe iiiiliiy o\ these valuable theorems, ihdn seems at 
present to prevail, even among respectable mathematicians, the 
wish of the writer will be amply satisfied. 

ha. ^x - X \ pK + px + P^ = P [»3 

represent any equation whatever, finite or infinite; and lu^ipose 
ibat, on making x = R -i- z, the equation transforms to 

a=flz + iz»4-«*+ »" [a] 

Then, it i* manifest that 

,'A =p — {Vi'+pK~' 4^11 + pK ....)=fi—pit. 

H 1 li 3 

a =nR'~'+»— 1. pK +«— «. pK~'+ ...= f^=iMR 

1 2 V </r 

, n.n—t "—2 n — 1.« — «.„"—', /da . , 

and 10 of the rest i agreeably to Taylor', theorem. [3] 

r a 

i. 
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Now, if ■ be m( iwarly pquil to the correct value of jr, tliM ( 
ttre difference t bekra but a small ratio to R.thc nUmerKal value 
e( A , it aiiumed lo be — oe, will geiieially agree, to a cci 
number ol figures, with its dciual value in equdiion a. 
that extern, therefore we shall have 



■M 



which is the symbol of Newton's and Raphson's Tnetbodft 
as well as of ihe second case ol Babl(j\v'( melhtHJ, £rM 
published in No. is "f thir. Repoeitoiy, and since that lime ift' 
the 8vo cHirion of Bonnycasile's Algebra. 

The effect of equation 4 may very commodiously be aug> 
jncnieil by subsiituiing it ih the result of the moie coirect equa*' 
tion ^ = as + iz', which thus produces 

_ 6 _ a _ «A j- , 



equivalent 10 Hallev's and De Lagnt's rational mtlhoJs. 

If, in ihesccjtpressionf, wc make i ~ — - — ^~ , wa obtain iht 
(ftllowtng commodious formula ; 



IK A 



which symbolize the other case of Barlow's method, or ihat" 
which he dirtcis us to employ when r > |. Ttie m»re ter^tof 
the equation that 31 c deftcieni.lhc more neatly will the correct ioil 
(bus otitaintd iigtce with that deduced from Hall Ev's method. 



with which this is accurately coincident 



powers. In oitier 
«» &c. as Halley' 



pure 



1 since it neglects the same quontKie* 
, but on the other hand adopts a quantity. 



(=?r 



-;»R 



which the other does not, it will sometimes be ihe more accurate 
method. At the same time, it will be in general much the mote 
convenifeni, in regard of the iraaller numbers which it tmployu 
Adding n, this formula gives 



(» + »=)« = 



BflB + f» + 1) A 



urate 
mote I 
>\oy$m m 

1 



»s3 i 

But, if A — as + fz' be ircaied as a quadratic, and we 



MnakciaiEicresult -/a 



e hdve 



3^ 



■[8] 



which is the favorite irratianai method of Hallkv. To 
improve its efiicac]', call the v^lue thus found r, and, taking 
in two additional terms of equatiufi 2, wc shdU have 

(c t- ./f ' r' 
^ = r ^ [9] 

Thh amendment, which usually quintuples the original Dum- 
ber cfirue places, is duet" ihe same eminent niaihemaiician, who 
also remarks, ihat, hy succesiively subsiimting in these formulae 
(he corrected values of a and r, the advantage may be earned ta 
any exienc, without finding new valui:S tor a, b, c, &c. 

Tho' it is perhaps a digression from the general train of (his 
BivesiigJtKin, yet it will make ihe sylldbus of tlie^ircmti more 
complete if wc observe here, tliat when ifx is simply :t:" = x. 



HR 



, [.o] 



which produces a = N — R 

&c, we derive the following formula : 

rrom en. 5 or o, z = , r— 

equivalent to Halley's rational iormulae for approximating towards 
(he root of a pure power. 
■ . From eq. 7, or hy adding R to the preceding expression, and 
l^^ucing. 

Pi. .1 n+i.N-fn — i.R" ,^ 

P'=' + '' = .-..» i-„ + ..R. l-"3 

ijAe welt known theorem ol Hutton, for the same purpose. 
From eq- 8, after the proper reductions, 

or, adding n, 

n — 3.R I /nN-Wn — ai.fN — R") _ 

~7^n- + ;^-T V — ^^^-2 ['33 

> aqiiivalemtolialley'siiraiioiuil foriuul«e,butBiorecomniodiously 



L 



expressed. Each oF these llieorems admits of various enuncia- 
tions, by combining any of the symboli.N.R, &. s(=N + It*)- 
JBut, to return and conclude, the accurate value of 2 is 



and, if the approximate value r be here inlniduced in the pi 
ol z, it gives 

— ra f- - 

'- ^(R + r) — ?R l-'ij 

which exhibits the method of Double Position. 

Concerning these epitomes, of all the approximating nilei 
wlticli are adopted for general use, the following obsei vatton^ 

1. Whenever Newton's meihod Fails, in consequence of 
an ambiguous or inadequate assumpiion For r, Halley's rational 
method must also fail ; since it is only a ciirulJary 10 the lormer. 
The same may be said uf more complicated theorems, such H 
those in Simpsun's Tracts and Algebra, which proceed on ihtt 

■upposition (hat — is a distinct approximation to the valM 

of 2. 

2. Tlie coefficients arising from iubstituling r + z for the 
unknown quantity x in any proposed equation, are respectively 
equal to ihe quantities arising irom sub^iiiming k tor x, either 
in Newton's limiiing equations, or in the clifFeicniial coifficienti 
(so called) which are derived from the given expression in X bV 
taking the successive fluxions, making at each step x = 1, an([' 
dividing by the exponent of ihc siep. For equation 3 thewl 
these three views to be identical. 

In practice, the first mode of obtaining these cocHicientl 
will be naturally adopted in finite equations, when R, a good 
conjectural value of *, is known; the second may be necet-^ 
sary, when R is ambiguous; the third, in case of surds anj 
transcendental expressions. 

3. Hence it follows that, excepting oF course, the rules for 
the rotiis oF pure powers, none of the methods above investU 
gated are restricted to equations of any particular class; but 
tiieir operation applies to transcendental and irrational quan- 
tities, as well as to such as an.- finite. 

li does not however appear, that any one of the inventor! 
was aware of the uciveiial influence of hit principles; andj 
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tho' Dr. Brooke Taylor, a century ago, pointed out and ex- 
emplified ihis fact in regard of Hdlley's theorems, yet it would 
hot be, diHiculi to shew [hat, even at this ddy, the full value 
6i those and the rest of our formulae is far from being gencntlly 
ad verted to. 

A very probable cause of this neglect seems to be the laiencsa 
of the period at which Quxions are taught in our great seminaries. 
There is no apparent reason why the direct method should 
not be introduced (for example) between the island and paita 
of the Cambridge Elements of Algebra, so as to precede and 
hssitt the general theory of equations. But whatever may be 
ihought of this suggestion, which is submitted with perfect de- 
Terence, it is certain, that not only the convenience of the 
calculator, but in some measure the honor of English maihe- 
ioatics, is concerned in rendering these processes as familiar, 
■■ general, and as certain as possible. 

This object has not been effected by the foreign mathema- 
ticians. LagbanuE, in particular, whose avowed design wat 
to substitute a perlect theory in place of the Newtonian me- 
thods, of which he has not failed to place the defects in ihe most 
prejudicial light, has, indeed, so far succeeded, that his theory is 
confessedly perfect; but that perfection consists altogether ot 
tieau ideal. The nuclcni, within which its practical applica^ 
lility h?8 scope, cannot be said to extend beyond cubic cquaiions; 
and, even placing out ol consideration his tedious investigation 
of limiiE, what is the rest ol his process but a solution of numeri- 
cal equations by means purely algebraical, and without the aid 
of any of the faciliiies peculiar to numerical noiatiiiiis? The 
rival methods present a contrast, similar to that between an 
Active intelligent man, and a beautiful statute, standing secluded 
3n the garden, and immoveable on iis pedeiial. 

The real detect o* Newton's method, and the rest of the same 
class, does not consist, as Lagrange intimates, in our unceitainty 
"vhelher the assumptive value is a distinct approximation or not. 
Mewion's solution, like that of his cruic, compiizes tivo dis- 
tinct operanons; and,incaseof ambiguiiy, it is perlect ly invidious 
to contemplate hU method of approximation sepaiately from 
his method of limits. The commencement of every operation 
'Ol reason, is of a class totally distinct trom its ulterior prosecu. 
tion, and depends cither on observation or on cxptrimeni. Tiiis 
Is true ot the most elementary processes of arithmetic; and 
the utmost which il is not chimerical it. attempt in regard of 
difficult equations, is to render the preparatory experiments as 
simple as we can. In this respect, the English authur hat a dci 
cided supeiioriiy. 



k 
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In wlnt then consists the defect? Clearly, in tlits ; tftal^_ 
prolessing numerical solution, ii nevertheless leaves ua ihe 
necessity of lecurring at slated intervals tu the symbolic data, 
and, instead ot one cqnatiun, obliges ui to solve a luccessipn of 
ihcm. The French writers instead of removing ihis objecrio% 
have grraily increased it ; s.i mnch so, that iha number oi dtgitk 
in the decitiial notation of ihc root oi an cijuation inayi in 
tier^l, be accounted as equal to the number of transformed e 
lions necc^sa^y for the solution, exclusively ot ihe calculation 
of Itmiia. In fact, the number of decimal places obtainable* 
» opcr.jiiuns, by the meihods of Lagrange and of Newton, arf 
nearly as n : s^ ; nut to m^niion that iliC vi-ry labor ul rcducinj^ 
i^grange's continued frai tion 10 a decimal form is nearly ct^iu^ 
valent of iisetf to ifiat of Newion's whole operation. ! 

A numerical solution ought, at least aftet the first iransfomit 
ation, to piocecd in an uiiinLerrupted tenor, w ithout once rcc"^ 
ring to algebraic notation. This js what Budan prgta 
to have accomplished j but liis meiljod, more a-iiious, it pM- 
■ible, than that of his distinguished master, is propeily ntiining 
but an improved mode ol getting the results ol Newton's limit- 
ing equdtions. In tiici, it may advantageously be aub^iiiutcc 
lor tlie Newioniiin method of limits, when ii is nece*»ary tfl 
■crutinizetheni ; bui, as an ulterior approximation, it is ^WV 
nugatiriy. Not only every digit of the root, but every uu 
of every digit, costs a new [ranslormaiion. 

The arithmetical practice of division and square rooH 
are instances of a continuous mode of solving equatiodl 
az = A and z' + 2Rz — a , ol the preceding investi^lior^ 
If on arriving at the higher powers, calculators have been i 
fault, and adopted recurring approximations, it lus been becaus^ 
the general theory of evolution was not properly unravelle<I( 
This theory and thai of equations in general, are intimuell 
connected, or rather aieoneand the same. 

These idtas will be found fully developed, in a paper COpai 
posed by the writir of these sincLures, and honored by insertiojg 
in the Philosophical Transactions, for ihis year; to. which b~ 
humbly solicits the aitenti m ol mathematicians. By curnbinii) 
the iniprovcmenis ol preceding analysts, he lias also endevure 
lu simplify the questions of limns and possif'iliiy. InawortL 
tie has labure^l to render ilic solution of an equation, from fir^ 
to IdSt, a purely aritlimciical process, direct 4ud ccrtaiiif can^ 
lo be remembered, and easy lu be prACiiccd. 



£ath, ittig. 

End of the second part of the fourth Volume, 
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CAMBRIDGE PROBLEMS. 




THE SENATE-HOUSt PROBLEMS, 

Oven to Ike Candidatts Jot Honors during the Examinalion/etM 
the Degree of B. A. in January, 1814. 

BY THE TWO MODlltlATOUS. 

MONDAT, jAnilAkT IT, 1BU. 

Monday Moving. — Mr. Bland. 
First and Second Classes, 

time of a body's falling through half radius by the 
form action of lUe centripeial Force in ilie circiimlercnce of 1 
circle is to the periodic time as radius is to the circumfcrenci 
olthe circle. Required a proof. 

s. Prove, witlinut resolving the equaiion into fjctors, that i|1 
|wo numbers, a and ^, whcnsubstiiuieJ lor ihe 
tiiy in the equation x" — px" ~ ' + 5 f" ~ - 
jesuhs affecied with contrary signs, there is 
(ween a and b. 

3. If a line intercepted between the extremity of the base o 
\a isosceles triangle, and the opposite side (produced it necessary) V 

Ke equal to a side of the triangle, the angle formed by this lin« 
nd the base produced is equal 10 three tiniei either of the equd 
jingles of the triangle. ( ., 

"' 4. Given the greategl range of a projcciilc upon an horizontal'^! 

Blanc ; determine at what distance from the point o( projeciio 
a object who»e perpendicular height is (d), must be situated, sol 
£it the projectile may ju« airikc the lop ot it. -^U 

* 5. From the veriet of a paraboloid of given dimensions, a 
tart equ»l to one-fourth of the whole is cue off by a plane paral*. I 
fcl to tlie base; and the frustum bein^ then placed in afltiidwitfi f 
fts smaller end downwards, sinks till the surface ot the fluid bi^ 
(ecis the axi< which is vertical. It is required to deicnnine thati 
^cific gravity ot the paraboloid, that of the fluid in which it 14) 
Ipimcrsed, and the density ot the aimosphere being given. 
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S . [4 1- CZ'Y 



naA find the algebraical rclaiion of r to y, in 



7. Find ihc turn of the scries — , H — 1 H — -. H — ; + Sec. 
» fi S' 4 

14- 




J 



=: A, to Rnd thcflucBt 



6787 



. + &C 



to n tenns. 

8. Required die nature of the curve such, that if any point i 
it be taken, and an ordinate pn ud normal pc be drawn 11 * 

axis; then if the iiiimglc png bePsceH in such a position t 
lal NC, may become the uidmaie, p(^ will bed 

normal - 

g. To spectators situated within the tropica, ilie Sun's azimiK 
^ Will admit of a maximum twice e\'cry day, frdm the rime of 1 

teaving the solstice till his declination becomes t-qual HVthell 

ludcol the [ilace, Kiqiiireita proof, 

10. ]( paijllel ra\i, lall upon a single thin lens of givenanl 
nanc<! ; deierminc llicHiaineitr of the le si circle imo which 1 
the rays of different colours are collected, the linear apenurc I 

the lens being known, ^ 

11, Compare the magmiudeof ihu pan uf iheduiuibiog fat^'n 
of the sun on the moon, which acts perpendicular to the p' 

l^of the ni<K)n's orbil, with the moon's gtavii)' to the esnb. 

velocities ol two bodies a and fl are in a given 

ftv>d they begin to move at ibe same time Irom a and b, the 

P#emtties ol ■ given tine AB ; a moving uniformly m a diicci 

clinid ai a given angle to Aa, and b uniformly in the dircci 

K, Deterniine the nature of the curve to which the line j<j 

g the bodies ii always a tangent. 

. The moon's nodtt complete a Tcvolution in about 

_._... Determine the periodic lime ol ihe nodes of ihe llli 

■telliteof jupitcr, which revolves ui aboui seven days, jupncrV 

Itriod he^ig about ta years. 

14. II (a be the number of chances for the happening of 

'event, and {b) the numler kir its taihire in e^ch single tiul ; 61 

k ttbe ptob''bility of its happening /» limes and failing ^ times 

Xf-\-^) inals ; and determine how many irials ate necessary 

|ii<ike It an even chance wlietiier the cvciii will happen or i)9^ 
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-' MoNBAV Aftebnooh. — Mr. Bland. 

Ft/lA and Sixth Classes. 

' I. £xtfac( the square root of ? ■■■- > - - — ■. 

3^-3009 

-■i. Prove the rule for compl«ing ihc <quare in a quadran? 
equation. 
' g. Find ihc mm of the Krtei 

— 9 — 7 — 4 — &:c. to 30 ternw. 



anJ 1 -f - 



^ \-i 



and i.e t- s>g-4*^-4 + &c. 10 n tertna. 

4. Ifihfte qoimiiicBair inantncrcHimgarithmeiicit] progroi 
|ion; shew thai ihc second will have 10 ihc fijst a gicater rati) 

than the (hird to the scconi. 

5. The weighis of two pttfeciiy elas 



A ihci 



oppos 



: balU i 
arc 12 and 7 



1 andSt • 



He- 



ircd ihrit velocilin after impact. 

6- Let the height of an inclined plane be fa) feet, and its 
length (ci feet, I'jod the line of a body'j descending down {a) 
feet cf the plane. 

7. Two fluids, whose ma^iiiiu'li:! and specific gravities are 
giveji, being mixed tugeihcr; ihe ra-igriiiurfe of the mixmrc : 
sum of the magniiudes of the ingredients : : n : 1. Dcicrmine 
the speciEc gravity ofthe Tuixmte. 

8. Compdic tt"e titrc in which any prbmaiic vessel is emptied 
by an orifice in ihc lower iiirFjce, with the time of a heavy body's 

Jbltin^ through a spdcc cqu^I to twice itte depth of the orifice, 

■ g. Divide a right line into two pans iirch, thdt their rectangle 
fcay be equal 10 a given square; and determine the greatest 
Cquare that the rectangle can equal. 

10. Find ih« fluxionfl of fa + « ) / s , and of jt x 

^^k^f "^ «^ "" """■ •• :.^J-c'r ^- "^ 

Jt*i-^{a' \r X). 

■ n. Construct Newtors's TeWscopc and find its magnifyirtg 
jowcr. 

J2. Explain the reason why the order ofthe colours is ioverted 
&i the secondary rainbow. 

^ ij. Given the sun's altitude at six o'clock, and also when 
cast ; find the latitude of the place- Jii(. 
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1 4, I f from a quantity wliich varies as ~ , any quantity 1 

subiracted which varies as A, the remainder will vary in a high- 
er inverse ratio ihan ihc inverse square of A ; but if to a quantity" 

varying as -^ another be added which varies as A the (Utn will J 

vary in a lower inverse ratio than the inverse square of A* , 
quired proof. 

I j. find the law of the force lending to the centre ofihelogaafl 
^ithmic spiral. 

16. Prove that when the force aeis in parallel lines, the veloal 
*n the direction perpendicular to the direction in which t" ' 

[force acM) i« constant. 

17. If the altitude of a cylinder be equal to the diameter of itW 
K'ksc, the whole lutface is xix limes the ai-ea of the base. 

1 a. If a""'b'^ be constant, and {mx + n) x [m -{- m\ i 
ptaximum ; proveihata'" z^ I,."', 



Monday After 



-Mr. MACFARtAll 



Third and Fourth C/iMjes. 

. Required ihe perpendicular from the vertex upon the 1»u 
I triangular pyramid, all the sides of which are equilateral Ita 
angles of a given area. ^ 

t E. Given the difference of the times of setting of iwp start 
whose declinations arc I;aown ; find the latitude of ihc place. 

3. Find the centre of oscillation of a conical surface, w 
pendeil by ibc vertex ; and find the ratio between the radius O 
ijie ba^e and the axis, when the centre of oscillation is in tl^ 
Lasc. 

4. The lengihof a pendulum oscillating seconds on the eartli^ 
'flurlaCe being gi\'en : find the length of a pendulum otcillatiiq 

tccondt at the distance of the earth's radius from the 1 
Then determine a point below the *urlace where the last j 
lutn will vibrate in the same time. 

5. Two roots oi^ the equation x' + x' — ua' + gz + 18 sl 
are of ihe form +0, — a. Find all the roots. 

6. When the force varies as that power of the distance Vho^ 
iadck la [n — 1). Shew that the velocity of a body falling friwi 

rest " taiics 31 i/ — ' ^ ^ ^^"^ '' '* ''"^ greatest and a 



^ - 



^e variable disunce. And find (be value «f this expression 
when the force vanei invirscly as ihc Jitiancc. , 

7. If Inwn the extremity ol the diameter oi a circle tsngents be 
ttrawn and produced 10 intersect a tai>e;eni to any point in the 
circumference, tbc ri^ht lines joining tlie poinii ol intcrseciioa 
and ihc centre of tlie circle shall form a right angle 

. ^ + &C. 10 « 
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. 8- Sum ihc aeries — — - 

1.3 2.4 



3-5 



4-5^6.7 ^ 8.9 



. Find the Sucms of ■ 



phcre on a particle of matter 



' 10. Find the attraction of 

^aced al any distance from the centre, the force of each parli- 
Btc varying inversely as tlie cube of the diitance. 

" 11. Find the equation 10 the curve, ihc length of whose tan- 
gent between any point and the ^xis is a constant quantity. 

12. The equation to a curve is >-* — axif I- j' = o. Find 
ttne value of ihc ordinate when a maximum, and the correspond infr 

Value of the abscusa ; and shew that the above is a maximum and 
liol a minimum. 

1 3. A paraboloid placed with its venex downwards being full 
of water, is supplied at a given rate. There is a imall hole in the 
vertex, which, when the vessel is fill!, would discharge n time* 
the quantity supplied. Required the altitude at which the 
iurface remiiint itattonary, and the time elapsed before this takes 
place. 

MusDAY Evening. — Mr. Macfablan. 

1 . A body placed in ihe centre of gravity of a triangle is acted 
upon by three forces represented in quantity and direction by 
the lines joining the centre of gravity with the thne angles. 
Shew that the body will remain at rest. 

,«. The sides of ihc spherical tri- u 

angle ADc are each a quadrant. D and 
E (any two points on the surface of the 
^herej are joined by the arc of a great 
circle. Shew that the cosine ol de is 
»qiidl to the coi ad x cos ae I- cog 
BD X cos aE+ cos CD X cos CE. 

3. If the sum of the odd digits in a 
kiumbcr be iim -\- e and of the even 
li» + c, this number being divided 




mon pack are dealt iti order, one by one, stake each i/. with ll 
condiiioti, ihat he lo whom the first knave ii dealt, »hall be ibr 
winner. What is ihe value of A'sexpeciatlon ? 

9 1 Find the curve by the revolutiun ot wliich round an axis 
the iolid will be formed, which shall attract a panicle placed at 
its VCTicx with the greatest possible force, the force oi each par- 
ticle varying inversely as (he square ol the distance. 

«2. A cylindrical vessel fnl! o) water ii balanced by a weight 
p over a lixei' pulley. A holt- of given dimensions being muB 
in the boiinm, it is required tu find how (ar P will descend «Iu^ 
■ng the time ol emp'yiiig. 

23. Piove that tliesum of the reciprocals of the prime nuoibqo 
is an infinitely grejt number though infinitely less than the suoi' 
pf the reciproculs of the natural numbers. 

Tuesday Mormtng. — Mr. Macfaklan. 
firil and Second Classes. 

1. A perion borrowed ?l. at interest. To discharge this lit 
invested si. at the end of the first year. 4/. at the end of the k- 
cond, and 8/. at the end of the third, and soon. How manyyeai» 
will elapse belorc thi.i fund be large enough tu discbarge iho 
<4ebl. — com|>6und interest being allowed on buih sides at a given 
rite ? 

2. Required the lengili of a spheiica! shell of iron, which) 
when hllcd with a fluid, shall just float in water; the specific 
gravities of iron, of water, and of the fluid heing given. 

3. Compare the length of a degree of latitude at any place 
on the earth's surUce, with the length of a degree of longitude at 
the equator. 

4. The inclination of a small tube in the side of a vessel of 
water being given, and its height above the horizontal plane ; it 
is required, from observing iht point of the plane struck by the 
scream, to asMgn the altitude of the water within the vessel; and 
to describe the whole track of the issuing fluid. 

5. If round any point within the circuntlerence of a circle 
(not being ihecentcrj equal adjoining angles be described; of the 
circumferences on which they stand, that which is nearer the 
tiiaiocter passing through the point is less than the more remote. 

fi. In a combination uf two wheels and axles, thuctrcumfeir 
ence of each wheel is w inches ; of each axle i. A weight, p, 
h applied to the circunircrence of one of the wheels as a power 
(0 raise matter to a ceiiaiu height. Uow much must tie nisc^ 
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.each time, that ihc whole quantity may be raised in the least time 
possible ? 

7. Of all cones containing a givrn quantity of matter, iq find 
thai which attracts a panicle placed at it5 vertex with tb« greatest 
poiMble force. 

8. Show that when a quantity is a maximum or a minimum, 
the first fluxion vanishes ; and that the quantity is a maximum 
or a minimum, accoidingiy as the secontl fluxion is negative or 

'ftotitive. 

9. An imperfectly elastic ball is projected with a given velo- 
eity against an hard horizontal plane, and being rL-Hecied, just 
(Caches the point of projection in r". Required the distance of 
tbe plane, from the point of projection, ami the elasticity of the 
Ixnly. 

10. A cylindrical tube of given length, closed at one end, be- 
Wg let down in a vcittcal position into tlic sea, it was observed 
what part of the tube the wdter occupied. It is hence required 
to assign the depth, 33 teet o( sea w<iter being assumed to mea- 
sure the weight of the atmosphere. How must this tube be 
graduated to be used as a gauge to measure depths in the sea ? 

11. Find ihe length ot a common parabola, and deduce Cotes's 
construction. 



tit. If * 



— , where a and i arc roots of the equa- 



Sbew that i = - 



13. Sura the series 1' + 3' + 7* + »5* ^f^- W n terra), and 



X ^ f &c. ad inf. 
1 * 



2 3-4 » 4'5 

Tuesday Afternook. — Mr. Macfarlas. 

Fifth and Sixth Classei. 

. Find the value of £MB34i4i4t4i &c. 

. The amount of £300 in i of a year was i'^ao. Required 



eof ac 
. Sum the following series, 



cle whose radius is u 



(il. B+3 + 



+ &c. to so terras, 
b 
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M. + 1 + &c. to n ternij, 

^ ' 1-3 "-4 3-5 

and ■■- — •+■ 1 — -f Sec. ad inf. by incr«menis. 

J-2-3 3-4-5 
Lc j. Solve the following equation whojc roots are io ariihnicEU 
^togrciiion i *' — gl' -4- a 3* — i6 = o. 

6. Find the fluents of ~- ,» — '^ '-. - , . and the fluxii 
■if (J t "tl' 

7. Tlie arc of a circle which a body, acted upon by 3 ccntrf- 
petal force, uniformly detcribet in any given lime is a n^ean pnh 

Sonional between the diamcier of the circle, and the (paCV 
escribed by a heavy body from rest in iht same 'ime when tli;g 
hy the torce in the circuitiiercncc continued uniform. 

8. Show that the logarithm of (1 + uj is eoual lo ii — . — + 

' a 

3 4 5 

g. Given the radii of the surface; of a double convex lens 
- the ratio of ihe sin« of incidence and refraction. Find the focd 
lenph. 

10. Find the latitude of the place at which the sun lets 
tliree o'clock on ihc shortest day. 

11. When the force varies as the distance, the periodic tin 
in all ellipses round [he same centre are equal. 

19. A body (A' weighs lalbs. in vacuo, and gibs, in wai« 
another body (D)wciKbtiolbs. in vacuo, and 8lbs. in water: 
pare their specific gravities. 

ig. II the number of mean proportionals interposed betw« 
two elastic bi>dies a and x be increased without i>rait, the veli 
city of A will be to the velocity communicated 10 x by means 1 
the inierm-didie bodies :: ^x : </ \. 

14. 'I'l.e apparent diameter and declination of the sun being 
given, find itic limi- uf hit transit over the meridian. 

1 j. The pla'C ol a circle being veniciil, and any number of 
chords bcin^ .ir^w ■ to (he lower extremity of the vertical dif 
meter; Find the lucusof any number uf heavy hfdies falling te 
gether from the upper cxiremilies of the diameter and the chop^ 
at any given instant ol time. 

j6. If any number of projectiles be thrown at the Mine itu 
ftant from the same point and with equal velocities, but in aeve* 
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nl directioni in the same vertical plane, they will at tho 
expiration of any time alt be found in the circumference of lome 
circle. 



Tuesday Aftersoom.— Mr. Bland. 
Third and Fourth Classts. 

1. Shew from the principles of the fifth book of Euclid, that a 
ratio of greater ineqiialiiy is diminished, and of ]e«s inequality 
increased by arlding » qu^nliiy t< < both its icrms. 

S. The time o\ day at a given place determined from observa. 
tions of the Bun's altitude is g^ lo" 45' ; and a chronometer set to 
Greenwich time shewse" 3" 10'. Kequired the longitude of the 
place ot obicrvaiion from Greenwich. 

3. In any harmonic progression, the product of the two first 
terms is to the product of any two adjacent term« as the difference 
between ihe two first is to the difference between the two others. 
Required .1 proof. 

4. An object h placed between two plane reflectors which are 
inclined 10 each other at an angle of 60". Determine the whole 
number of images formed by the reflectors. 

5. If the greatest possible rectangle be inscribed in the quad> 
rant of a given ellipse, shew thai the elliptic areas cut off by the 
sides of the rectangle are equal. 

6. Prove thai aneqiiarion of an odd number of dimensions, 
and an equation oF an even number if its first and last lerius bf 
gf different signs, must hdve at least one real root. 

7. Find the sums of the series 

1. a. 4 + 2. 3. 5 + 3-4-6 + &c. to n termi, 

14. ij.3+1-1- See. to n term*. 
3 « 4 » 

and 1.2 t a , 3 . « 4- 3 . 4 • *' + ^"^^ '° '"f* 

8. If the force vary inversely as the jquarc of the distance, 
>nd a body be projected at a given angle with a velocity which i« 
to the velocity in a circle at ihe same distance, as y'li ; 1. 
determine the nature of the orbit described. 

q. Prove that the surface of any segment of a sphere cut off 
iiy two parallel planes is to the whole surface of the sphere a> 
^he intercepted portion of the diameter is to the whole diameter, 

(^' f- ir 

foz 



JO. Find the fluent of ^r^-rTT = "n"™" the lluem of 
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X circular arc whose sine is -^ 



ind radius — t. 

11. A paraboloid whose vertex is downwards is filled with 
water to a given allitude. Having given the diameter of ibe 
upper surface, find what ought to be the diameier of the hole ai^ 
ilw bottom, K) that the upper surface may de&cend Uuou^ ft 
given space in a given lime. 

12. It ihe lorce varies as the distance, and two bodies Call t<l« 
wajdt two different ccmres of force ; compare the velocjtics tt. 
any point wf their descent. 

13. Two elagiic balls beginning to descend from difiereni 
points in the same vertical line, impinge on a perfectly hard plane 
inclined a( an angle of 45°, acid move along a horizontal plane 
with the velocities acquiied. Shew that if a circle be desciibci)) 
parsing through die twu points from which the balls began thdr 
motion, and touching the horizontal plane, the point of COntaA 
will bisect the distance between the vertical line: and the point 
where ihey impinge on each other. 

14. Given, that tlie diiuncc of the centre of gravity of ^ 

area frotntia vertex is an nth part of the abscissa* find the dutance 
o( the centre of gravity of the solid formed by the revolution of 
this area round its axis. 

I J. Determine the proportion between the radius ot tbt gbbfl 
and wheel, when the length of the cycloid within the glob^ 
(Seci. loj isamaximum. 

16. If centripetal forces tend 10 the several points of spherei*, 

Eroponional to the distances of those points from the attracicit 
odies, the compounded force with which two spheres will at* 
tract each other iDutually is as the distance between tb^ cent] 
of the spheres. 

Tuesday Evcnixc— Mr. Bland. 

I . Th* BtHii of n arithmetic means between 1 and ig is to tfil 
sum of the first n — softlieiu :: 5 : 3. Find the means. ,. 

g. Two equal weights are connected by a siring passing OVW 
a fiscd pulley. Supposing a weight to he added on one sid^ 
and the length and weight of the string, and the difference of tUft 
altitudes of the weights at the commencement of the motion 16 
(•e given; determine in what part of the descent, the velocity 
will he neither increased nor diminished by the string's weigbt< 
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J 3. If the abscissa of a curve beat a finite ratio to (lie ordinate, 
wove that the abscissa will cut the curve in a finite angle. 

4. The place of the node and the inclination of the moar^• 
«rbittothe plane of the ecliptic being given; find the place £t_Jte 
moon when her declination is the greatest possible. 

5. FiBd the value of V{»a'^—'') - •("**) ^y^^^ ^ 

1 i- . 1 n ■ r 1 » 1 ^^('' f- ■'t + v'fo — ■«) 
and find the fluxion 01 the hyp. loff. ■ — : ; r . . » 

6. If. in a circle a straight line be drawn cuiting the diameter 
at vay angle \_A\ ; prove that the diHerence of the segments of 
thediameicr will be to the difference of the segments of the line 
as the diameter is to the chord of an arc, which measures twice ihe 
complement of a. 

7. If, Iromihe extremity of the major axis of an cllrpsc which 
b perpendicular to the horizon, chords be drawn making with it 
angles of 75° and 45^, and from the pninis where the chords mert 
the curve, ordinatcs he drawn to the axis ; the square of the time 
down the first chord will be lo twice the square of the time down 
the second in the subduplicate ratio of the rectangles under the 
(egments of the axis made by the ordinatcs. 

8. If a square be inscribed in circle and another circum- 
scribed about both : compare the pressures upon the circle and 
the squares when immersed vertically in a fluid, ihc angular point 
of the circumscribing square coinciding with ihe surlace of the 
fiuid. 

9. A hollow cone whose vertical angle is 60°, is filled wiiS 
water, and placed with iis base downwards. It is required to 
deierraitie the place where a small oiifice must be m.ide in its 
side, so that the issuing fluid may strike the horizontal plain in a 
point, the distance of which from the bottom of the vessel is to 
ibc distance ot the orifice from the lop as 5 : 4. 

10. The distance of the centre of gravity of the surface of a 
«olid from the vertex is equal to half the abscissa ; determine the 
nature of the curve by the revolution of which round its axis 
the surface was generated. 

1 1. If two equal parabolas be placed in such a manner that 
they may touch eich other at the vertices, and one be made to 
roll upon the other, its focus will describe a right line, and the 
vertex a cissoid, the diameter of whose generating circle is equal 
to half (he latus rectum of the parabola. 

1 2. If a body revolve in an orbit round a centre of lorce, and 
at the same time the orbit revolve round the same cetitrc in such 
s manner that the angular velocity of the body in the orbit if 
fixed, may be to its angular velocity when revolving, in the ratio 
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of r I C> Find llie centriperal force necessary to retain the bo 
Ay in a revolving orbii, the force in the fixed orbit varying as tM 
mh power of ihe disianee. And apply this to the cases of al 
ellipse when the centre of force is in the focus, and when m tH 
Ceuire. * 

13, Let a, g, 7, &c. be the roots of the equation i" — f^""' -ft 
5i*~' — Slc, = o, (m) of which are possible ; shew thai if lliS 
equation be iranstormed into one whose rooLt are [« — $)*, (a 
7)'t (|S — 7)', &c. the last term of the transformed equation wilt 

be positive or negative according as m . is an even or itt 

odd number. 



Iiyp. logs. 5 



'^j/V 



(ar*+ VJ • ■/['■'— /y 



n. X X Coi.'x 



J j. Find [lie relation of x to^ in the equations, 
and determine the nature of the curve, in which - — ■ 

X 

— ' ;: n : 1, x and t/ being the abscissa and ordinate. 
16. Find the sum of the seriei, 

-£-». + — ^— + —5 1- — ^ + &c. to « ten 

1.2.3 ».3-4 S'-l-i 4'5-6 
by increments, 

_! a_ + ^ 5_ ^ g.^.^ i„ j„f^ 

3-5 5-7 7-9 9- '» 

5!I!g--^ _ ""g-=^ + !iM:a^ - &c. in inf. and having glvd 

(be sum of the series -14- -i H — i + &c. in inf. find 1 
1 « 3 
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»7.'Tlie reflecting curve of a semicircle, and ihe radialing 
^int U in the circumterence ; deiermine the nature of tlic 
caustic, its length, and (he density at dilferent points. 

18. The latitudes of two places on the earth's Biiri'ace are com. 

^ pletnents 10 each other, and on a given day tbe sun rises (n) 

L oours sooner at one place than at the other ; deiermine ihe lati- 

^piUde of each place. 

I 19. If a system of bodies be connected together and support. 
ed at any point which is not the centre of gravity, and llien left 
to descend by thai part of thett weight which ts not suppoited ; 

J f multiplied into the sum of all the products of each body into 
le space it has perpendicularly descended will be c<[ual to the 
■um of all the products of each body into the square ol its vclo> 
city ; / being ~ i5t5 l^ct. 

flo. A ring of given weight ilescends by its gravity down the 

■ vrc oi artif a/gfiraic curve; and tbe curve revolves unifotml^ 

about its 3X15 which is prrpendtcular to the hurizon in t": 

Determine ihe velocity of the ring at any point ul its descent. 

i , ai. If the forceof gravity be uniform, and aci pcrpcndicular- 

W '1y to the horizon, deiermine the path ol a piojec.ile in a medium, 

I ,tlie resistance of which is proponiunal to ihe velocity of the 

r body. 

22. Having given the relation between the centrifugal torce 
and the force ol gravity at the earlli's cnuauir ; deteimme the 
relation between ilie ceniriliigal forccaad ilic fierce ol i^ravity at 
the eqiiaior of Jupiter; ihc densities and innt's ol jcv. button 
round their a\ts being known. 

23. Shew that the mean mutton of the nodes of ihe lunar or- 
bit is not affected by the exceniriciiy ol the orbit ; aii'l ihJl the 

L|,tTue motion of the nodes in an ellip'ic o'bit is equal 10 the motion 
7 of ihe nodes in a c tcular 01 bit when ihe radius veci.ir 11 a mean 



k fToponio 



l beiween the scmi-axes 



majoi 



. If a liypcrbiil.iid and a cone be 4' iieraie<1 by the levoluiion 
1 at an hyperbola and its asymptoici ; <ind the cone h..'iiig excavat- 
I ed and placed wuh nt axis veitical, watei b. )>uu cd inio it till 
I the suiface touches ihe vertex of the h\ \i: itiulo.ii ; shew that 
P*whatever be the Inclination of the axis, ii ■■ «iu(ace of the water 
yiill always be a tangeni plane To the hyperbeloid. 




CAMBRIDGE PROBLEMS. 



THE SENATE-HOUSE PROBLEMS. 

Gtven to the Candidates for Honors during the Exavdnatiom Jin 
ihe degree of B. A. in January, 1815. 

BY TUE TWO MODERATORS. 



Monday Mormihc. — Mr. Hustlei. 
First and Second Classes. 

1. If A be any arc whatever, prove that cotcc. a + 
t A + cocec 4A -f &c. to n tennt = cot. - — coL. s 

2. Shew thai the sun's rising is leaat accelerated by rctractiol 
U the time of tlie Eqinoxes, 

^. If an hyperbola and its ajymptotei revolve about the aid 
major, prove that all the seciions of the cone made by plane 
touching the hyperboloid have the same axis minor, which is tb 
axis minor of the hyperbola. 

4. Near the solstice the variations of the sun's declination an 
as the squares of the variations in longitude nearly. 

5. Find from Taylor's Theorem the arc in terms of its cositUt 

6. Having given the refracting powers of two mediums, fiij 
the'ratio of the focal lengths of a convex and concave lens formed 
of these substances, which, when united, produce images near^ 
tree from colour. 

7. If / = tangent of half the angle asp (Newton, Sed* 
6.) to r = 1, shew that the parabolic area asp = 

\- + ' ? where A is the focal distance of the vertex. 
«3 *■ 

8. If a caustic be formed by a reflecting curve, shew that tW 
reflected ray is always a tangent to the caustiC' 

g. In any recurring series a + 61 + ex' + &lc. whose scale 
of relation is / + g f A + &c. if any row of the differences ol' 
a, b, c, &c. = o, prove thaty + £■ + A + &c. — i, 

to. If a cylinder be cut by two parallel planes intercepting 
■ given part of the axis, shew that the solidity between the 
planes it the same whatever be the inclination of the planes ta 
|he axis. 



i^J 
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II. Find (he fluents of 

IS. Having given the latitude of the place and the moon's 
k declination, determine ihc heightof the superior and inferior tide, 
L and compare tlie height of tlie tide at the equator and pole of the 
earth, when the moon's decUnaiion is 30°. 

13. If Uie moon's orbit be considered circular, and the position 
of the nodes be ijivcn, show that, when the korary motion of the 
node is a maximum, the moon's distance ftom the quadratures 
e(]uals halt the node's distance. 

14. A semicubical parabola moves in its own plane, with its 
axis always coinciding with the same liue. Dcrermine the na. 
lure of a curve which, beginning at the vcncK ul the parabola 
in its first position, is perpendicular to it in all positions. 

Monday Afternoon. — Mb. Hustler. 
Fifth and Sixth Classes. 

1. If Four quantities be in geometric progression, the sum of 
the two extremes is greater than the sum of the two means. 

a. From the equation a"" = ^ — a "~ fi:id the value of x. 

3. If the interior angle HAC and the exterior angle OAC of anr 
triangle abc be bisected by tines ae, af which also cut bo 
in E, F, show tbat Bf, BC, and be -are in harmonic progression. 

^. Rcijuited the number of guineas with which lourpcrsons 
A, R, C, D respectively begin to play, if after a hz» won half of 
b's, b a third of c's, and t; a fouiih of d's, each has twelve 
guineas. 

5. What power acting parallel to the length of an inclined 
plane whose elevation is 30°. will draw a giveti wtight q, 40 feet 
up the inclined plane in 5 seconds ? 

6. The latus rectum of an ellipse, being produced both ways 
to meet the circle described on the axis major, — axis minor.' 

7. Given the cot A and ci't B, find cot(A± a] ladius being 
^ t ; and adapt the expression to radius r. 

8. Form the biquadratic equation, two of whose roots arc 
I + V(flMand— /(—it. 

9. How far mus: a botly fall internally towards the focus ot 
an hyperbola to acquire the velocity in the curve ? 

10. The sun's altitude at any time being 30^ find the position 
of a Slick of given length, so that the shadow may be the longest 
possible ; and find the Icngrh of ilic shadow at tha^riiite. 
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II. Find the solid [raced om by a curve wliwe eqiialion i< 
6'x 
* - a —x ' 

IS. If a billiard table be in the form of an ellipse, and a per- 
fectly elastic ball be struck from either focus in any direction, it 
will return afier two ruQcctions from the curve to the same point. 

13. An object at the bottom of a vessel appears to change ill 
place when water is poured into ibe vessel. Explain this cir- 



t.j. Given (he specilic gravities of wood and water : : 2 : 3* 
10 what depth would a given paraboloid of wood sink when 
immersed with its vertex downwards? 

15. Find the fliixions of 

r- — ' _ of X. [a* -t- .t'J . •("' — ^'J and of the secant of*; 
also the fluents of *'"^K"^'J and of j-. 

16. At a given place, and on a given day, find the point of 
the horizon where the sun rises, 

17. Shew, according to Newton's second section, that if a 
parabola be described by a force tending parallel to the axi^ 
10 a point indefinitely distant, the force inust be constanL 

Monday Afternoon.— Mr. Blano. 
Thnd and Fourth Clasiis. 

\, Extract the square root of 

ab—d^\ 4f " ± e \/{^abc* —abd^). 

2. The sum of an even number of terms of any aritlitneti'i: 
progression, whose common difference is equal to the least tetni, 
will be four times the sum ol half that number of terms dimi- 
nished by half the last term. 

3. The greatest and least corrected zenith distances of a cir- 
cumpolar star being 38" 19' 43", and 34" 53' 49" ; determine 
the latitude of the place ol observation. 

^. Tw(; forces acting upon a body in the same or in onpoeiie 
direclinns, will cause it to move with a vciociiy equdi to the sum 
or differeuce of the velocities which it would have received froia 
the forces separately. Required a proof. 

J. If bodies hll towards different centres of force, from dif- 
ferent altitudes, compare the times of de^cendinii through any 



»pacc i r cc 



(.disc.;'" 
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6. The iengih of the lubiangenl lo the eiEsoid being equal to 
one-Founh of thediameier of the generating circle) dclerratiic 
the point in the curve Iroin which the tangent is drawn. 

7. Transform the equation j' — px* ~\- i/x — r — o Into one 
■whose roots shall be mean proportionals between the roots of the 
equation, and a given quantity (m). 

8. One side of a cubical vessel of water ol given dimensions 
being loose ; find ihe position, magnitude, and direction, of a 
•ingle force which shall keep it at rest. 

9. find the ittne in which a vessel formed by the revolution 
of a given logarithmic curve round its asypmtotc, will empty 
ilself through a given orifice in the bottom; (he length of the 

I axis and extreme ordinate being known. 

lo- If 4he force of gravity a — j 7 from the cenire ; find 

♦ccording 10 Newton's method, the absolute velocity in feel, and 
absolute time in seconds, of descending through any space to- 
wards the centre. 

11. Find the fluents of ^it/^^^ and - X (a* + ^)^ i 
and shew that the fluent of - 



19. The focal length of a double convex lens, whose thickness 
is inconsiderable, and whose suri.ices have the same curvature, 
{■ equal to the diameter of one of the surfaces. Determine the 
catto of the sines of incidence and refraction. 

13. The areas of unequal ellipses are in a ratio compounded 
of the subduplicaie ratio of their parameters, and the sesquiplicate 
ratio of the principal axes. Required a proof. 

14, If a body be acted upon by two forces which vary accord- 
ing 10 different Uws of iis distance Irom the centre, as the jotlj 
and qili powers; determine the angle described, while it passes 
from one apse lo the other, the orbit described being nearly cir-. 
cular, and the forces at the apse being as i : n. 

ij. Let a plane isosceles triangle vibrate edgeways, sus- 
pended by its vertex. At what distance from its vertex must it 
■trike an immoveable obstacle, so thnt in motion in the plane of 
vibration may be destroyed ? 

16. If two similar mediums are separated from each other by 
a space terminated on each side by parallel planes ; and a body 
ia Its transit throu^i tliis space, it atuactcd or impelled perpen> 
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flicularly towards cither medium, and is not agiiaied or hindered 
iiy any orhcr torce ; and ihe aurjciion is cycry wlierc ihe same 
at equal disiances from eitlicr plane, taken inwards the same side; 
of the plane ; prove iliat the velocity of the body before inci- 
dence is to irs velocity after emergence as the sine of emergence 
to the sine of incidence. 

Monday Evening.— Mr. Bland. 

1. If (rt) and (i) be the two fiiSt terms of a decreasing geo- 
metric progression, the sum of the series in inf. is = r*. 

Required a proof. 

2. If a tdrigc-nthe drawn to any point oFan ditpse, and froiD 
the point of contact a straiirlit line be drawn to either focus ; ihi« 
shall be parallel to the straight line drawn from the centre to the 
intersection ot the tangent and perpendicular from the other 
focus. 

3. The moon's longiiudeat nnonat Greenwich, Jan. 1815, U 

on the 16th o" 16' 48" 

i7>h »a 46 s5 

18th 25 3,5 gi 

igth 38 46 4. 

Find its longitude on the 17th, ai6 o'clock. 

4. In a given latiludc, determine the vertical circle in which 
the difference of the altitudes of the sun in any two given days 
shall be a maximum. 

5. If a body revolve in a reciprocal spiral, the force tending 
to the centre ; prove that the limes of its moving through t 
cessive angles of 180", arc in the proportion of the aumbcif 

iT7* 2 . 3* 3^' 

6. Prove that every odd cube number i( equal to the sum oC 
a* many tenns of a series, which have a common difTercncc 
unity, as iis root contains units, the middle sum of the series 
big the square of the root. 



7. Find ihc valui 

ah 



\- &c. to II terms ; 



{x+ a), [x f *) . (x -t- c) 

and of — i— —- + — ~ '*- — - + &c. in inf. 

1.3 5'7 9 ■ " >3- '5 
8. On the side ot a vessel filled with fluid, let any number 



umber of 
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Circles be so situated that the pressures on tlicm may be a 
%ubes of their diameters; determine the ratio of their distance* ^ 
from ihe surface oF the fluid. 
,' g- It' water ascend and descend in the erect legs of a cylindriil 
.Cal canal, ahernatcty : deiermine the nature and dimensions dffl 
the curve described by the centre ot gravity of the wa:er in the j 

10. Two chains of the same uniform thickness and density a 
suspended from two given points, and aiirdctcfl toward* a centre 

p[ force, ihe law of the lorce being any power or root of tb* 
^stance. Shew that the pressures on the points of snspensie 
Vc proporlional lo the squares of the veloctiics wliich wouHl 
fee acquired by bodies falling towards the centre from ihe puintkg 
of suspension, down spaces which arc equal to Uic lengths of ttie I 
'chains, 

*' ,n , , . . „ , AV 

11. J race the curve whose equation IS .r" -I- y = —^ 

and find its area when b = a. 

19. A perfectly elastic ball a falls from the upper extremity- J 
of a given vertical line aii, and at the same time another per-4 
■fecily elastic ball a is projected upwards from a huriionial harl . 
plane at the bottom ; they meet in some point C, and arc reflectt-d 
back. Deteiminc the pointc.su that they may ascend and descend 
from it continually : and find the velocity of a at ilidi point. 

13. find the fluents of 

e . {P+ Fv). of' — , and of 

la 1- «")" . (e +/z")' 



14. If the middle poin'S of any two edges of a triangular py- 
lamid which do not meet, be joined ; shew that ilie middle point 
of the connecting line is the c?nire of gravity of the pyramid. 
' 15. If parallel rays be incident on a spherical surlace of* 
plano-convex glass mirror, whose thickness is a Semi -diameter 
and a half of the spherical surface, prove that they will, alter 
having been refracted at the convex and reflected at the plane 
surface, converge to that point where the a.iis inieisects the 
convex surface. 

16. Two pUnc reflectors being inclined to each other at a 
^given angle, determine tlie diameter of a circular arc, in which 
.a, luminous object must move between thetn, so that the ray, 
"which has been reflected by any given point of one of them, 
may, after reflection at the second plane, atwaj's intersect llic arc 
in the point in wliicli the object it. 



l1 
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9* 

\j. If the circle of curvature to the vertex of a parabola Im 
desciibed, and another circle touch that, and ihe arms of 1 
,0 on continually; prove that the ratlii of thi 
n the proportion of ihe numbers, t, 3, 



parabola ; nnd : 
circlei will be ii 

9' &^- 

18. If the force vary according to any law of the dtslancfi 
I shew ihat in any orbii, at the point where the ceniripetal ani^^ 
I centrifugal forces are equal, the velocity towards the centre c 
I force is a maximum. 

19. Determine the nature of the curve by the revolution «( 
[ ^bich round its axis a solid will be generated, such that* 
itCorpusclc placed on its surface will be attracted towards th^ 
I jcentre of gravity with a force varying as the distance ; the suli4 
I icvolving round its axis in a given lime. 

■ o. Find ihe horary increment of the area, which the Mooi^ 
by a radius drawii to the Eariti, describes in a circular orbit. 
(Newton, Book III. Prop. t6.; 

21. The cxcctitricity of P*s orbit (Sect. XI.) being small |' 

find the variation ol the major axis in a whole revolution of P, 

I if the force at P be augmented or diminished by a small quantilf 

I -in ihc ratio of 1 : 1 + n. 

!a. Ii the co-l«ltuticof the place of observation be equal » 
ihe Moon's declination, or less than it, there will be no inferior 
or no superior tide, according as the latitude and Moon's de- 
clination arc of the same or different denominations. 

£3. Let a spherical body descend from rest in a fluid whose 
specific gravity is to (hat of the body as 1 ; n. Determine the 
velocity of (he sphere ai any point of its descent ; and shew that 
the greatest velocity which it can acquire is equal to that which 
would be acquired by it in descending from rest, in vacuo, b^ 
the constant force ut its comparative gravity ibrougK a spacf 
which is to \ of its diameter : : n : 1. 

24. A givcQ cylindrical rod falls by gravity towards a liori* 
7on[aI plane, whilst at the same time its extremity moves frectjf 
along the plane : determine the pressure upon llic plane in any 
position; and the velocity of the moving point. 

Tuesday iloRniisc— Mu. BLANOi 

StTil and Second Classes. 

1, If the terms of the series arising from the expansion of 

[a + A)" be multiplied respectively by the terms of the arithincde 
series o.T, j.v, bit, 3J, &c. find the sura cf the resulting series. 

2. If a polygon has [n \- 4J sides; prove that the sngh 
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fbrm^il at the poinli of concourse of these fitdes produced are 
together equal to [an] right angles. 

3. If a oody moves in a curve round a ccnire of force, and 
the force by which it is retained in ihc curve vary in a less ratio 
than the inverse cube of the distance, prove that the body cannot 
fall into the centre. 

4. Shew that in the spiral, where the angle described by tht 
radius vector Si* 0: SH directly; the number of revolutions 
which have been made by it varies as the iquare root of the 
subtangent to the point P. 

5. 1 ransiorm ihc equatinn 2*' — a*' -1- 3.1: + 6iro into one 
vhich shall have its signs alternately positive and negative. 

6. Two bodie) yi and B move in opposite directions with 
velocities, the sum of which is given. Shew that the sum of the 
products of each body inio the square ol its velocity is a 
mimmum, when itie velociiies are leciprotally proporiionul to 
the quantities of matter in the bodies. 

7. If from one extremity of the diameter of a circle, chords 
are drawn intersecting the radius which is perpendicular to tlie 
diameter or that radius produced, and from the points of inter- 1 
section ordinates be erected, always equal 10 the cosine of tlte 
arc measured from the opposite extremity of the diameter to the 
chord ; determine the nature of the curve which is the locus of 
thcordinaies. 

y 8. Find the fluent of — r-y. ^nd of x/i f''/'^ i" i"- 

Ifenitum ; and find the relation ol the abscissa and ordinate of a 
Curve when e" =: t' — :-~', e being the base of hyp. log., and r 
and X the arc atld abscissa respeciivcly. 

9. When parallel rays are incident upon a spherical reflector, 
shew that the radius of the least circle of aberration varien 
directly as the cube of the scmi-aperture, and mversely as the , 
stjuarc of the focal length of the reflector. 1 

10. A particle P is attracted to a sphere by forces oc -jrj. If 

on the line joining/* and the centre of the sphere a semicircle 
be described and made to revolve ; it would cut out a portion ol 
the sphere, the attraction to which is equal to the attraction of 
the remaining part, 

1 1. Find the sum of the scries cos. A + \ cos. eA + ^ cos. 
3^ + J COS. 4^ +&C. and resolve 1+5 +19 -|- 6j + eii f &c. 

^prhose scale of relation is f—g, into two geometric series whose 
wtorrespondiiig terms add^-U together will giveiiie proposed series. 
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18.5. 



tides Brc equally affected by I 
atiunoirheMg 



IB. Prove ihat the mea 
W)nlii;rly aiul suuihcrly decli 

13. The quadrant ot a circle i» impelled by a stream in i 
wn plane in the direction ol the extreme radius. Find tl 

^ Areciion in which it will begin to move. 

14. Find the cqiiaLion 10 itie section of a solid generated bjr' 
Idle icvolution of d given algebraical curve about Ui a 

Tuesday Afternoon. — \]k. Bla^jb 

ftflh and Sixth Classes. 

t. Prove that the opposite sides oF an cquLlalcral and equUsf 

\ onlar hexagon arc parallel. 

► a. Deteimine the roots of the equation x* — 4J:'. v'(a) l-6*'i 

►V[4) — 4.1- V(8;+2 = o, and find the equation whose 1 

;■« 1-v' {— ia')j ',a — ^{-ia'):-a. 

. It two equal forces, inclined at any angle, act upon abod^i 

I ■TOVClhat the compound force bisects that angle. 

I ■ 4. Given the meridian altitudes ot the upper and lower litD 

Vtii the Sun 18". 39'. 39". and itS^ 7'. 3". Pciennine itf dii 

^meier. and the altitude ut its centre. 

^. Find the sum of the series, 

6 f 2 — 2 — 6 — ttc. to 19 terms : 

8 H- 20 + 5o 1- 1E.5 to 15 terms ; 

_!_ + _!_ I- _'_. 4_ g-c. lo „ terras. 
1 .B 2.3 3.4 

6. If a bod)- revolves in a circular orbit about ihe earth at 
distance from iis smUce equal to 20 radii of the earth ; wlM 
isihc tiieasure of the subtense of the arc described in ' " 

7. ll from llie exiiemity of the diameter of a circle a ttrai^ 
line be drawn Luuching the ciicle and cqnal in length to in/ 
circumference, and a triangle he lormcd by joining its cxtremir 
and the ccn're. Prove, that if from any point in this tine a pi 
pendiculdr be drawn 10 the base, the circumference of the cin 
described with this at radius, shall be equal to the pan of the 
bdsc intercepted between the perpendicular and the acute angle. 



8. The cquj 



-CI 



r o has tw 



equal 



Find all the roots, 

9. Prove that the periodic times of bodies revolving in 4if 

feient eliipscK round differcm centres of force in the foci are i 

the Ksquiplicatc ratio ol their major axes directly and the luti 
duplicate [alio lA tlie force:t inverwly. 
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10. Construct Newion's telescope; and find the magnirying 



[ »ower, and greatest field of view. 
, Find the fluents of 



a^v' (^' — «') *' — aax' + x' 
where a is less than unity : and the n'" fluxion o^y/ (t]> 

la. If a body move in a conic section acteil upon by a force ' 
tending to the focus S, shew that the velocity at the distance 
SP is to the velocity at any other distance SQ as a mean pro- 
portional between HP and SQ^ is to a mean proportional between 
SP and HQ, H being the oilier focus. 
^ 13. Determine the arc of a given circle, t!ie rectangle under 
whose sine and excess of sine above the c 

14. The radius of a circle whose area is equal to ihc surlace 
f j)( a given cone is a mean proportional between the side of the 
cone and the radius of its base. Required a proof. 

1 j. Compare the absolute forces in the cemre and circum«| 
ference of a circle, so that the periodic times may be ihe same. 

jO. An (n"*) part ol a hollow paraboloid with its verteie 
downwards is filled with a fluid of known specific gravity; and 
aspheraof given size and substance it immersed. Find bow 
^igh the fluid will rise. 

Tuesday Afternoos. — Mr. Hustleh. 

Third and Fourth dassfs. 




. If the two sides of a spherical triangle together ; 
arc which bisects the vertical angle, bisects the base 
g. One root of the equation 



: 180', the 



+ *' — Sj:*— i6r — 8 =0 
IS I — v' (5)- ^'"'i ''^^ °^^^^ roots. 

3. Two bodies are projected towards each other in the same 
Vertical plane from two given points, so as to describe the same 
■parabola. Find the point where they meet. 

4. Given the right ascension and declination of a Star and the 
latitude of the place, determine the day of the year when the 
Star rises the same instant with the Sun. 

j. In the parabola, the normal is the least line which can be 
drawn from a given point in the axis to the curve. 

6. Required ihe fluxion of x x e , and the following 

fluents, , 

J xWit — x')' Vv'ta' — *'!* -f * 
Shew alM> that/x coiec. sjc =: i b. 1. tan. x. 
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7, IF the bases of a cylinder, and of a cone, have ihe 
same radius as a sphere, and each of their altitudes = the dU- 
uicier of the sphere, the solidity of the cone ~ the excess of the 
C) lindcr above the sphere. 

8. A body revolving in an ellipse at tlic mean disiance, 11 
projected perpendicularly to the distance with the velocity witV 
wbicl) it is there moving. Shew that it describes a circle, and 
ill the tame periodic time in which it would have desciibed ih^ 
ellipse. 

m »— 1 w 

9. The equation to a curve is y —ax + * ; draw it» 
asymptote, and determine the angle which it makes with the axifc 

10, Compare the time of emptying a cone and its circum- 
scribing cylinder, the vericx of the cone being downwards and 
coinciding with the orifice. 

■ 1. If an object be seen through a double convex lens, de* 
(ermine [he proportion in which it is magnified, when the di^ 
tances of the eye and object fiom the centre are each equal to 
half the focal length. 

12. Sum the following series, 

-1 h 10 n terms and ad inf. 

» ■ 5 .3-7 5-9 

1.4 + 2.5+ 4.6 + &c. to « termsj 

— 1- + -2_— &c. ad inf. 

»• » = ■ 3 3*4 

13. Suppose two bodies fall towards a center of force, on 
acicd upon by a force varying as the distance, and the other by 
constant force which is half the variable force at the beginning 
of the motion. Shew that the velocities acquired at the cenue 
will be equal. 

1 4. Give Coles's construction of the elliptic spiral, and sbd^f 
in what cases it cuts itselt. 

15. In the ordinate jPN of an ellipse, whose center ia Cr 
point g is taken so iliat CQ always = FN. What is ihe cunri^ 
which passes through the points g f 

16. 11 a body describes an epicycloid, the force tending to thc 
centre of the globe, required the law of the force. 

17. If p and a be two weights applied at the circum* 
fercnces of a wheel and axle, find the proportion between tfaji^ 
radii, so that the time oi 9 ascending through a given space may. 
be a minimum, the inertia of the wheel and axle being 
side red, 

Tuesday Evbmikc— Mr. Hustlzb. 

1. A pays P £. to B, on condition that he receivea a 
annuity during the life of an individual, who, according to tb 
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tables, may be expected to live n years. What must be the 
Binutty ? 

3. In an unlimJled problem, mx + ny = p\ if w and n both 
neasure^, tn is the least integral value of y, and n oi x. 

g. A cylinder of indefinite length is placed before a convex 
uflector, and their axes coincide. Sliew that its image is » 
Cone, whose vertex is the principal focus of the reflector, 

4. Determine the situaiionof a fixed Star, so that its right 
stccnsion mav be unafTecied by the precession of the equinoxes. 

5. ItiVestigate Taylor's Theorem, by the method of dif- 
ferences. 

6. A sphere of given radius is suspended in the air. At a 
given place, day, and hour, determine the figure ol its shadow 
on a horizontal plane ; and shew that the length of the shadow 
Varies as the secant of the Sun's zenith distance. 

7. Shew that the variation of (be radius of curvature of any- 
neridian of the ELarth, is as the square of the sine of latitude. 

. P 

8. Prove that the value of a vanishing fraction — may be found 

bytakingsuccessivcly.if necessary, the first, second, and third, &C. 
fluxions of the numerator and the denominator ; and investigate 
the method of finding the value of such a fraction when the 
indices are fractional. 

g. TB, UC are the sublangent and ordinate of a curve whose 
vertex is ^, and the tangent of the angle TCA is 10 the tangent 
of the angle ACB in a given ratio. What is the nature of the 

10. For any position of the line oF the nodes, construct for 
the inclination of the Moon's orbit to the plane of the ecliptic. 
(Newton, Vol. III. Prop, xxxv.) 

1 1. ABCD is a section of a four-sided glass prism perpendi- 
cular to its axis, having one angle D = 90', and the opposite 
angle B — 135°. Shew that a ray of light entering the prism 
perpendicul.nly lo AD, and reflected by ^B, BC, will pass 
through CD without refraction, and thence explain the Camera 
lucida. 

le. A paraboloid has its axis parallel to the horizon, and a 
flexible chain is wounil round its greatest circular section ; find 
the length which will be unwound after t" have elapsed, a given 
part being unwound at the beginning. 

13, Two etjual distances CA, C'JI are drawn at right angles 
to each other from a centre of force C. In CA any point D is 
taken, and DE is drawn lo CB so that DE may equal Cli or 
CA. Two perfectly elastic balls fall from A and B at the same 
time, the force varying as ihe distance, and are reflected at {> 
and E by two planes inclined to thcii motioa at /. 4j°. In- 
vestigate iheir subsequent motions. 
a 



i 



, of -^^-^ ^', andoE 

(I — iP 
i.(i — a') 

15. Find the relation between x and/ when y^{aif)=x',iai^ 
shew that / — r r ^ = / — -. — — — , > 

between the values of .r =: o. and ,t ;= 1. 

16. ACB is a qiiatlranl, and one extremity /) r»f a line CD 
yfhich equals its chord j^B, moves alonjj ihe radius Olt pro- 
duced, while the oihcr extremity C moves in the periphery of 
the quadrant. Find the equation and area of the curve described 
by a point P in the mi.Idlc of the line CD. 

\y. If M be any prime number, and x any other numbef 

prime (o m. Tlien x and x being severally divided by m, leive 
the same remainder. 




. . ? + ^ -. + &-C. to n terms, 

' •"•,3v4, 3-4-5 -6, . 5-6. 7-8 
and ad inf. by the method 01 increments. 

19. A paraboloid floats in a fluid, the axis not being perpcn- 
cicular to the horizon. Determine the pnsiiion in which U 
rests ; (he specific gravities of the paraboloid and the fluid bqing 
given. 

20. CP, CD, arc two semi-conjutgaie diameters of an el'ips^ 
whose center is C. EP, wliich is perpendicular to, CD, is pro-' 
duced to L making Pi equal to CD, and ihrougb K the middle 
point in CI. MKPM is drawn so that KM and KN may cacli 
equal CK. Shew that the semi. axes major and minor equal PM 
and PN respectively, and determine their positions. 

21. A person turning up three cards from a common pack*, 
undertakes that the number of points upon them shall be cithei 
S9, 19, or 9, icckoning 1 1 or 1 for the ace, and 10 lor each of 
the court cards. What arc the odds against him ? 

S3. If a body A be attracted towards two centres of force 5 
and T', and !)<; projected in a direction oblique to the plane STAp 
the solids generated by the motion of the triangle joining S, T\ 
snd the body, shall be proportional to the times ol description. 

93. v4 and iJ are two ships at sea ; B moves in a given straight 
line, and A endeavours to overtake B by always moving toward 
it. Having given the velocities of A and Jo, investigate ths 
furve imci'd out by /I, 
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THE SENATE-HOUSE PROBLEMS, 

Civea to the Candidates for Honors during the Examination 
Jot the degraof B.A, in January, i8i6. 

BY THE TWO MODERATORS. 

MOKDAV, jANUARf I.^, IBlG. 

Monday Morning Mr. Fbench. 

First and Second Classes, 

1. Given i1ie logariihrnsoT fl and 7, shew how the logarklini 
ef IJ67 may be computed. 

2. If the digits composing any number, be inveried, the 
difTerence between ihc number, so turmed, and the original 
number, is Jivisible by nine. 

, 3. In the oblique impact of an irnprrfcctly elastic body upon 
a plane, cii-lan. incidence : co-tan. reflection : : lorce ul com- 
pression : force of elasticity. 

4, In Gregory's telescope, the aberrations, produced by the 
two retlections, are in the same direction. 

_ g. At a given place, on a given day and hour, the Sun** 
,izimuth is double that of a known star; required the distance ol 
the Sun Jrom the star. 

6. An iipperfcctly elastic ball being projected from P, a 
'point in the periphery of a circle Pgfl, whose centre is C, 
'lifter impinging at Q auii R returns to f; requiied the value of 
'the angle Ci'Q. 

7. investigate an expression for ihe length of a caustic by 
Tcileciion, and apply it, in the case of parallel rays incident upon 
B concave spherical reflector. 

' 8. In the common pump, given the height of the fixed sucker 
above the surface of the reservoir, and the space through which 
the piston descends; required the altitude of the water in the 

.lube after n strokes of the piston. 

t Q, To determine the radius of curvature in the curve, whose 

^«rdinate is equal to the circular arc, of which its abtcista ii the 
versed line. 
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10. To Bad ihe sum o( all the powers of the roots of aa J 
tquation, I 

11. To draw n diaineter to a curve of n dimcnsioiu. | 
(M'Laiir'm's Algebra.) 

12. Compare the curvatures of the Moon's orbit in quadrature I 
and »vzygy. tuppoiing ihat the orbit, independently of the Suo't I 
disiiirbing lorcc. would have been a circle. 

13. To determine the number of given points, through which I 
a curve line of the m'" order, may be drawn. 

Monday Aetehkoon. — Mr. Frekch. 
Fifth and Sixth Classes. 

I. What decimal of a pound is 1 114 ? 

3. Investigate the rule for finding the least common n 
of two quamiiies, and apply it tu find the least common multiple 
of 177 and 8982. 

3. Required to express the sum of the aliernate terms of a 
binomial raised to the m'" power, beginning with the second. 

4. If one side of a triangle be bisected, the sum of the sqiurd 
of the other two sides is double of the square of half the line 
bisected, and of the square of the line drawn from the point of 
bisection to the opposite angle. 

5. Compare Ihe area of the hexagon inscribed in a giveai 
circle with the area of the circumscribmg hexagon. 

b. Given the figure of an ellipse, find practically its ccDtrtr 
and its foci. 

7. In an ellipse, if the line 1 ihe drawn parallel to the axU 
minor BCD, and 2 y. parallel to the axis major jiCM ; thetb 
J tr / ei : Qo / oq:: BC: AC. Requited a proof. 

8. Prove, geometrically, that in any plane triangle, the soi* 
of the sides is to their difference as the tangent of half the suw 
of the angles at the base to the tangent of half their difference. 

9. Shew that tan.' 60 = 3 lan. 60 to rad, = 1. 

10. P and Jt' being in equilibrio on an inclined plane, if thi 
whole be put iu motion, then P's velocity ; ff's velocity ; ; 
tF: P. ' 

I r. A perfectly hard body is let fall from a given height (a) • 
upon a hall'-el:isiic horizontal plane; required the height to 
which it will rise after impinging the third time upon the plane. 

li. Compare the time down — ih part of a given inclined planf < 

with the time down the remainder. 

13. Explain the principle of the syphon. 

14. Determiuc the visual angle in Cassegraia's telescope. 
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15. Given the latitude of ihe place, and the altitude of the 
Sutiin the equinoctial, find the hour-angle. 

j6. The force tending lo the locus of an hyperbola varies 
inversely as the square of the distance. 

ij. Required to express the fluxion of the arc in tennt of ilie 
fluxion ot (he co-gecam. 

i8. The roots of the equation ay' — by* — cy + I = o, are in 
krmonic progression, find them. 



19. Required the iluents of -— 



^[t 1-yx— «]• "1 I- yl* 



Monday Afternoon- — Mr. Blakd. 
Third and Fourth Classes. 

I. Prove that the sectors of two ilifTerent circles arc equal, 
jWhen their angles are inversely as the squares of the radii. 

fl. If a circle be described about the centre of gravity of a 
lyitem of bodies A, B, C, &c., and any point S be taken in the 
ferencc, shew that AaSA'^-^ X SB' h C X iC + &.c. 



3. The radius of curvature of the common parabola has to the 
normat the duplicate ratio that the normal has to the semi-para- 
'tneter. Required proof. 

4. Find the centre of gravity of the solid generated by a 
quadrant of a circle through one-fourth of a revolution about tl 
ndius. 

5. Given [a) and (6) the fml" and [«)"' terms of an ariihmetiej 
Jprogression ; determine the value of the (x)'" term. 

6. Find the fluents of 
di di^x x'i 

*■ — M*" ^/[i—x}^" (X— a)».(.r+a/ 
- 7. From a given right cone cut off a parabola such, that its 
area shall be double the rectangle contained by the segments of 
,the diameter of the base, formed by the section. 

8. If the force a-jr^, and a body be projected in a given di- 

ion with a velocity which is to the velocity in a circle at the 
tome distance in a less ratio than '/a : 1 ; determine the nature 
^©F the orbit described. 

• 9. If an object be placed between two plane reflectors inclined 
to each other at any angle, and the eye ot a ipccuioi be in aiiy 
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paint between ihe planes, tlic distance of tbe eye from any < 
the linages seen by bim, Ja equal to the lengtli of the path di 
jCfibed by ibe rays which form that image. 

10, Prove that no fraction can be represented by a lerminattn 
decimal, imtess the denominator be b or ^, or the product c 
■ some powers of 2 and 5. 

. The angle included between the hour-lines of 12 and « 
is equal toihe angle included between the hour-lines of 4 and o« 
in a horizontal dial. Determine the latitude for which the di« 
is consiTucted. 

12. What must be the nature of a parabolic curve which rc- 
^ round its axis would generate a solid, such that the time 

f of emptying it would be to the time of emptying ihe circuni> 
Ltcrihing cylinder in the ratio of i : 9. 

13. If the attraction of the earth and moon be as their quaniitiei; 
^AF matter directly and the squares of their distances inversely i: 

the nature of the curve in which a body being placed 
would be equally attracted to both. 

14. Compare the ablatitious force with the mean force of P 
B r (i 1 Sect.) ; the periodic times of P and T being an I : 

I j. Prove that if two bodies be projected in siniilar dircctiuni 

locities which are in the subdupticate ratio of the fore^ 

d diitance, they will proceed in similar curves. 

Monday Evening.— Mr. Bland, 

. Given the sum (*) and the sum of the squares (5) of % 
■ ^geometric scries continued in inlinitum. Determine the sen 

2. If the bases of two equdl cycloids be parallel, and the 
fvcnex of one in the base ol the oilier ; prove that the angle 

formed by the intersection of the curves will be a right angle, 

3. If two conic sections be described on the same axis major, 
^ and have the same abscissa, the ordinaies will be in the suh 
\ duplicate ratio of the lalera recta. Required proof. 

4. In a system ol wheels moveable by leeih and pinioiu, 
laving given the ratios of the number of teeth in each wheel and 

pinion, determine the number of timtg the (n)" wheel lunil 
round its axis, while the first performs (»i) revolutions. 

5. Trace the curve whose equation is a .{y—b)* — x,{x — ol% 
' ind determine the angle at which the curve cuts the axis wheA 

X — a. 

6. If the altitude! of the Sun be taken at the same place oa' 
■the same day. when he is in the same vertical in opposite 

rcctions; shew that the sum of their tangents will be to the i 
of their secants, as the sine of the Sun's tlctliuation it lo the 
tine of the latitude of the place. 
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7. Prove ihal the gumi oF ihe reciprocals of ihe (n)'" povrcn 
of (he odd and eren numben arc to each other in the proportion 
of »■— I : I. 

8. Find the sum of the series: ^ 17, + 

80 + 3/' , an ^ ,5* , (f. - ■ r 

■ + &c. to n terms by the mp- 



«nd -4- ^ I- —- + &c. in inf. , 

4.7.12 ' 6 . 10 . 16 ». 13 . «o 

9. Determine the inclination of a plane of given lengthi lO 
that a cylinder of known dinicnsioni and uniform dcniity, may 
roll freely down it in a given liine. 

to. A barometer having some air in the tube, stands al an 
altitude oF (a) inches ; but bulng put under the recirivcr of an 
air-pump which contains (n) times as much as iis liarrel, after 
m turns It stands ;il an ahitude [&). Find the standard altitude, 
and the (juaniiiy of air in the tube at first. 

1). An aperture of given area is cui from the top to the 
bottom of the side oi a regular vessel full of water. Required 
ks nature and dimensions, such that the velocity of the descend* 
ing surface may be as the (ij"' power of its distance from ihe 
lowest point ; the velocity of every particle of the issuing fluid 
being supposed to vary as the sijuare root of its depth below tlic 
surface. 

la. Shew that in ihc spiral where the angle described by the 
radius vector sp asw'" the areas described by sp in one, two, 
three, n revolutions, measuring from the centre, will be ak 

the numbers, 1, a, 3 .. ..n raised to the power — ~. 

13. Find the fluents of ■- 1 ---^-*. ■ ., , r. where 

11 is an even number, and r-, ' r- 

14. Two imperfectly clastic bodies a and n are al a given 
distance in the same vertical line : A, the higher is acted on by 
^viiy, which is supposed to have no effect on B. Shew that 
if A falls and strike B successively, the intervals between the 
■Iriikes decrease in gcomeiric progression; and determine the 
(pace passed over afier any number of strokes. 

ig. If a small pencil of diverging rays be incident, nearly 
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perpendicularly on fhc spherical surface of a plane convc; ^ 
mirror, the radius of wliicli is known ; determine what roust be 
itsihickncss, so iliat after refraction at the convex, anil rcflcciion. 
at ihe plane surface, thev may converge lo thai point where the 
axis intersects the spherical surface ; ihe focus of incidence 
being given, and at a greater distance from the suilacc than the 
diameter of tlie sphere. 

16. Dcteimine the nature of the curve which will refract' 
parallel rays to or from one focus, when tiie cosine of incidence 
IS to the «ine of refraction : : i -1- n : i. 

17. Given the greatest and least apparent diameters of the 
Moon, find what would be the apparent diameter corresponding 
to (he mean distance ; and shew that it is less than the mean 
apparent diameter. 

■ 8. If any number of bodies be retained in horizontal circular 
orbits by means of strings of unequal lengths, and the distance! 
of the centres Irom the points of suspension be equal, the times 
of their revolutions wit! be the same. 

1 9. Determine the nature and area of a curve such , that if a 
right line he drawn from its vertex making an angle of 45" with 
the axis, the portion of the ordinate inierccpted between (his line 
and the curve shall always have to the sub-tangeni the inverse' 
ratio that the ordinate has to the given line («). 

ao. Let a sphere of a given diameter be projected in a fluid, 
the specific gravity of which is to that of the sphere as i : n ; 
having given the velocity of projection, determine what part of 
it is lost during the time the body describes any given space. 

21. Shew ilwt the effect of the Sun upon ihc matter of the 
Earth exterior 10 the inscribed sphere, to turn it Hbout its centre, 
is equal to the effect which would be produced if one-fiflh part 
of that matter was placed at that point of the Earth's equator' 
which is opposite 10 ibc Sun. 

22. Required the area of the rhumb-line considered as a spiral ; 
and shew that its orthographic projeciion on the plane of Uie 
equator is an hyperbolic spiral. 

93. If the particles of air be moved froiti their places by a 
force which varies accordinj^ 10 any given law ; it is required 
to find the law of the lurce with which they will continue to be 
agitated, supposing the elasticity of the atmosphere to be pro- 
portional 10 Us density. 

94- It a chain of given weight reaching to ihc centre of the. 
Earth be suspended from a cylinder at ihc surhice, round whicb' 
it is made to wind itscli by the descent ot a weight (re) unwinding 
a string supposed to be without weii<ht ; determine the velacit^i 
of aj at any point, a.ud aUu whercii it thegieateai. 
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Tuesday Morning.— Mh. Bland. 
First and Secoitd Classes. 

1. If a Kries of arcs be taken in arithmelic progression, the 
radius of the circle will be to twice the coiine of ihc common 
difl'crcncc as the cosine of any arc ulcen as a meao is to tlte mm 

' of ilie cosines of any two equidistant extremes. 

2. Find the sum of a recurring decimal '^^^^ &c. in inf., 
('/] anti {[>) containing (m) and (n) dij^its respectively. 

3. In ihcdirea itnpaci of perfectly hard1'odie!i, ihcdifTcrence 
between llie sums of the pn-ducts of each body into the square 
of its velocity before and after impact, is equal to the sum ul the 

{)roduct of each body into the square of the velocity gained or 
ust. 

4. If 5, a, r, n be respectively the sum, first term, common 
ratio and number of terms of a geomcmc progression ; find the 
Uim oF the series, 

^ (i'4 «) + (.S-l- o + or) + r.S' + fl + flr+ar") + &c. 
Q. Prove ihat if contiguous and parallel rays of light fall upon 
a refracting sphere, the homogeneal lays will emerge parallel 
after n rejections and two redactions, when the least colem- 
porary variations of the angles of incidence and refraction are 
lo each other as « + 1 : 1. 

6. II an equilateral triangle be inscribed in a circle, and 
the adjacent arcs, cut off by two of its sides, he bisected; the 
tine joining the points of bisection will be trisected by the 
sides. 

7. The sum of the distances of a star from two known stan 
is a minimum, and its declination, which is greater or less 
than Ihat of each ol the others is known ; determine its right 
ascension. 

8. Let 1/ = y/ + 5j + Cx' + D.\ • + Sic. where A. B, C, 

D, &c. are constant quantities ; then if [>]. p^"], [^H, &c. 
be the values of v. -, ^,, &c. when x = o ; Prove thai 






It I 

J 



CAMBRIDGC PROBLEMS, iSiO. 



0. Find llic Jiucnt of ,, and of 

s^/lfl-f-ci") [1 4 

fluent of ' — bctne = a. 

1 -t- *- ^ 

10. The vcluciiy of a body descending from an infiniie' 

distance towards a centre of force, is — th part oF ihe veiociijT', 

in a circle at ihe distance of that poini- It is required to de« ' 
termine the law of ilit- force. 

11. II i> be the pbceof a comet in iis parabolic orbit, anda 
circle be described through ?, the veiteic and ihe focui ; shew 
that the time ot moving from perihelion lo P nil! be proportional 
10 the perpcndicnUr drawn Iroin ihc centre of the circle to the 
^xiit 

I a. If ayy = cx^} — eyx^ A ; determine the algebraic ie« 
lation of x unA y. 

13. In laiiiii'le 45° the mwn altitude ot the tide is alwayi the 
same whatever be ibe declination of the Moon. 

14. From two bags, one of which contains (»i} and the other 
(n) balls, marked n, A. r, d, &c. (m) being greater than (nj. (wo 
balls are drawn ; What is tlie probability that ihcy have both ih« 
lame letter P 

Tuesday Afternoon. — Mb. Bland. 
Fifth and Sixth Ciasifs. 

1. Exiract the square root of a 4- T + Vfaai + x*). 

3. The &um ot (n) terms of any arithmetic progression whosft 
common dilTercnce is equal lu the least term, will be equal W 
Ihe sum uf <«+■) magnitudes, each of which is half the greatett 
term of the progression. 

. g. If four qu<iatities of the same kind lie proportionat ; the 
first shaii have 10 the third the same ratio that the second has to 
the fouith. (Euc. B. ,5.) 

4. If A ct B, and 11 a c ; prove thai A oc mB + nc, where, 
(mj and {n) are known quantities. 

5. In the sieel-yard, il the weight increase in arithmetic pro- 
gression, the divisiims ot the scale will be at equal intervals ; 
and if each of these iniervals be equal to the ihoxter arm, tb« 
moveable weight will be equal to the diSereiicc of the ^riih* 
metic progrcssLunals. 

6. Two bodies descend, one vertically thiough 400 feet, and 
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tlie otiier down an inclined plane 500 feet long, and inclined at 
ap angle oi 30" tu the horizon, compare ttie time of their de* 

•cents. 

_ . The solid content of a cone wbosc base is equal 10 a great 
circle of a sphere, and altitude equal 10 the diimcter, ii half die 
Bolid content of the sphere. 

8. If the force oc — ;, determine how far a body mutt fall 
externally to acquire the velocity in the ellipse. 

9. Find the fluents of '■"+'''''■=' .^a _iL'i_ 



Newlon's telescope, : 



iligate il^ magtiifyiag 



nagnititde ol the greatest field ol view. 
II. If a vertical straight line be pUcctl before a plane tnirror 
Inclined at an angle of ^j° to the horizon, dclcrmine the isage 
«nd its position. 



V X — a 



a mioimtim. Find the value of x 



13. A fluid issuing from the side of a vessel (k) feet high, 
«lruck the horizonial plane at a distance of [d) leet from tbe 
bottom. Determine tiie point in the side ot the v»k1 where 
tbe orifice ii made. 

14. If tbe force a —i, and bodies fall fromdifferentaliitudes 

towards different centres of force, determine tlie prof>ortio»s of 
the [imei in which they idll through any space. 

15. It the force a — 



; find the angle between the. 



apsids. 

16. If A, a', a", represent the areas of three (imilar recti- 
lineal polygons described on the hypothenuift and sides ol a 
right-angled triangle, a =; .^' + a". Required a proof. 

Tuesday Afterwcox. — Mr. French. 

Third and Feurth ClaJits. 

1. Prove, geometrically, (hat 1 |- cos. a 6 = a cos.*d. 

a. A perfectly elastic ball, projected Irom a directly up an 
Inclined plane ab, strikes a vertical plane passing through b 
and returns to a ; required its velocity at a, the length of the 
jpUne being 36 feet, and its elevation 30 ". 

3. In an nemispheroid emptying itdelf by a small orifice in 
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ilie vettcx, compare llic time in which tlic surlace of the fluid 
il»ccnil& iLirough the upper halt of its axis, with the lime through 
die lower. 

4. To find the vdriation of ihe angle, which a given objeci 
siibtcnds dt ihc eye whi-ii viewed liiroii)>h a convex lens, the 
obJL'ct being failher irom 'he lens than iis principal focus (f)»' 
and ibe eye neari-r 10 the lens than its principal locui {/). 

5. The precession in right ascension is positive when the 
an^tc of position is acute, and negative when it is obtuse. Re- 
quired a proot. 

6. The least error in time due to a given error in the altitude 
of a known star being b"; to determine the latitude of the place. 
ani! the true zenith-distance of the sur, 

7. To find the area of the Conchoid of Nicomedes. 

8. li the moveable orbit be projccicd in on/«ei/<;n//a, with s 
iiclociiy equal to that of p :a ii?««yj/f«(iQ, shew thai the velocity 
of /j vanishes, when cp becomes the least distance in the ellipse.' 

g. Investigate the ei^ualton between the perpendicular and 



the distance, in the lituus 



C^«Di:,:0 



and dctermin 



the 



i,.y*-S/4 
Kind the 



t-8y-i; 



point of contrary fei 

JO. The roots ot tne eqaaiit 
are in arithmetical progression, 

1 1. Required the fluxion of the arc whose sine= ay y't' — ^'^' 

12. Apply Newton's ireihod of makinga body oscill.ue ina. 
cycloid, lothc common cycloid. 

13. Find tlie following lluenig 
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3. A thin roc 
Cycloids, lying 
line of tlieir bases, fluais 
■wliicli tlic 



, formed of 
e same p 



lies i 



: united ; to (Icteriniiie 



smkiiiR 



rest. 



pustdu 



1 equal 



when 3 



■ To find the surface of a sphere by the method of indi- 
visibles. 

5. Required the time of oxciltation in a finite circuUr arc. 

6. To determine that point in llie periphery of an ellipse, at 
which tiie angle coniaincd between the normal and the distance 
Jroni the centre, is a maximnm. 

7. The place of ibe Earth, when a Star's aberration in de- 
clination — o, heinj; 1/^, and a^ I'yinj; 10 the eastward of the 
point of syzygyj being the place of the aberraiic point, when 
Its aberration in right ascension ~ o ; required ihe position of tfg 
with rcspcci to Ap. 

8. Solve the following eqnation j' — gl;^-B8 = o by a process 
similar to that employed by Cardan. 

9. If a small pencil of parallel rays fall upon a concave 
spherical surface, and every ray he reflected, (he density of iJie 
incident pencil is 10 the density (supposed uniform) ui rays in 
the least circle ol aberration, as ilic area of the circle, whose 
diameter is the versed sine of the aperture, to the whole surlace 
of the sphere, very nearly; Required a proof. 

10. i'ind the a roots uf uniiy, and shew how the quadratics 
combine, when n is an odd number. 

1 1- The weight of a given globe being inconsiderable, when 
compared with the weight of an equal bulk of fluid, prove that, 
in its aseeni, the velocity is uniform, and equal to tiie velociiy 
by gravity through jds of its diamcicr. 

12. Investigate an expression for the pressure on the axis of 
a mechatiical power iti motion, and apply ii in ihc case of ihc 
single fixed pulley. 

. Sum the following series: 

I 7 . _ .1. 3 ._ .1 ff-,- ..-> « (nrmc 

.3.4 4. J. 6. 



■?-3 



2.3.4 



Sh&c. 



4-5 



-&c. 



infinitum. 
rip/e: and 



apply it 1 
:lincd plat 



. Explain D'Alcmljert's ^rt 

accelerating force on a body diawn up 1 

" 1 of a power parallel til [be plane. 

^. In any square number, 4 is the only digit which i 
occupy both the jnits and tens places. 
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16. To find tlie whole number of equal and regular Egnrcit, 
which may be described upon the surface of a sphere so a* 
cxarily to cover it. 

17. BM is a chord of a circle, whose centre isc, and CEy any 
radius cutting «m in the point e ; at every point E, ep is erected 
perpendicular to bm and equal to ef i required ihe locus of p. 

18. In the catenary, the horiionial tension is the sarae at 
every point, to determine its actual value. 

19. Find (he followitig Qucnts : 

f -.. fb X ^h y. ^f'-'-f^. 

r ■ — 2. ., .' , " w 

Jazt xy > if z = (6 4- cy ) Ay. 

CO. A body, acted upon by gravity, is projected horiaodially, 
with a given velociiy, along the interior Siirlace of a cylinder ; 
letjutred to trace its pjih upon ihc surface of the cyhnder. 

ai. To calciilaie the pnAahihty of throwing two assignetl 
numbers, a and b. with m dice, in n throws. 

aa. Solve iKe following fluxional equations : 

, ■r 
and .J + jc ■)- COS. mz =: o. 

t J. If an equilateral polygon of 3" Hides be inscribed in a 
tircle. whose rad. = 1, the value of each side is y/fa — 
:»/(3+^/(a + &:c.))] where the numeral 2 is repeated (n— -ij 
times. 

24. ADC is a common parabola, aq a tan- 
gent at the vertex, and pq a tangent at p, 
meeting it in y ; to determine the pohil p. such, 
that the resistance on the solid, generated by the 
levoIutioTi of DPQA about CA, when moving in 
the direction of ii» axic, may be the least 
possible! 
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THE SENATE-HOUSE PROBLEMS, 

Civeit to ihi Candidates for Honors during the Examination 
for iht degTfts of It, A. in January, 1817. 

BY THE TWO MODERATORS. 
MoMDAr, Januast 18, 1817. 

Monday Morning. — Mr. Peacock. 
Ftrst and Second _Clai SIS. 
1. What decimal oF^i. is 3J. 3|(/. ? 

s. Find the integer values of x and y, which tattsfy the e<]<H- 
tion t^i + i4y = «oo 

9. Prove that 9 ==. tan. 9 — - tan. S' + - tan fi' — &c. 
3 5 

4. Find the integral of ~~ — j. 

5. Explain what is meant by the particular solutions of dif- 
feieniial equations. Give an instance in the equation 

ydx — :idft~n^\dx* \ d y' \ 

6. Find expressions for the r.inge and time ol flight of a body 
projected from a given point afciie a given plane. 

7. Two vessels filled with air of different densities commu- 
nicate by a tube. Find ihe veiucJty with whicli the air willruiH 
into the vessel containingthe rarer jir, 

8. Explain the causei oF the following lunar inequalities : 

(1.) The evection. 
(a.) The varia'ion. 
(3.) The annual equaiioti. 

9. Theaberraiion which arises from the spherical &i)rfacmaf 
lente* it very imall, compared with that which is caused by it» 
unequal refrangibility of light. 

10. Prove that in the Calculus of Variattooi, 

idv ^ dS V, 
V being a function oi x, . 

Monday Afternoon.— Mr. Piacock^ 
Fifth and Sixth Classed 

1. Find the quotient of 7^.04 divided by ^ostot 10 tEwcq 
placet of decimals. 
I t 
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e. Find ihc amount of £^0- in three years, at 3| per cent, 
allowing simple interest. 
3. Shew (hat 

— aa-(-av^? a' + t* h 

4 The number N is dtvjiible by 7, if "o + ". • 3 + *i'3* 

+ « . 3* 4" &c* + *, • 3". be divisible by 7 ; a a o^ && 

being the digits of the number reckoning from the place of uniti^ 

5, The middle term of the expansion of (i ¥ x]", when n b 

even, i* 



k 



..,.3.,..(:-) 

6. Explain the method of constructing a table of sines, 

7. Solve the equation 

X* H- px' + fjx* + px + 1 = 0, 

8. There are at least as many impossible roots in the oiigint 
equation, as in the equation of limits. 

9. Explain what is meant by the modulus of a system of loga 
rithms and shew how it is determined. 

10. If 7 1= 3-^A'59' ' — ti"i^ oi oscillation, and / th 
length of pendulum, then 

1 1 . Explain the method of determining the right ascensiont ( 
the fixed stars. 

ifl. Enumerate and explain the phaenomcna exhibited by til 
moon in the course of a month. 

13. Explain the method of determining the specific gravitit 
of bodies. 

14. Agiven rectilinear object is placed at a given point in th 
axil of a concave mirror. Required the nature and position <^ 
it! image. 

i£. Find the fluxion of sin x. 

16. Find the values of x, which make the function x' — 
^ 8 X -^ la a maximum or a minimum. 



If. £xpand(i -f xj ' by means of Madaurin'i theorem. 
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Monday AFTERNOO^f. — Mb. White* 
Third and Fourth Classes. 

I. A sum pis due at the end of m years; findthediHerence 
between iUamniint at the end of (w + n) years, and the amount 
of its present value at the end of (fli-j-n) years, ai simple inte- 
rest. 

S. It is required 10 find two harmonic means between 3andi3. 

3. If two circles iniersect each other in A, B ; any two paral- 
lel lines CD, EF, drawn ihrough a, b, respectively, and cutting 
the circle* in c, d ; E, f ; are equal. Required af roof. 

^. An object is placed before a concave spherical reflector. 
Required its position, when the image is inverted, and equal to 
twice the object. 

(5. It is required to find the principal focus of a concavo-con> 
vex lens, ol a rarer medium, whose thickness is inconsiderable. 
6. A body fills down a given length of an inclined plane, and 
impinging upon ttie horizontal pl.me moves along it ; required 
the elevation of the plane, when the time of muving upon the 
horizontal plane, over a space equal to the height ot the plane, 
il equal to the time down the plane. 

7. Prove that when a body oscillates in a cycloid, the whole 
force which stretches the string, varies as the length of tliat part 
of it which is not in contact wiih ihe upper cycloid. 

8. The length of the shadow of an upright rod at noon on the 
■honest day : its length at noon on the longest day :: n : t. 
Prove that the sine ot twice the latitude : the sine of twice the 
obliquity : : (« + 1) ; (n — 1). 

9. A hemispherical vessel standing upon its base is filled with 
fluid ; compare the pressures perpendicular to its pUne and 
curved surfaces. 

10. Compare the times of emptying a vessel in the form of a 
parabolic frustum, by a small orifice in its base, when it isplaced 
with the vertex ot the parabola downwards, and when it is placed 
with the vertex upwards. 

II. Compare the time of descent in a given logarithmic spiral, 
to the centre s, from a given point p, with the periodic time ia 
s circle, at the distance sp. 

13. If a body fall down the radius of a circle, F varying as 
(dist.)', and ascend on the other side through radiu* by a repul- 
sive force ; shew that it will acquire the velociLy of revolution 
kin the circle. 
13. In any spherical triangle whose sides are ii,^,c, and oppoo 
■ite angles a.b.c ; li b ~ c, shew that 
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I4> Sum thr series 



a. 3. 2 3 .4 



» • ^ 3-7 5-9 

15. Find the fluents of 



— f + &c. to « IcrmSt 



+ &c. to n termi. 



iS. Find tlie centre of gyration oi the plane of a semicircle, 
revolving about its diameter. 

Monday Evening. — ^Mr. White. 

I, The present value of a freehold estate of ^100. per anntimf 
subject to the pa^ mcnt of a certain sum (a) at the end of every 
two years, is .fiooo. allowing 5 per cent, compound interest. 
Required to determine the sum a. 

s. 1' = 1, a* :r 3 + 53' = 7 + g + u, 4' = 13 + 15 
-^- 17 + ig, &c. =: &c. Prove I he formula forn^ 

g. Two equal hard bodies are projected at the same instant 
towards each other, from the two extremities of a vertical Une^ 
each with the velocity which would be required by falling down 
it. Retiutred the interval ol time, between their impact and 
their arrival at the lower extremity of the line. 

4. A hemispherical vessel, of given weight, floats upon a fluid, 
with one third of its axis below the surface. Required the 
weight which must be put into it, so that it may float with two* 
thirds of its axis below the suifaee. 

5. A ray of light passes through a prism of a denser medium, 
and the ray withm makes two acute angles with the sides of the 
prism ; if i, i, be the angles which the incident and emergent 
nyi make with the perpendiculars to the surlaccs, and R, r, the 
Sagles which the ray within makes with the same perpendicu. 
larii prove that when the deviation is a minimum, i = t, and 
R = r. 

6. If the Moon and Sun be upon the meridian at the same 
instant, and a, a, be the increases of their right .ascensions (svp^ 
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4$ 



pmeA uniform) in one solar day ; a, a, being reckonei) in lime 
« 15 to one hour; shew ihai the exact interval between their 

next Mlowing transits = — • X 24 hours, solar 

a^ — (a — a) 

time. 

7. Prove that by meant of the series of weif;hti 1, a, 4, S, 16, 
&c. any weight not exceeding the sum of the weights, can be 
weighed. 

8- Prove that a circular arc of Riven radius, will oscillate 
through a given angle, in its own plane, about its middle point, 
ID the saint: time, whatever be its length. 

9. When a body oscillates in a 
bypocycloid, as in the lemh section ; 
if T B p be any position of the string, 
•hew that the lime of describing a p : 
the time of describing p L : : (he arc 
A B : the arc B L. 

10. Prove that the roots ot the equation, i" + 
US it an odd number, are, r — ., — , t 




where r z 



•-+w-ui». 



I and r"" z 



It. Prove that a regular octahedron inscribed in a sphere 
: the cube of the radius : : 4 : 3. 

le, A body is projected, at a given distance r, at an angle of 
30% with the vcl'jcity acqiiired Irom infinity. Find the lime 

elapsed when the body is at the distance -from the centre ; 



posing the force to vary as 



|dist. 



; sup. 

, , and to be equal to twice 
ihe force of gravity at the point of projection. (Newt. Sect. 8.) 

13. The sides of a spherical triangle are a, b, c; and the oppo. 
lite angles a, B, C ; if a and c be invariable, and b be increased 
by a small quantity, shew that « will be increased or diminished, 
according as c is less or greater than a quadrant. 

14. The mean motion of ilie nodes of the fourth satellite of 
Jupiter, caused by the disturbing action of the third, ought, ac- 
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. to be regressive;, 
de of the orbit oC 



cordingtothe principles of the eleventh ; 
whilst this regression takes place, can 
ihe fourth satellite be progressive upon Jupiter's orbit ? 

ij. When rays diverge, from a point beyond its principal 
focus, upon a double convex lens of a denser medium ; if 7' be 
the distance of the focus of retracted rays Irom the second sur- 
face, the thickness ((] being small ; and q thai distance when t ti 

ncelected ; shew thai —,= - ■\ : - u —i ■ t, nearly ; where 

* q' q [I V n)d*r* * 

r is the radius of the first surface, d the distance of the focus of 
incidence fiom it, and i \- n : \ : : sin i : sin r. 

16. A tiatl, whose elasticity : perfect elasticity ; 
projected obliquely upwards, from a point in the horizontal 
plane, upon which it impinges and rebounds continually. Prove 
lliai the ranges and times of flight in the successive parabola! 
described, torm geometric progressions ; and find their sum. 

17. It the resis'ance vary as (vel.)', and a body fall by the 
action of a constant force ; find the time in which it will acquire 
a given velocity. 



18. Find the fluent of - 



— , and in the flaent of 



\?^ + ^'1 



a^i 



') , 



(- 



■2) 



L 



,mbeing greater than ii,shevr 

-px " + qx' ' — &c. 

that the coefficients of all the terms which involve higher poW' 
ersof X than the (m — ti + 1)"' will vanish. 
If). Sum the following series, 

!^ ; + — ° — : — &c. ad infinitum! 

»-3-3 3'5-3 b-7 ■ 3 

also, . 

'■3-3 3-5-; 

the method of increment; 

so. An isosceles right-angled triangle is immerseil in a flui^l 
having one of lis sides coincident with the surface ; find the \ 
distance of the centre of pressure from the side immersed. 

SI. (Sect. XI. Prop. 66.) Cor. 14. If S t and the absolute 1 
force ot S be changed, the periodic linear errors of P « 4 
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Sroportion, and also the absolute forces of s and t be changed in 
ic same proportion, the periodic linear errors of p vary as pt. 
-Required proof : and hence lo compare the periodic linear errors 
of p in different systems of s, t, ?, where the form and incli- 
lution only of the orbits remain ihc same. 

03. If out of 86 persons born, one dies at the end of every 
year ; and m, n, be the complements to 86 of the ages of two 
^dividuals a, b, m be'mg lesi than n, prove that the probability 

^ A s surviving b = — — -^. 

S3. In a system of two pulHes, where each string is attached 
to the weight, p draws up w ; find the accelerating force on p. 
the tensions of the strings, and the pressures upon the centres of 
^e pullics ; taking into consideration the weight and inertia of 
thepulliei. 

Tdesday Morning. — Mr. White. 
First and Second Classes. 

1. The logariihm of 378.5a is 4.5787767, the logarithm of 
87853 is 4.578788a. Required the number, corresponding to 
the logarithm 6.5787S36. 

2. If the sides of a spherical triangle, ab, AC, be produced to 
i,C, SO ihar si, Cc, shal! be the semi-supplements of ab, AC, 
respectively ; prove that the arc b c will subtend an angle at the 
centre of the sphere, equal to the angle between the chords of 
AS, AC. 

3. If the radii, ol the tube, and of the basin, ol a barometer, 
be 1 and g ; and the index shews, at sight, the height of the mer- 
cury in ihe tube, above that in the basin ; prove that the inch 
Upon the scale : a real inch : : 8 i 9, the thickness of the tube 
being neglecied. 

4. The altitudes of a circum-polar star are observed at two tn- 
■tants, when it has the same azimuih, before it passes the meri- 
dian; and also the lime between those instants ; from these data, 
cletermine the latitude of the place. 

5. Havinggiven the distance at which a short-sighted person 
can see distinctlv, it is required, to find the distance between a 
given object-glass, and given eve-glass, in ati astronomical tele- 
scope, when adapted to such an eye, and to distant objects. 

6. The periodic times of the first and second satellites of 
Jupiter, are, (i*. iS"". 117". 33'.) and (s"*. 13", 13-. 4a'.), If «,«', 
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be their mean distances, prove that, aia^iii :qT A it + — x 

J nearly. 

7. If the ^jT ^tan. (45 J J = tan. u. prove that 

V (tan. z + sec. z) + V (tan. z — sec. z) = a cot. 2 m. 

8. Determine the weights which must be selected out of the 
series, 1, 2, 4, 8, &c. pounds, inorderto weigh 1317 pounds. 

9* If a body be projected obliquely upwards, shew that the 
square of its velocity, will always be equal to the square of the 
Telocitv of projection, diminished by the square of the velocity 
which It would acquire by falling down its perpendicular height, 
above the horizontal plane passing through the point of projec* 
tion. 

lo. A body describes a circle, the centre of force being tn the 
circumference ; another body describes an equal circle* the cen* 
tre of force being in the centre of the circle, and the absolute 
force being one fourth of its former value* Compare the timet 
in which the circles are described. 

It. Prove, that ( tf + !)• = «" + » . «* .rrmrx + 
« 4- I , i* . « f 1 w + a . 6' 

• • ' ■ • " • • fl • ■; ; rT*T ^ • • . « • ,— _» - i ts 

(o f i) a 3 {«+*)' 



2 
+ &C. 

and, by this Theorem, sum the series, 

1 + 8 . i + JLli ^ L + 3.jJll5. JL + &c. ad infinitum. 
a « 3 a • 3 3 a • 3 • 4 3 

13. Upon one side of the given straight line ab describe a 
semiciicic, and upon the other side an equilateral triangle 
ADB ; if a solid be generated by the revolution of this figure 
about DC, c being the centre of the semicircle ; prove tfa^ it 
will rest upon the horizomal plane, upon any point of its sphe« 
lical surface. 

Tuesday Afternoon. — Mh. White. 

Ftfik and Sixth Classes, 

1. It is required to express 23°. 27'. 53''. in hours, minutes, 
and seconds. 




^ 
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a. Find ibe discount upon ■* 105. loj. od. payable at the end 
of three years, at 47 per cenl, simple inicrest. 

3. It is required to determine the point c, in the semicircle 
:ft, such that the three sides of the triangle ACa ihall be ia 
geometrical progression. 

Two bodies I, s, moving with velocities 1, s, whoK elat- 
ticity : perfect elasticity : : 1 : 2. impinge upon each other, 
making the angles uf 30", and 90°, respectively, with the plane 
tuuching iliem at the point of contact. Required the direciioot 
in wiiich they will move, and their velocities after impact. 

5. A body is projected down an inclined plane, with the ve- 
locity acquired in falling down its height, and describes the 
Jetiitrth of the pUne \n the time of falling down its height. Re- 
quired the elevation uf the plane. 

6. In a qnadrantal triangle, the angle opposite the quadrant, 
and one of the other angles, are given ; find the remaining 
angle. 

7. Prove that the illumined phase of Mars is the least, when 
be is in quadrature. 

8. If an object be viewed through a glass plate of given thick- 
ness, determine how much the apparent distance is less than 
the true. 

9. It is required to determine the brightest part of the visibla 
area in Galileo's telescope. 

10. A circle and its inscribed hexagon, move with equal ve- 
locities, in directions inclined at angles of 30" and 60°, respec- 
tively, to their planes. Compare the resistances perpendicuUr 
to their motions. 

11. Sum the following series to n terms, 

'' r' , 

T + &C. 

t n 4 

and 1 . fl + a . 5 -f- 3 . 8 + 4 . 1 1 + &c. 
11. Find the fluents of 

13. Having given the ratio of the periodic times in two cir- 
cles, described about different centres ol force situated in their 
centres, and also the ratio of the radii, it is required to 6nd the 
ratio of the absolute forces. 

14. Determine the angle between the apsides In an orbit near- 
ly circular, the force being constant ; taking an ellipse about th< 
centre for the revuiving orbit. 

1 > 
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Tuesday AFTERhfoow. — Mr. Pea^Bciu 
Third and Fourth Classes. 

I. If — and — be two consecutive terms in a scries of frac- 



tioni converging toward* v^i then 

^o9. — /■.?» = ± '■ 
1. Explain what is meant by the conjugal^ points 
lines. 

3. \iu=f\x,yl, shew that 

dxdy ~ dydx' 

4. Find the integral or fluent of " 

dx 






5. If a body be projected perpendicularly upwardi with 
Yelociiy (u), its height [x], at the end of the time ((), is deternut 
ned fiom [he equation 



(a ^ smty 






6. Enumerate the diFerent practical methodt of determioiiil 
the latitude oF a ship at sea. 

y. Explain the method of measuring altitudei, by meuil I 
ihe barometer and thermometer. 

8. A given rectilinear object ii placed before a spherical i« 
fleeter ol (riven radius. Find the equation to the conic scctiaj 
which is its image. 

g. Find an expression for the whole time of descent of a bod] 
Irom a di»tance [a) 10 the centre of force, when the force varie 
inversely as the square of the distance. 

10. Mention some of the problems, upon which the trtsec 
lioB of an angle, by common Geometry, may be made to depend 



Tuesday Evekimc— Mr. Peacock. 

f . Demonstrate tbe rule for* the extraction of the square root 
in numbcn. 
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e. Ever)' prime number of ihe form 4 n -t- i Is the sum of two 
squares. ^ 

3. Approximate to the value of x in the equation 

*' — « I — 5 = o, 
and explain the defects of the methods of approximation, as 
given by Newton and Ralphson. 

4. Prove that 

^' «- = "-+.-; • "-+-1 +"-T7r^ " '*-' - *"■ 

g. Integrate the diHcrentials 

d X a^ dx , , ,1 
J -, - — = — , and dx COST sin'T. 



6. Integrate the diScrenccs or increments 
x" and t' cos * 9. 



I 



7. Integrate the differential equ; 

V*' ^ u — y/' 

(b) d* y + Ay d x' = 3.dx*, where x is a function of a:. 
, ^ dz V d z y* 

8. Imegrate the equation of di Serene es, 



9. Given the length of the curve j required its nature when 
iu centre of gravity is most remote from the axis. 

to. If two lines intersect each other within a parabola, the 
latio of the rectangles contained by their respective accents will 
be the same with the ratio of the rectangles made by the segments 
of any other two lines which intersect each other, and which arc 
rcipectively parallel to the former. 

11. Apply D'Alemben's principle to Ihe determination of Ihe 
distance of the centres of oscillation and suspension in a com> 
pound pendulum. 

18. A triangular prism being immersed in a fluid of greater 
■pectfic gravity than itself, it is required to determine the Uiffer. 
' cnt positions in which it will rest in equilibrium. 

13. A machine, driven by the impulse of a stream, produces 
the greatest effect when the wheel moves with one-third of the 
velocity of the water. 
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14. At a place whose latitude is 48°. 50'. 14", ihc meridiaa 
»ltitude of the sun's upper limb wai observed 10 be 6a'. 20'. 56")* 
it h required to determine llie sun'f declinaiion, the refraciion 
being 29", the sun's parallax and apparent diameier of iheir mean 
values, and the sine of 27". 30'. 4" = .4617. 

15. Explain the method of correcting an error in the longiiudt 
oF a place, by means of the occultation of a given fixed stAr by 
the moon. 

16. If r be the radiut of an isosceles lens, whose focal length 
is equal to that of a lens whose radii are r and r ; (hen 



i=Ui.^;. 



17. If D be the length of a degree of the meridian at a point 
whose latitude is X, a the length of a degree of a curve perpen- 
dicular to the meridian at that point, a the axis major of the raeri- 
diin, and e the difference of the semi-axes ; then 

e h — D , , , 

- = i~- I near yj. 

a fi i cos * X ^ ' ' 

1 8. The moon is retained in her orbit by the force of gravitjT*. 

Newton. Lib. III. Prop. 4. 

19. The sum of the sides of aright-angled triangle remainingj 
the same, required the nature of the curve to which the hypo- 
thenuse is always a tangent. 

so- Explain the method of drawinga norma) to a given curve 
lurface. 

ai. Give an account oi the controversy between the followen^ 
of Newton and Leibnitz, concerning the measure of molionf.^ 
and reconcile the experiments and results to which the latter 
appealed, with the measure assumed by the fornter, 

ee. If two chords of a circle intersect each other at tight] 
angles, the sum of the squares described upon the four segmentf. 
is equal to the square described upon the diameter. 

ag. Give some account of the Analysis of the Ancient Geot 
naeters. Exemplify it in the solution of the following iJroblefn i' 
" To bisect a triangle by a straight line drawn through a gtvtlj 
point ill one ot its tides." 
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THE SENATE-HOUSE PROBLEMS, 

' Civcn to ike CanSdatrs for Honors during the Examination 
foT the degrees oj H. A. in January, i8i8. 

BV THE TWO MODERATORS. 



Monday Morning. — Mr. French, 
First and Second Classes. 

I. The present value of an annuity, to conitnue for a tenn 
of years at a given rate of compoutid interest, ■= m A ilie pre- 
sent value of the same annuity, lo he paid only linring the latter 
halfof ihi; same term; required to IJrid when the annuity will 
cease ? 

9. To determine the numerical value of the arc a which will 
faliify the fullowing equation: 

sin. B h sin. (A — 0) + sin. (8A + b) = 
sin. (a -1- fl) + sin. (a A — d). 

g; Prove that the »um of ali the coefficients of a binomial 
raised to the (2™)"' power: the coefficient of iis middle term 
: : 9.4.6. &c. to n factors : 1 ■ 3 ■ 5 • &c. to n factois. 

4. A hody is suspended from a piven point in the horizontal 
plane, by a string of known length, which is ihrust uut of its 
vertical position by a rod (supposed without weight) acting 
from a given point in the plane, against the body ; shew that the 
tension of the string varies inversely as the tangent of the inclina. 
tion of the rod to the horizon. 

5. Two equal hoUow paraboloi<!s have a common axis, 
which is vertical, and such a qusniiiy of water is poured in be- 
tween ihem, adjust 10 touch the lowest point of the inner figure; 
demonstrate that the surface of the water will be a tangent plane 
to this figure*, in any position of ihe common axis. 

6. In tlregory's telescope, the focal Icnittli of the larger re- 
flector, the position and focal length of the eye-glass, and the 
distance between the two images ot n remote object being given ; 
icquircd lo fiad the position and focal length of the smaller re- 



^ 



» 
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(lector, vhich will cause the telescope to magnify the objea n 
any proposed raiio. 

7. Having (fiven nt — ti — e. sin. u ; reqiiireil the fir« four 
terras of ihe aeriei expressing n in terms of itl ? 

8. A sphericai body descends in a fluid by gravity j to de- 
termine the quantity ot the resistance, when ihe body hu 
described a given space. 

g. The force var^'ing inversely as (dist)' and the velocity 
being that which would be ai-quired from infinity, a body ii 
projected from an apse ; compare the lime of its descent to ihe 
centre with the periodic time in a circle, whose radtus = hall 
(he apsidal distance. 
, 10. To find the fluent of 

il. Sum the following series 



8-5 



5-9 



h &c. in inf. 



te. A body described by a parabola about the focus, and at 
same time the figure moves uniformly in a direction perpenJtcu- 
/fir to its axis, which continues parallel to itself ; 10 detennine 
the path described by the body in fixed space. 

Monday Afternoon. — Mr. French. 

Fifth and Sixlk Oasses. 



i, — ^ ■=. — . Required the values of x? 

x+a 3« — 20 13 

e. Required the ratio which is one half of the ratio 

3. The sum of an arithmetic series is 5, the first term 1 
and the common difference — 5; find the number of terms. 

4. To determine the value of lan. 30° to two places of deci- 
mals. (rad.= toooo). 

5. p being any point in an ellipse, whose icmi-axis major 
is AC, pruve, that, if the normal (pG) be produced to meet 
the conjugate diameter in f and the minor axis in v, 

Vf . vv — Iac .*. 

6. Two circles touch each other internally, and the area of 
the lime cut out of the larger is equal to twice the area of the 
smaller circle. Rc<iuired the ratio of the diameters of these 
circles. 
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7. A body is projected perpendicularly upward with a velo- 
eiiyof64 feet per second, find the time oF ascent through 63 
feet. 

8. The length of the gage of a condenser 1* la inches, and 
the space occupied by the air in it, after two descents of the 
■ucker, is half us whole length ; to determine the ipace which 
the air will occupy after the third descent of the sucker. 

9. Having given the focus of incidence of a pencil of ray> 
which passes nearly perpendJcuUriy through the sides of a 
prism, and sin. t : sin. R :: n : 1 out of the ambient medium 
into the prism; required (b being a proper fraction) to find the 
focus of emergent rays. 

10. If a star be situated nearer to the pole of the ecliptic than 
to that of the equinoctial, shew that its right ascension exceeds 
180°. 

■ 1. A body is revolving in a given circle about its centre, 
if the absolute central force be increased in a given ratio, what 
change must be made in the velocity oE the body that it majr 
jtill describe the same circle ? 

IB. Demonstrate, as Newton has done [Cor. 2. Prop. 10.), 
that the periodic times in all ellipses about the sainc centre arc 
equal. 

13. Assuming the velocity to vary as - — - — — , a being 

the initial distance, and x the variable distance of the body from 
the centre of force ; to determine the law of the centripetal iorce. 

1 4. One root of the equation ( * ' — 1 11* + ^yx -—35 
" 3 + V^ ; required the remaining roots. 

15. Required the fluxion of — - ,_J~r -. 



16. Find the fluent of 7^. 

Monday Afternoos. — Mr. Fallows. 
Third and Fourik Classes. 



-i 



I. What part of half-a-crown is equal to | of is.^\d. ? 

a. Of all triangles under a given perimeter, and a determinate 
aide, shew that to be the greatest tn which the two indeterminate 
tides are equal. 

3. If the fi"" and ^'' terms of an arithmetical progreition be » 
and Q, fitu the mm of n tvrms of the seiiet. 
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4. Transform the cubic eqnwron x' + p,T* + yx - 
whose rootJ are a, 6, c, into another whose roots are 



{^+^). &+?)■(!. 



+ T. 



5. A ship sails directly north ;it the rale oT [a) miles an hour, 
and the velocity of the wind is (i) miles an hour; find the dif 
rcction ol the wind so thai ihe vane may point due west. 

6. Find the quantity of waier discharged from a small gives 
orifice in the side or boilomof a vessel inagivea time } the vctml 
being kept constantly full. 

7. Having given the radius of an arc of any colour in the 
scconAiry rainbow, find the ratio of the sine of incidence to ihe 
•ine oF refraciion when rays of that colour pais out of air into 
water. ' 

8. If a body revolve in an ellipse (whose major and minor anct 
arc given) with the force tending to its focus, and the time of Toi 
volution be given ; find the actual velocity of the body at anjr 
given point in its orbi 



x/(a* 1- x'H 



I 6, Gnd T. 



10. Find the surface of the sohd generated by the revolutioa 
of a common cycloid about its axis. 

1 1. Explain why the eflect of aberration on a star not situated 
in the solstitidl colure at six o'clock, either evening or morning^ 
is partly in declination, and partly in right ascension. 

ia, A luminous point is placed in the axis of a glass leni^ 
which is /'/aw on one side and curiind on the other ; find ih« 
narure of the curved surface so that rays diverging from the lumi- 
nous point may, afier passing through the lens, be refracted ac* 
curafely to another given point. 

13. The right ascension and declination of a star being given, 
as also the time of the year when it rises with the sun ; find the 
latitude of the place. 

14. The increment of the hyp. log- (a) =: a 

ij. Find the following fluents: 
//.I , ,.ji f / IT ' J "' where i i» an arc whoBC Un- 
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Monday EvENiNC.-^Mr. Fallows. 

I. U ■£i.£S. Xaj. 8i.c. be lent at ihc beginning of the first, 
ecord, third, &c. year; find the whole amount due, at simple 
merest, at the end of n years, at r rale per cent, 
ft. Given the four sides of a quadrilateral figure inscribed in « 
circle; to find its diagonals. 

3. A string passing over a fixed pulley is coiled, on each 
tide of it, round two cylinders of equal weight (w), the one 
being of uniform density, the other collected in the circuni< 
fcrence ; find the tension of the string when they are at liberty 
(o move ; the inertia of the string and pulley not being taken 
into account. 

4. Given thearea of arighuangled triangle; lo find the curve 
to which the hypothenuse is always a tangent. 

5. At what angle must two plain reflectors be inclined, 10 
that a man standing in a given position, may see his face in pr9' 

', file in the image of one of them ? 

6. The ages of two persons being equal ; find the value of an 
annuity of ^1. tor their joint lives. 

, A body revolves in an ellipse, the force being in the focus ; 
shew that if an additional velocity be communicaicd 10 it in its 
descent from ihe higher to the lower apse, the apsides arc regrei- 
«ive, and if communicated in its ascent from the lower to the 

L higher, they are progressive. 

I 8. Two barometers whose lengths are a, a' inches, Conlain 
J, i' inches of air respeciivcly; if on account ot some changa 
in (he weather the former barometer falls one inch, what will be 
the depresiion in the latter; supposing a perfect barometer t« 
Stand at 30 inches before the depression ? 

9. Equal alti[udes of the sun are taken before and after iig 

Eassage over the meridian and the times of observation noted 
y a chronometer ; find its error when the change of declination 
is taken into account. 

to. Find the integral of cos. z; and from thence, turn the 

I •cries COS. a+cos. (d + 6j + cos. (a + ai) -f coi. (fl-f«&j. 

, Find the following fluents : _ 

fx-i . .re. (sin. = ^>./(7Z^*7r7^-t:^j • 

IS. Find the relation between x and y in the following 
■equations : 

*; — i/i~U* + i)*= o; 
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13. If the mean density of the earth [consitlercd as a sphere] 
be to the density at the surface as i : wi ; find ihat power of ihe 
distance from its centre according to which the density of its 
pans varies. 

14. Explain the construction of Af^rcafur's Cliart, and from 
thence find the distance of two places projected on the chirt 
whose latitudes and longiiudes are giveii. 

15. If a prolate spheroid be cut by a pJanc pasting through 
the focus, the section will be an ellipse having its locua in die 
focus of the spheroid. 

16. Prove that the sum of the terms of Taylar't Scries com- 
mencing with any given term, can always be rendered less ihao 
the term immediately preceding ii. 

17. If a small pencil of parallel homogeneal rays be refracted 
into a sphere of water, and emerge parallel ; shew that after two 
refractions and one reflectiuft, the angle contained between the 
incident and emergent rays is a maxunum, and after two relVactions 
and two reflections it is a minimum. 

18. A circle has the greatest triangle inscribed in if, a circle tt 
inscribed in the triangle which has ihe greatest triangle inscribcth 
in it, and 10 on ; find the sum of all the circles and triangles. 

iq. \i FQt — f and be attractive : shew that six different 

kinds of orbits may be described with proper velocities and' 
angles of projeciion, and only sis; and when repulsive, only one. 

20. A paraboloid rests upon a horizontal plane with its axis 
vertical and veriex dgwnwards: 'iVhat must be the length of iti.' 
axis in order that the equilibrium may be that a\ in differ tncet 

21. If the rcsisiatice of the medium vary partly in ihe simple' 
and partly in the duplicate ratio of the velocity, and a body urged 
by the force of gravity ascend or descend in the medium; shevf 
how the spaces described by the body in different times may btfT 
compared. Newlon, Prop. 14. Book. II. 

aa. A rigid prismatic bar of uniform density and given* 
length is placed in the straight line joining iwo centres of force, 
whose distance is given, and whoee intensities are in the ration 
of 2 to 1 i find the position of the bar so that it may rest ia 

equilibrium, supposing rcc — . 

03. The lunar orhit being supposed circular; compare tha 
moon's vclociiy in quadratures with its velocity at any giveo 
place of its orbit, taking into consideration that the earth and* 
moon revolve about their common centre of gravity. AVu'/vs, 
Prop. £6. Bogk III. 



the 
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«4< Investigate the following formula for clearing the moon's 

,. . , , - , , . COS. A COS. B 

distance : v«. sin. (d) = ver. sin. (a — b) -j 7 

' ' ' ' COS. a COS. ti 

Jvcr.iin.(^ — ver. i in. (a — i)? where a,b; a, J, 

true and apparent altitudes; D, d the true and apparent dis< 

Unces. 

Tuesday Morning. — Mr. Fallows. 
Fit it and Second Classes. 

t. Find two fractions whose denominators are prime to each 
other and their sum jv 

S. The area of a trapezium is equal to the product of its two 

diagonals multiplied by halt the sine of the angle formed bjr' 

their intersection, 

- , . a + ix + ex' c J , 

9. In the expansion 01 ■ r; nnd the e^ 

qeral term. 

4. Given the lengths of two ordinatei of the logarithmic curve 
and the portion of the abscissa intercepted between them : ta 

construct the curve. 

5. Find the position of the centre of gravity of any number 
of bodies situated in difTerem planes. 

6. If a body fall by the action ol an uniform force and de- 
fcribe (o) and (i) feet in the m"'' and w"' second respectively, 
(reckoning from the beginning of the motion); find the space 
described in the a"' second. 

7. Two given glass meniscuses of the same diameter and the 
■ame focal lengih being joined together with their convex 
sides outward, and the included space being filled wiih water; 
find the focal length of the lens; its thickness not being con- 
sidered. 

8. If an obtaie spheroid whose axes are given, be filled 
with water and placed with its major axis perpendicular to the 
horizon : find the lime of emptying through a small given oriHce 
at the extremity of the vertical a\is 



g. Prove, strtcthj, that v = rl, 



: Fi, and -i- z: f. 



10. In a given latitude and longitude, a vertical plane de- 
Kclines (a°) from the south towards the west; find the place to 

whose horizon the plane is parallel. 

11. It « bpdy tall ftom rest through a given space ab toward* 

i,2 
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a given centre of force c, in /seconds; compare the force A, 

with gravity, supposing Fa — . 

ts> Investigate the nature of the curve, in wlilcli lines drawR 
from a given point perpendicutar to the langem may always be 
equal. 

13. Find the integral of - — . 

14. If an elastic chord of uniform density, whose length ii 
(l) and weight (w), be stretched in an horizontal position by K 
given weight (ai) and the increment of length be (/) ; find the 
length of the chord when suspended by one of its extreraities ; 
the increment of its length being always as the weight which 
Stretches it. 

Tuesday Afternoon. — Mr. Fallows. 

Fiftii and Sixth Classfs. 

1. A person sold goods to the value of Xiooo and gained 
so per cent. What was the prime cost ? 

B. Surd roots of the foim ± ■v'C^J enter equations by pairs. 

3. If two triangles are to each other as their bases ; prove that 
they have the same altitude. 

4. A body is projected up a plane inclined to the honzOQ at 
an angle ol 30° wiih a velocity of so feet per second, find where 
it will be at the end ot four seconds. 

j. If sin. (a — b] = ^ rad. and sin. (A — b] = cos. (a + b) 
find A and u, 

6. Find ho^v far a body will fall from rest ; while a penduluin 
whose Icngih is so inches makes 10 vibrations. 

7. Define logarithms, and shew from the definition that log, 
{ail) = bg. fl + lug. i : log. ^^ j =: log. a — log. b ; log. «" = 

n log. a. 

8. A hollow globe is filled with fluid ; compare the intemi^ 
pressure with t!ie weight ot the fluid. 

9. In the magic laniem, prove that no image will he forrncd 
upDH ihe screen, unless the distance between the lantern and 
the screen be greater than four times the focal length ol the lens. 

10. ITie son is at the same altitude al equal )nterv.)ls of time 
bctorc and ;ilxr its pas^atjt: over the meridian, supposing no 
chan^ in declination to have taken pldc^ during the interval. 
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1 1> FOt — i ; a body revolving in a circle at a given distance 

Trom ihe centre will by its motion at any point turned upwards 
Mcend to twice itc distance from the centre. 
la. Find ibc following fluents : 



r ax r xi 



jg. The circumference of a circle U> its diameter is nearly i* 
i|be ratio »f ea to 7. 

If. Inscribe the greatest parallelopiped in a sphere. 

ij. Every inscribed triangle formed by any tanKcnt and the 
two intercepted parts of the asymptotes ot a hyperbola, is equal 
•O a given area. 

16. Find the radius of curvainre at ihc vertex of a common 
parabota. 

17. If abody revolve tn a logarithmic spiral, find the law of 
•eniripetal force tending lo the pole ol the spiral. 

Tuesday Afternoom. — Mr. Frekch. 

Third and Fourth Classes. 

1. If A, B, c, be three angles of a plane triangle, bavipg 
, sin. A I - I I • ■ 

given COS. B = I --■ ; prove the triangle 10 be isascclei. 



: -j-j = (* — '■:} seconds = 59 , 



«. Prove (hat the a 

44'"- a'"- 45'- 

3. If a body be projecied perpendicularly upward, ibe time 
of its ascent through any space is determined from the quadialic 
equation [mt' — V . t + s — o) ; shew thiit the least root u that 
which answers the conditions of the problem. 

4. If a given pendulum be made to oscillate in a cycloid ; its 
greatest velocity in the cycloidal arc : its greatest velocity in 
flie circle : : the cycloidal arc described in its descent : the 
chord ot the circular arc described. 

5. A solid of revolution, whose axis is perpendicular to the 
horizon, empties itself by a small given on^ce; required its 
nature, when the velocity of the descending surface varies in- 
versely as the ordinate of the generating figure. 

6. j^,n eye being placed go as just to see the lowest point 
«f an hemispherical vessel, when empty; it is required to it- 
teiinine the perpendicular depth of tliat point of its inner lurhic* 
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nearest lo the eye, which is brought into view when the vessel 
il filled with water. 

7. To a upectaior in the northern hemi^pherff, the son,' 
whose declination = 15°, rises just two houri bctore noonid 
prove that Ian. latitude of the place of obacrvaiion =:' 

8. A cylinder, whose weight = 133.6^). apd rad — 10, ic- 
¥Olvcs aUmit its horizonral axis ; lo rfeterminethe time in which 
a weight of sojfe. acting by means of a string at the circuiiiA 
ferciice of the cylinder, will generate a velocity ol 1 loot per 
second at a distance = 1 from the axis, (m = 16 (eel). ! 

p. If bodies move in a logarithmic spiral from different, 
points to its pole, shew that the times of their motion are a the 
squares of the spaces which ihey respectively describe. 

iQ- According to what power of the distance must the fofca 
Tary, that the areas, daio tempore, in all circles uniformly dc-'i 
scribed about the centre of force, may be equal? j 

11- If the point a (Prop. 41, Sect. 8.) be removed to an 
infinite distance Irom the centre ot lurce, shew irom Newton'% 
cotmruction [Cor. 3.), tlut the hyperbolic spiral will become 
a circle. 

13. The length of the catenary =: a f — + "ZT't ' " heinf 

its greatest ordinate and a the lateral tension. Required a proo& 

13. y :r —J- i~rr ■ Required the maximum value of ^. 

Tuesday Evemnc. — Mr. French. 

I. A person transfers .fiooo stock from ihe fine per cents, to 
ihc three per cents, when ihe former are at 110, and the laitec 
at 84; if, at the end of six months, ibe five per cents, have 
risen to ua, what must then be the price ol the three per 
tents, ihdt he may sell out without having gained or lost by iha 
transfer ? 

e. Having given two distances from the focus of a parabola 
and the angle between them, to construct the parabola. 

3. To determine the j/reaiest straight line which can b^ 
drawn from a given point m the minor axis of an ellipse to ilft 
periphery. ^ 

4. A ball is projected from a given point in the horizontal 
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<c at in angle of 30', and after describing two-ttJrds of iu 
lori/oiiial range, strikes againsi a sonorous bodv ; having given 
ihe wiiolc interval between the instant of projection, and the 
instant when the sound readies the point of projection, to And 
e initial velocity. 

5. The periodic times of four bodies being 24, as, 20 anil 
i days, respectively ; in what time, after leaving a conjnnc- 
m, will tliey all be again in conjuciion, and what number uf 
volutions will each have performed ? 
"6. If rays fall nearly perpendicularly upon a iphencal re- 
icting surface of a denser medium converging to a point be- 
'een the surface and its centre, and sin. i : sin. n : ; mi : ti ; 
hew thai the greatest distance between the conjugate foci = 

y — -- . r. (r being the radius of the refracting surface.) 

7. The values of an ounce of platina, gold, and silver being 
i,,g and J respectively, and iheir specific gravities a, A. c; com- 
lare the value of a coin, made of platina and wiver, and which 
;quals a guinea in weight and magnitude, with the value of a 

uinea. 

8. Shew ihai Ihe n"' term in ihc scries of hexagonal ntimber* 
I the same with the (an — t}"' term in the series of triagonal 
lumbers. 

9. The point c is such that all straight lines drawn from il lo 
wo given points a, b, are in a given ratio ; prove that the locu 

of C is the circumference of a circle. 

o. A small object is placed at such a point in the diametrr 
pi a sphere of water as to be distinctly seen, after one reflectioa 
'.nd one refraction, by an eye in that diameter produced ; com- 
wrciis visual angle with the v;sual angle ot the saute object whca 
placed in the principal focus of the splicte. 
. Find the following flucnis; 

'^''~'' -^ (l.yp. log. X)" 

. A wheel, in 3S revolutions, passes over ag yards, and in 

«: of these revolutions it describes z + y -^ j; to End the 
values of X, y and z. 

13. To find the place of a body in an elliptic trajectory atanjr 
given time. {Newion, Vol. 1. Sect. 6.). 

14. Deduce Kepler's lawoftheequabledeseriptionofare.it 
about the centre of force from the three lluxional equations of 
IDorion. 




■s 
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1^- Invrstigatc the expression Tor the precession in ri^hl 
cension of a star, whose right ascension is greaicr than 189° in 
icss than 270°. 

16. Required the sum of (he terms of a binomial fa + X} • tt 
intervals ol" n from each other, beginning wiih the [p + l)* 
term. 

17. A given hemispherical vessel, whose thickness 
ing upon its base, is filled with fluid to a depth = half of 
inner radius; required the ratio of the specific gravities of I 
vessel and the fluid, when the vertical pressure of ihj fluid 
ihe weight of the vessel. 

18. Toresolve (a'— flA .a COS. S-t-t*) into a series < 
cosines of arcs, the multiples of 6, hy means of the Ebrmiil 

s cos. mS — I™ + — , and the binomial theorem. 

X 

19. A body moves in a logarithmic spiral, the centriped 
Force varying inversely as (Disi.l', and the resistance as tht 
density of the medium and the square of the velocity jointly I 
from these data determine (he law of the density. 

80. Sum the following series : 



"4 



by increments. 



~ + &c. toRteriDtfl 



PI terms. 



2 1. IF seven balls be drawn from a hag containing eleven ia 
all, five of which are white and six black; what is the probabilitf 
ihat three white balls will be drawn 7 

22. Prove that the sum of all the numbers of n places, whicb 
can be formed wiih the n digits a, h, c, &c, : sum of all the 
numbers of n places which can be formed with the n digits^, 
}, r, &c. of the same scale :: a-\-b \-e-V &c. :f + ^+r+ &c. 

63. In a revolving fluid spheroid of small eccentricity, shew 
that, if sm." lat. — i^, the distance from the centre (cp) = the 
radius of an equi -capacious sphere, and thai the cetural attrac- 
tion of P arising from the mutual gravitation of the particles of 
the spheroid, is equal to its attraction to the same sphere at rest. 

2^. ABCDE is a pentagonal billiard table, with unequal but 
given sides and angles ; it is required to find that point in ona 
uf its tides, and the direction of impact, such, that an clastic 
ball mav continually describe the lame path, ttriking every side 
of the table in succession. 
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Monday Morning. — Mr. Peacock. 
FtTst and Second Classes. 

What number of degrees, minuics and seconds are con- 
tained in an arc equal to radius ? 

If from a point without a parallelogram, lines be drawn' 
to the extremities of two adjacent sides and of the dia^onaf' 
which they include ; of the triangles thus fnrmed, ihat, whose 
base IB the diagonal, is equal to the sum of the other two. 
If Mj[<^—<° be the first negative term of the equation 
xn + px'—' + .... — Afji"— m — .... = o. 
•od if P be the greatest negative coefficienlj then t -^-^ P is 
greater then the greatest root of the equation. 

^^. If the inverse ratio of any two consecutive coefficients of 
the series 

do + d, * + <^ *' + a,x' -f &c. 
be finite, it is always possible to assume x so small, that any one. 
term of the series may exceed the sum ol all those which fol- 
low it. 

g. In the direct collision of bodies, the velocity of the centre 
of gravity is the same before and after impact. 

6. The bulb of a theimometer is successively plunged into 
boiling water and melting ice, and the mercury in the tube falls a 
inches: given the diameter of the tube, and the diminution of 
bulk due to one degree of temperature, to find the capacity uf 
the bulb. 

If rays nearly parallel, are incident upon a concave 
Iplicrical reflector, whose radius i* r, and if d and d" be the dis« 
lances of the foci ol incident and reflected rays, then 
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8. Explain what is mesiTuhy riieVine oi collimalion : anA shew 
by what means <iny crnT arising trom it, may be c impcnsaicd mi 
the circular iransic insirumeni wiih an azimuih mo.iun, 

'9. Explain the meihnH o( Gliding the longitudv, by obser«> 
ing the increase of tlic mtmn's right a^ccnsiun, in the mierval " 
her transit over iwd mer-dians. 

10. Two hues AP and BP in the same vertical plane, paif 
through iwu points .-i anil B lituatcd in the same horlzontli 
line: 6nd tlie locus of i^e pxint /*, so thrit the time of a hodyf 
descending down WPand ascending up BP with the velocity 
acquiied, may he constantly i!ie '■ame. 

xi> Inl'egraiC the dilTtrential equation 

e'J»~l^- dy—ydx. 

19. All epiiyclaids, the radii of whose gcneralir.g circW 
bear an assign^hle numerical ratio 10 the radii of their hasei, arff 
expressible by finite algebi-ncal equations. 

13 The cycloid is the curve nf (|uickest descent, betwees' 
twopnims whicli are noi in tlie 8<ime vertical line; denwiitiiat^ 
this h) the Calculus ot Variaiions. 

Monday Afternoon.— Mr. Peacock. 

Fi/lk and Sixth Classes, 

I. What is the purchase money of ^156. 15s, id. 3 per 
cent, annuities, ai 74J per cent ? 

s- Give the reason why quattrdtic equations ^dmii of two 
solutions, I 

3. Investigate an expression for the number of conibtna>' 
lions ol n thirgs, taken m and m together. ' 

4. Explain in what case and for what reason. Cardam'i 
fDniinla lor the solution ot a cubic equation, does not enable U$' 
to determine the rootk 

g. Sum the series. 



— + 8i.c. in infimtum. 

(a + v^i la-t- V«) 

6. Pr^ve that it a cos ^ = * 4- - > '^len 2 cos m A 
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7. Explain the mctlioH of derenninmg the heigVt of an m- 
accc<*rhle objcci : ijive ihe furmulae of siilution of the irianglci 
and adapt them to logjrtihmic cumpuuiion. 

8. The lines drawn from the angle* of a triangle, to the 
bisectiuns of ihe opposite stiles, all meet in one point. 

9. A licidy descends ^00 fi. down a plini; inclinedat anangle 
of 30"; CalcuUie the aciiial time of descent to 3 place* of 
decimals. 

10. If ff'be the weight sustained by the wheels of a carriage^ 
what is the force necessary to keep it at rest, upon a road inclined 
ai a given angle to the horizon, the line of draught being parallel 
to the load ? 

11. Explain fully the construction and principle of thecom- 
, iDon pump. 

IS. The periodic times of ibe planetary bodies areindepend- , 
cot of the ecceniriciiits ot their orbits. 

13. Explain the phases of Venus. 
■ 14. What is the cause of twilight? Within what limits of 
polar distance, is there at least one day of the year, when it will 
continue all night? 

15. When parallel rays are incident nearly perpendicularly 
upon a spherical refracting surface, find the geomeirical loctit 
ot retracted ran. 

16. Investigate the role for finding the maxima and minima 
values ot a function of one varidbli.-, and shew in what manner 
they are distinguished from each other. 

17. Find an expression for ihe radius of curvature of the 
cllipie. 

18. Find the centre of gravity of the arc of a cycloid. 

19. In the collision ot perfectly elastic bodies the relative 
Telocity is the same before and alter impact. 

so. Given the weight ol a body in water and in air, to End 
itsirue weight. 

21. Compare the forces by which the Moon is attracted by 
the Earth dnd Sun. 

Monday Afternoon. — Mr.Gwatkim, 
ThirJ and Fourth Classes. 

1, Extract the square root ol —r (/ + aac i/T — ^). 

t a 



! 



Solve the equation * _ ,, 

and find x andy from the following 

'*-*' i-y-y = 84? 
A' + *'/+>' = 49 s 

3. Produce a given straight line so that the rectangle und( 
the given tine, and the whole lineproduced may equal ihe »()uaTe 
of the pan produced, 

4. Find by the meihod of continued fractions a series of 
fractions converging to ^^3. 

5. Prove that the third terin of llie equation Jt' — px' + gx 
^r = o, cannot be taken away if^' be less than gy, 

6. P and sustain each other on two inclined planes, which 
have a common all iiude, by meansota string paialleltotheplanei. 
Shew from geoineirical as well as mechanical consideraiions that 
if ihey be put in motion, their cen[rc of gravity describes a right 
line parallel to the horizon. 

7. Bisect ihe arc of a semicycloid ; and if a body oscitlat 
through it, compare the limes ul describing the first and lai 
half. 

8. A right cone whose axis is vertical is just immersed in a 
fluid, first with its base, then with iis vertex downward. Comi 
pare the pressure on its whole surface in each case. 

9. An object being placed between two plane reflectors in- 
climdat the ^ngle ss°. 30', hnd the number of images, and shew 
that two of iht'tn coincide. 

10. The whole disk of the moon is faintly visible when sb( 
is near conjunction, and also when suffering a total eclipse/ 
Expldin these phenomena. 

Jl. Find the fluxion of arc whose tang. =: 

a/ ( ^ — J , and shew that f d x {i — a") " 

(;a];en between the limits of « = o and x ~ 1) — 
' • 3-5 .... (an— _ ^_ 
a . 4 . 6 .... an ' & ' 

IS. Find the area of the curve traced out by the irtertectioa 
of the sine of an arc, and il.c secant ul haU the arc, while liie aiC 
increases from o 10 a quadrant. 

1 3. Shew that tlie number of primes is infinite. 
14- Find the polar equaiion to the ellipse, the centre beioc 
considered (lie pole. 
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15. Supposing the dentuy of the air 10 vary at the compresi- 
' ing lorce anri (gravity inversely as (dist,)' from the earth « centre; 
6nd the deniiiy at any altiiude, and shew from the result that the 
first o[ the above hypothesra is iiiadtnlssible. 

Monday Evening. — Mr. Gwatkin. 

I. Extract the square root ot 14 + 8 y's* 

3. Given the first and last terms, and the turn of anarithmetic 
series, to find the common difference. 

3. II three sirai(;hl lines not in the same plane are equal and 
parallel, shew that rhe ifiani»lcs formed by joining their adjacent 
extremities aic equal and [heir planes parallel. 

4. Shew that the convex surlace of a spherical segment is 
etfua} to the area of a circle whose radius is liie distance from the 
pole to the circumfertnce of its base. 

5. The bodies A, B, C are acted on in parallel directions hy 
the accelerating forces a.b, c; Find the point on which, if con- 
ceded, they would balance. 

6. Define a mean solar year, an apparent solar year, an 
anomilistiL year and a sidereal year. Explain whence arisesihe 
difTerence between the two first, and write down the three last in 
order of their leni;th, 

7. With a single die, Snd the chance of throwing the six facet 
in six trials. 

8. Given the base of a triangle, and ihe exterior angle always 
equal to ihree timci the interior and opposite angle at the base, 
required the area of the curve which is the locus ol the vertex. 

9. Find ihe prmcipal focus of a concavo convex lens of 
inconsiderable thickness. ' 

10. If a hemisplieroid and a panboloid have the same base 
and ahitudc, shew that their ^olid contents arc as 4 : 3. 

II. A paraboloid of given dimensions and specific gravity 
floats with its axis vertical on a fluid whose specific gravity it 
known. How far may the axis be increased before it tends to 

•iiil from its vcnical position. 

la. If ihc diiTerence of two numbers be invariable, shew 
thai as those numbers increase the difference of their logarithms 
diminishes. 

13. Integrate the quantities, 
dx . dx 



Cix-t-ctT)*' ■ •' • ^ ^a ^-x — ^ ie' +x') ^' 
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J L .1 . /" ^ X 1 h ! il.COS.Jt. 

andBhevrthat/— ■ , . =: _ — ^_^arccos-— t -. 

^ a ^- b -coi jc y' (a" — &') a^£.cos.j(, 

C being greater ihan i. 

14. Two planes equal in length are inclined at 45' and ge^ 
to tlie horizon. A body js projected downward from ihe top of 
the first, and another upward from ibc botiuin of the second, 
each with the velocity acquired down a ventcal line equal in 
length to either plane. Compare the times ol describing each 
plane, and the velociiies at the end of the motion. , 

15. Shew that Newton's tinclioid in the sixth section has a 
point of contrary flexure, and 6iid Jts poBitian. 

16. Find the length of the meridian tor any latitude !« 
Mercatoi's chart, the oblaie figure of the earth being coniidered 

17. Prove that, in the orbit described round the Bun by the 
centre of gravity of the earth and moon, the elliptical lorm and 
the equable description of areas are much more nearly preserved 
than in that which the earth iisell describes. 

18. Newton, Sect. 9. Prop. 44. Find the ultimate inter*- 
section ot Cp the radius vector o( the moveable orbit and of llie - 
line m n which measures the difTercniial force. 

19. Integrate the equations, 

/7 . d y = >/J. d X + -/y .dy\ 

''s +'! = '""''+>''■ 

aoi Define the circle of curvature, and thtnce deduce tbe ex-^ 
pressions for its radius and co-ordinates oiilie ceniie. Dclermint 
whether the circle ol curvature cuts the curve at the poijit of 
contact or merely touches it ; and apply your rtsult to the ease 
of the ellipse at any point and at tlie exiremiries of the semi-axes. ■ 

21. The earth being supposed spherical and all its matter 
collected in the surface, in which a circular aperture of given 
t^dius is made, and from whose middle point a body being let 
fall descends to the centre ol the caith, find the velocity acquired 
at any point ot the descent. 

ca. Explain what is meant by the par'icular solution of W 
differential equaiion, and how it anscs. Give tiie method of 
deducing it, fatsi from the complete integral, and next Irom the 
differential equation - and shew that the results thus obtained 
coincide. 

23. Point out the method of determining the max. and mini 
values of an expression containing two variables; and givr 
tlie criterion which decides whether the vitlue thus obtained is ti- 
maximum, a minimum, or ncttlicr. j 
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S4. Skew ihat the planet of the circle* whirh mnture ihe 
gie^iesl and least ciirvaiure ot a surface at aii> poml are ai n^ht 
angles to each uiher ; and having ntvcn 'be wlii of iheie Heter- 
tnine the radiiu of curvature in a pLne which is inclined at any 
Mgle 10 the farmer. 

Tuesday Muhninc — Mh. Gwatkik. 

FifSt and Second Clones. 

I . Find the priire of a marbU- slab ^Fr. 7 n. long, and 3Ft. iin. 
wide, at 6*- per si)uare t<Ky, 

a. Construct 3 teiraliedron iipnn a civen straight line, ami 
find the radius ot the sphere ile.<c(ibcd about it. 

g. A fraction in its lowest term* wluue denomln'iror i) 
prune lo 10 produces a ctrcu!a!iin decimal. Required pr-ol. 

4. Find the n'jjhi line ot quickes' desrpnt fro n a riglit line to 
ftpoint, the Utie line and point being given in p )»:rion, but not 
in the same venica! plane. 

j. Shew how the focus of agiven parabola may he fourid. 

6. Find the weight and magnitude of a sulid by weighing 
it in two fluids whose specific gravities are known. 

7. A small rcciilintal object is plaicd before a «p^erieal 
reflccior a' agiven distance Iruiu it and inc^iJicil ai a giv^n a;jt;le 
totheaxit. Required ihc pos'ti.m and iiichnaiiin of iheim^qe. 

8. Given die base of a triangle and raiio ol ihe angles at the 
base, draw an asympioie lo the curve itaccd out by tbc vertex. 

q. Inugratc the following expresMons 

^fi— ;r»K Jx . 1 , 

1 — — a*. — 7-r — -n '^ T,; and solveihe equation 

** ' ^ [A i- Bx + Cx') ^ 

x* d* y = aji dx''. 

10. Force ac ,--t — v! shew, thai if a particle of maiier be 

attracted to a slrain'n line, the directii'n in which it begins to 
move is detcimiried by bisecting; the an^lc formed by the lines 
wiiich join the particle and the exlremiiici of (he attracting 
line. 

II. In the expansion of (i + * -J- *')" write down the 
coefficient of *•. 

18. Find the centre of gyration of a cube revolving round 
an axis which passes through its centre of gravity. 

13. Sum the sciiei vai, A + \. tan. | ^ i- j tan. k 4^ &c. 
ad ioGn. 
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14. Shew how a plane may be drawn touching the surface of 
any solid; and draw a plane louchine in a given poini " 
surtace ot an ellipsoid whose equaiion ii 

Cai "^ \b) "^(?J - ^'' "'V'^' being lh« co-ordinalev 
and a, b, c, the semi-axes. 

Tuesday afterkoow. — Mr. Gwatkin. 

Fi/t/t and Sixth CldSiti. 

I, Extractthe square root of i* — ax' + ^^x'—^x + -^- 

3. Solve the equation, - + — i '- ■= , 

and find the values of x and y in the following equations 
x" y" = a, x' y' = b, 

3. Draw through a given point a straight line making a given 
angle with a given straight line. 

4. A straight line can cut a circle in orly two points. Re- 
quired proof. 

5. Trace the changes of the algebraic sign, intheiineof an 
arc, the tangent and secant; and explain why sec. A and sec. 
(180' 4- A) which coincide should be one positive and the 
other negative. 

6. In the direct impact of a row of pcrfecily elastic bodies 
j1, B, C, &c. decreasing in magnitude, shew that the momcnmm 
communicated to each is less than that communicated to the pre- 
ceding body. When is the impact of two bodies said to be 
direct? 

7. Shew thai the time in which a heavy body descends down 
the straight line drawn from any point in the surface of a sphere 
10 the lowest point — the time of descent down the vertical axis 
of the sphere. 

8. A straight line is immersed vertically in a fluid. Divide 
it into three portions that shall be equally pressed. 

9. A straight line passes through (he principal focus of a 
spherical reflector at right angles to the axis. Determine the 
conic section that forms the image. Where must the straight 
line be placed that its image may be a circle ? 

10. Given an etlipie, shew how its centre may be found. 
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11. y* ~ ax* + *'. Trace out the curve. Draw an 
asymptoi? to it, and find the magnitude xnd position of the 
greatest ordinate. 

12. Findthe fluxion of the log. o^~/-. — t~j\ andof an«r« 
vhoie sine = 2x )/ {i — ^*)' 

ig. Integrate the following expresiions 

A* d,T . X* dx , dx 

■ ""d — - • 



14. Describe thetramit instrument and adjust it to the plane 
ttfthe meridian. 

1 j. Find the centre of gravity of a spherical sector. 

16. Two bodies fall to a centre of force from ihe same dli- 
tance, one acted on by a force varying as the distance, and the 

other by a force a -p — s* The forces at first being supposed 

equal, compare the times of descent. 

17. Given the velocity, distance, and direction of projection, 
when the force varies as the distance, shew that the body des- 
cribes an ellipse; and find the magnitude and position of iti 
cemi-axei. 

Tuesday Afternoon. — Mr. Peacock. 

Third and Fourth Classes. 

1. If the roots of the equation x* — ^Jt + j = be real, 

and if we assume cos 6 =. — - 1/ -4 ■ then one of the roots = 
« P 

« cos -. V -• 

3 3 

s. Determine the conjugate diameters of an ellipse, which 
make the least angle wiih each other. 

3. The radius of curvature is a tangent to the evoluce. 

4. Investigate a general expression for the co-ordinates of 
the centre of gravity of the area of a cu.'ve, included betweca 
a given ordinate and abscissa. 

5. Given the quantities and directions of three forces acting 
upon a material point in different planes, to determine the quan> 
tiiy and direction of the resultant or compound force. 

6. In the inierior rainbow, the langi-nt of the angle of in- 
cidence is twice that of the angle of retraction. 
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7- A ipberc of leas specific gravity than vtainr, ascends frocq 
the depth a ; what ii Us velocity at the moment it reaches the 
surface ? 

8, Explain the method of determining the heliocentric 
latitude and longitude of a planet. 

g. Enumerate the principal phzncmena of Saturn's ring. ' 

10. Find the centre of oscillation of a cylinder of given 
length and diameter, suspended by its extremity. 

11. Prove, that 

tan«^= -1±1^ 

1 — "-^ ~ (tan A)' + Sec. 

18. Find the whote area of the curve whose equation ii 
a*>' — a*x' + ** :=^ o. 

13. Find ihe locus of (he points, in the plane of the Moon's 
crbit, where a. body will be equally attracted by the Earth and 
Moon. 

Tuesday Evenimg. — Mr. Peacock. 

J. If two spherical triangles have two sides of one trianglo 
tqual to two sides of the other, each to each, and the included 
angles equal, the triangles are equal in every respect. 

fi. The modulus of tabular logarithms or 
M = 4342944819; 
■hew in what manner this number is determined. 

3. It is always possible to find those roots of numerical 
equations, which are whole numbers or rational fractions, witb« 
out the aid of formula; oF approximation, 

4. Explain the method of determining the position of the 
nodes of the Moon's orbit; What is the physical cause of (heir 
letrograde motion ? 

g. The friction of a body being supposed independent of 
velocity, 10 find an expression for the time of a body's descent 
down a given inclined plane, the friction being equal to V' part 
ol the pressure. 

6. A cubical iceberg is 100 feet above the level of the sea, 
its sides being veitical : given the specific gravity of sea 
water = 1*0363 and of ice := '9714, at the temperature of 32% 
to find its dimensions. Ii this posiiiou one of (table cquili* 
brium? 
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y. Prove thai the centres of otciliation and suipension are 
reciprocal. Of wbai use is ihi& property, inthedeiermination of 
the length of a pendulum which \ibraics seconds in any given 
latitude ? 

8. Explain the method of determining the ratio of the sine 
of incidence and refraction both in liquid and lolid bodies. 

9 Given the latitudes and longitudes of two places, where 
the inclination of the magnetic needle is nothing, to find the point 
of the terrestrial equator, which is cut by the magnetic equator, 
fupposing it a great circle of the earth, 

10. Of all equal quadrilateral figures, the square hat the least 
perimeter. 

11. Integrate 




dxdy ' 

IS. Find the equation of the curve which is the locus ol 
the extremities of the perpendiculars from the centre upon the 
tangents of the equilateral hyperbola, and determine the pasitiou 
of its tangents at the points where it cuts the axis. 

1 3. Given 

log 510 = ».70737oi8 
log 511 = B.70842090 
log 513 = 2.71011737 
log 514 = fl.71096312 
<0 find the logarithm of ^la, by the method of interpolations. 

1 4. Explain the principle and construction of the Achromatic 
Telescope. 

1 5. What is the least velocity with which a body must be pro- 
jected from the Moon) in the direction of a linejoinmgtbe centres 
1»l ihe Eanb and Moon, so that it may reach the Earth ? 
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16. If the bulb of a thermometer be a sphere, whose (liamcter 
is 1 inch, and if the diameter of the tube be TTf'*" of an inch, what 
ii the pressure upon ihe interior of the bulb, when the mercury 
Btandsai the ahitude of 10 inches above it, exclusive of tblT 
portion of the pressure wliich sustains the mercury in the tube ? 

17. If n( = u 4- e sin u, where u is the eccentric and nt the 
mean anomaly, apply Lagrange % Theorem to the developcment 
of a C — CCS h), in terms of cosines of ni and its mul tidies. 

18. Prove, that in ^oing from the equator lo the pole, the ii 
erement of gravity varies very nearly as the square of the sii 
of the latitude. In whai manner does this variation aSecL, is 
the length of a pendulum vibrating seconds; and adly. thealtU 
tudc of the barometrical column ? 

ig. Prove, that there can be no more than five regular solids ( 
and find the angles which their terminating planes make with 
each other. 

20. Given the weight of the key stone of a circular arch, iai 
a siaie of perfect equilibration, and the angles formed by.each of 
its facei with a vertical line, to find the horizontal pressure upon 
the abutments. 

BI> Prove, that 



. + tan— 1— = "- — - + tan— 1 -, 



*, f, +1 '.— le. + I 

Where tan —1 — represents an arc whose tangent is -, aiid< 
where e, e, , «,, - •. e„ are any numbers whatever, 

ea. A spherical shell with a small orifice at its lowest potnl^ 
\% filled with air of the density of the aimosphere, and immersed., 
in water to a depth a : With what velocity will the water rush 
ino the slicll, and what portion of the sphere will it occupy, 
when the motion ceases ? 

sg. Develope _ in a series involving ascending powert; 

of * ; Of what use are the coeiTtcieiiis of this series in expresii 
ini; the law of the coefficients of the series for tan d in term 
ol^? 

84. Enumerate, a.s Newton has done, the principal proofs C^- 
ihe truth of the theory of univcrsdl grav 
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